Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



r 

^ 



f 



THE . ■ /3 



PRINCIPLES 



OF 



MECHANICAL PHILOSOPHY 



APPLIED TO 



INDUSTRIAL MECHANICS: 



FORMING A 8E4UEL TO TBE AUTHOB'S 



"EXEECISES ON MECHANICS AND NATURAL PHILOSOPHY." 



BY THOMAS TATE, F.R.A.S., 

OF KKELLER TRAININO OOIXEOE, TWICKENHAM; 

LATE MATHEMATICAL PROFESSOR AND LECTURER ON CHEMISTRY IN THE 

NATIONAL society's TRAININa OOLLEaE, BATTERSEA. 

AUTHOR OP 

*' THE principles OF THE DIFFERENTIAL AND INTEGRAL CALCULUS*'; 

*'A TREATISE ON THE STRENQTH OF MATERIALS'*; 

*« THE PRINCIPLES, 9F GEOMETRY AND MENSURATION, ETC.'* 



< . ^ J -> V J 

*j t . J -» , 



■'«' -' - ^ 9 






LONDON: I ^^ -^ 



LONGMAN, BROWN, GREEN, AND LONGmNS. 

1853. 



C) 




(po 



uo 



V- ^^ ^u*t 



^ - ^''-^ :. /» fC; ^ ^ / /.{"; -1 . , ^-^^ y ^ 



<^ <^$Lk 



- y-//-. 



- - |^/^- 6^^ li- 



/V 



V - ■ «• • • a • 

■ 3 



/7Z P 



iTljid^E'K' YORK 

PUBLIC LIBRARY 

AaiOM, lE4^o)( and 

TILBIN rouNOArioNi 

H 19i2 L 



^:^-^ ?'^^--.: ^ / 






-' y y /■ . ' 



London i 

Sporrisvrooou and Shaw, 
Nev-ttreet-Square. 



i 



: — / ' 



TO 



G. TATE, F. G. S., 

PRESIDENT OF THE BERWICKSHIRE NATURALISTS* CLUB, SECRETABT OF THE 

ALNWICK SCIENTIFIC INSTirnTION, BTa 



Deab Brother, 

This Work I inscribe to you as a tribute 
of esteem and aflfection, and as a memorial of those 
joyous days of our youth, when, hand in hand, we 
were engaged in the disinterested pursuit of know- 
ledge. 

That the evening of your life may be as serene 

and happy as its meridian has been active and 

useful, is the:%aa»n6st jnaK/tf :••; .- 

- "*- i * - * 
:*:: ::•-, rYouc afiPecfionate Brother, 

: ;:":V:; r -*- thomas tate. 

February, 28. 1853. 



A 2 






k - O^ V \ 



■'.'' c 












c « ^ 



PREFACE. 



The present work is intended to give a concise yet com- 
prehensive exposition of the principles of mechanical philo- 
sophy, as applied to industrial mechanics. With the view of 
rendering the subject instructive to practical engineers and 
teachers, the investigations are, for the most part, conducted 
on algebraic and geometrical principles, and numerous 
applications and illustrations are given throughout the work. 
With respect to the importance of industrial mechanics, as a 
branch of national education. Professor Moseley observes, 
in his report on the Hydraulic machines of the Great 
Exhibition : — 

" In reporting upon the hydraulic machines exhibited, it 
is impossible to refrain from adverting to the general neglect 
of those elementary principles of scientific knowledge on 
which the perfection of such machines always depends, and 
in some cases, their whole usefulness, in an economical point 
of view. The Exhibition aflfords positive evidence of the 
sacrifice of a large amount of capital, and of much mechanical 
ingenuity, due simply to the ignorance of certain acknow-^ 
ledged principles of hydraulic science. In adverting to this 
fact, the jury cannot but observe that the success with which 
the principles of mechanical science, in their application to 
practical questions, are beginning to be cultivated in France, 
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appears in the superiority of French hydraulic machin 
Thus their water-wheels have obtained a perfection which Is 
probably nowhere else to be found. The total amount of 
such power derivable from the running waters of FraDCOi 

and applicable to manufacturing purposes, has been largely 
increased by expedients of a ecicntific character. Among 
the most remarkable of these is the introduction) now almoat 
universal in France, of the curved float-boards of M. Pon- 
celet, in undershot and breast -wheels, and of the turbine of 
M. Fourneyron. It is not, however, only in the adoption of 
new forma of water-wheels in France, that the improvement 
has been apparent, but in the better establishment and more 
skilful working of the old forms, sucli as are in use in tWs 
country." 

In the dynamical portion of this wort, the Author haa 
availed himself of the researches of Poncelet, Morin, and 
Moseley ; and in the portion on hydraulics, of the experimental 
labours of Eytelwein, Bossui, and others. At the same time 
the Author flatters himself, that the scientific man will find 
considerable portions of the work original, not only in matter, 
but also in the methods of investigation. In particular he 
would call attention to the following portions : — 

Art. SI., containing a new demonstration of the paral- 
lelogram of forces; Arts. 106. and los., containing new 
formulm for finding the centres of gravity of irregular sur- 
faces and solids; Art, 121., containing a simple method for 
graduating the safety valve ; Art. I6I., containing a new and 
expeditious method for determining the point of rupture of 
an arch ; Chapter II„ ou various general formula; relative to 
work ; Art. 228., &c., on certain general propositions relative 
to the motion of a body on an inclined plane, the friction 
being given ; Art. 4S., &c, page 45., containing various new 
formulae relative to the flow of water in pipes, and in open 
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channels ; Art. 71.5 &C.9 page 3IO.5 on the work of hydraulic 
engines^ including reaction wheels and the centrifugal pump; 
Art. 99.9 &C.9 page 330.9 containing various general formulae 
relative to the work of steam ; Art II6.9 p* 341.5 containing 
the demonstration of a new. and simple law relative to the 
conditions of the maximum work of steam ; Art. 260., &c., 
relative to the modulus 'of machines ; Art 252.9 &c., on the 
work accumulated in the parts of machines; and Art. ISV, 
contsdning the generalisation of various practical problems. 

T. TATE. 

February 28. 1863. 
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PART I. 

FUNDAMENTAL PRINCIPLES AND PRELIMINARY INVESTI- 
GATIONS RELATIVE TO WORK, ETC. 



CHAPTER L 

GENERAL VIEWS AND DEFINITIONS RELATIVE TO MATTER, FORCE, 
AND MOTION. PROPERTIES OF MATTER. MEASURE OF FORCES. 
LAWS OF MOTION. 

METHOD OF PHILOSOPHY. 

1. The regularity of the various phenomena of the material 
world leads us to infer, that matter is governed by certain inva- 
\ liable laws. Bodies everywhere fall to the earth's surface in ver- 
tical lineS) and at the same place they descend through equal 
spaces in equal times. A pendulum, at the same place, always 
completes its vibrations in the same time. The various machines 
constructed by human intelligence invariably perform the same 
amount of work when acting under the same conditions. Day 
and nighty summer and winter, the flux and reflux of the tides of 
the ocean, the diflerent aspects of the planetary bodies, — all take 
place with unvarying uniformity and harmony. Guided by indue-, 
t jpn and calculation, philosophers have determined that through- 
out the vast expanse of the visible imi verse there is not an atom of 
matter which is not subject to the laws of force and motion. The 
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tlieae InwB constitutes the primary object of Me- 
chnnical PhiloBopby. 

Qbaer yatjao -and experiment ore the. only means whereby we 
can attain a true knowledge of the facta of Nature, and then,. by a 
process of inductionj we are enabled to arrive (it those geoer^ _ 
litws and principles upon which tliese facts depend. Hoving-- 
nscended by a process of induction, we then descend by a procesa 
of deduction, tracing, by the aid of mathematical analysis, the 
Application of these general laws and principles to the explanation 
and elucidation of plienomena which at first lay beyond the sphere 
of our intelligence. Tlie ooinoidence of our theoretical deductions 
with observed facts, must be regarded as the highest confirmation 
of the truth of the prinolplcs upon which such deductions are 
based. 



DEFlNlTlONa 

2. Matter is known to us by its properties, which affect our 
senses. The mass of a body is the quantity of matter which it 
contains. The density of a body is the comparative quantity of 
matter contained in a given volume. 

3. A body is in motion' when it is in the act of changing its 
place. When a body passes over equal spaces in equal successive 






iions of time, its motion is said to be uniform. When the suc- 
sive spaces, described in equal times, continually increase, the 
motion is said to be accelerated ; and to be retarded when those 
spaces continually decrease. Motion is uniformly accelerated or 
retarded when the increments or decrements of the spaces, passed 
over in equal successive portions of time, are always equal. The 
VELOCITY of a body is measured by the space uniformly passed 
over in a given time : one second is usually taken as the given 
time, and the space described is measured in feet. When t he mo- _ 
tton o_f _a body^s accelerated or. retarilei 1U« velocity is notinear_ 
fiured by the space actually passed over in .1 given time,,but by.^^ 
tte space which would have been passed over in the given time, 
if the motion had continued uniform from that point. The 
MOMENTOM of a body is its quantity of motion. 

4. Force is lluit wliieh produces, or lends to produce, motion 
in a body, or it is that which changes the uniform and rectilinear 
motion of a body. Thus, pressure, impact, gravity, &c., are called 
forces. When a force act^only for an instant, it is called impul- 
sive, and when it acts without intermission, it is called a conslanl 
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force. Constant forcea may be either uniform or variable. A 
force ia uniform when it always produces equal effects in equal 
successive portions of tiraei and it is variable vihtin the effects 
produced in equal portions of time are uneqiiaL 

B. Mecoanicai. pniLOSOPHT treats of the laws of rest and 
motion of muterial bodies. It ii divided inlo four branches. 
(I.) Statics, which treats of the equilibrium of solid bodies. 
(2.) Dynamics, which treati of the molion of solid bodies. (3.) 
IlTDnosTATicB, wliieh treats of the equilibrium of fluid bodies. 
(4.) IIydrodtsamics, which treats of the motion of fluid bodies. 

6. Forces are known to ua only by the effects which they pro- 
duce. In order, therefore, to estimate the magnitude of forces, wfl 
must compare tlie effects wliich they produce under the same cir- 
cumalances. A force may be estimated by the PRESaORB which it 
produces upon some obstacle, or it may be estimated by the motion 
which it produces in a, body in a given time. In the former case, 
the measure of the force is said to be staticai,, and in the latter 
ca.se ctnauicai,. 



PROPEETIES OP MATTER. 

7. The properiies of matter are usually divided inlo primary or 
essential, and tecondary or non-essential. The former are lliose 
properties without which we cannot conceive matter to exist ; the 
latter are those which, depending upon the particular laws im- 
pressed upon different substances, do not necessarily enter into 
our obfltract conceptions of matter ; thus, for example, had it 
pleased tlie Creator, the law of gravitation might have been dif- 
ferent from what it is ; or in the place of the law of perfect elas- 
ticity, observed in some bodies, all the forms of matter might have 
been practically incompressible. It is obvious, tlierefore, that the 
Becondary properties of matter could not have become known to 
us anterior to observation and experiment. The relative adapta- 
tion of these secondary, or contingent, properties of matter to the 
conditions and constitution of tlie universe, affords us the most 
striking evidence of the existence and attributes of n great and 
intelligent cause. 

The primary properties of matter are the following : — 

8. Extension, or that property whereby every body must 
occupy a certain limited space. We necessarily conceive every 
tody to have lenglli, breadth, and thickness. 
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, 9. iMPENETRiBiLiTy, Or tliot properly whereby no two sub- 
Btnnces can occupy the eame space at the same instant of time. 

The most imporlant secondary properties of matter, coosiilered 
in relation to mechaoical philosophy, are the following: — 

10. CouritESSiBiLiTY AND EXPANSIBILITY are those properties 
by virtue of which bodies may be made to occupy a smaller or a 
larger space. Ttia susceptibility to compression shows that all 
bodies must conlain pores, or spaces between the ultimate particles 
or atoms of which they are composed, and that there is no sub- 
Btance in nature which is absolutely solid. 

In consequence of these properties, bodies differ very mujch in 
their density. Of two bodies, a and o, having equal volumes^. that 
body is the more dense which contains the greater mass or quantity 
of matter : thus, if m and m represent the masses of A and a re- 
spectively, and D and d their respective densities, then 

Density A_mfla3 a 
Density a mass a ' 
that is, 

If the volumes of the two bodies are unequal, let v and v repre- 
sent their units of volume respectively ; then 

The mass in a unit of volume of a=-. 



hence eq. (1) becomes 



When the masses are equal, or m=^jh, this equalion becomes 

-rl ■ ■ ■ c!)- 

That is, in this case, the densities are inversely as the volumes ; 
or that which has the greater volume has the less density. 

The masses of bodies, at ihe same place on the earth, are simply 
measured by their weights : thus, if w and w be the respective 
weights of two bodies whose maBses are m and m, then 

1-- ■ ■ ■ (I)- 



In liiis case, eq. (2) becomes 



that is, the deasilies, or specific gravities, of bodies are directly as 
their weights, iknd inversely aa their volumes. If the Tolumes are 
equal, then tlits equalioa becomes 
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timt is, when the hodiea have the same volume, their densities, aa 
well as their masses, are measured by their weights. 

Now since the specitic gravity of a body is its weight as 
compared with an equal bulk of pure water, the various equations 
just derived, expressing the ratio of the densities of bodies, will 
also express the ratio of their specific gravities, 

11. DiYiaiBiLiTT. There is no limit to the mathematical con- 
ception of the divisibility of space, but the doctrine of the atomic 
theory seems to indicate that there is a practical limit to the 
divisibility of matter, that is to say, in going oa with our division, 
we must finally arrive at a certain ultimate particle, or atom of 
matter, which, from its constitution, no longer admila of separation 
into parts. Nature presents us with various marvellously minute 
subdivisions of the particles of matter. 

12. CoiiESiON, or the attraction of cohesion, is tiiat property of 
bodies whereby the atoms composing them are united in a mass. 
This force of attraction between the particles of matter only takes 
place at immeasurahly minute distances. _Bod|es are solid, liquid. 
or aeriform, according as the cohesion of tlieir particles is modiSed 
"by heat. The particles of gases and vapours repel one another, 
ID consequence of the repulsive force of heat being greater than 
the force of cohesion ; in solids the force of cohesion preponderates 
over that of repulsion ; and in liquids the forces of cohesion and 
repulsion are presumed to he equal. 

S3. Elssticity is that property of bodies by virtue of which, 
when their form is altered by the action of an external force, they 
regain their original form as soon as the external force is witU- 
drawn. All bodies possess this property in a greater or leas 
degree. Most substances have a limit to their elasticity ; thus if 
a straight elastic bar is bent by a pressure applied to it, and if this 
pressure does not exceed a certain quantity, the bar will resume 
ilB original form when this pressure is removed j but on the con- 
trary, if the pressure exceeds a certain quantity, called the limit of 



the body's elosticitj, the coliesion of the material is injured or 
destrojred, and thuD, in this case, the bar vt'M uot return to its 
original form upon the cessalion of the pressure. Bodies which 
have no elastic limit way be called perfectlj elastic, such i 
and vapours. Let a portion of air abdc be con- 
fined in a cylinder by means of n piston p exactly 
fitting the cylinder, so that no air can escape ; let 
pressure be applied to the piston so as to reduce 
the volume of the air to any space abvo; now 
when the pressure is removed from the piston the 
air will resume its foi-mer volume abdc. Liquids 
scarcely admit of compression, and hence they are 
called NON-ELABTic rnju>9, wliereas gases and va- 
pours are called elastic fluids. Some aeriform ' 
bodies, such as carbonic acid gas, have been brought ^^" 

to the hquid state by being subjected to high pressure and cold ; 
these are called cOsdessablk gases : whereas some gaseous bodies, 
such as oxygen and nitrogen, composing the atmosphere, resist 
condensation, whatever may he the pressure and cold to wliich 
they are subjected ; these gases are called feruanbntlt elastic. 
Beams, employed in construction, are sometimes considered per- 
fectly elastic, when their resistance to compression, within their 
limits of elasticity, is equal to their resistance to extension. 

14. Mobility, or susceptibility to motion, is that property 
whereby a body admits of change of place. Motion may be 
ABSOLDTE or RELATIVE : thus 3 man in a railway carriage may be 
in motion relatively to the other objects in the carriage, while at 
the same time he partakes of the absolute motion of the train. 
Li estimating motion there are three things to be considered, viz., 
THE TELOCITY or quickness of the motion, the space passed over, 
and THE TIME in which tliat space is passed over. The motion of 
a body is uniform when it passes over equal spaces in equal suc- 
cessive intervals of time ; in this case, the velocity of the motion 
is the distance in feet passed over in one second of time, tlie space 
is the whole distance in feet moved over, and the time the number 
of seconds in which this space is described. In uniform motion, 
we therefore obviously have 

the apace ^ the velocity x the time. 

If «=the velocity, r=lhe time, and s=tho space, then 

■ffc^U.r ■="'•■■"'■ 
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OF MATTER, 



fiere tbere are three g 



il quantities, any two of which being 
given the remaining one may be found. 

15. Inertia. By tliis properly is meant that matter baa no 
power in itself to change its present stalt', and tiiat any altcralion 
in its state, whether of rest or motion, must be produced by the 
action of some eitternal force. If a body is broken, some force 
must have produced the rupture. If a body is melted, heut must 
hare produced the change. If a body clianges its stale from rest 
to motion, some force must have communicated the motion. If it 
passes from a stale of motion to tliat of rest, some force must have 
been eserled to destroy the motion. The laws of motion will be 
hereafter more fully considered. 

16. Gravity ia the tendency wliich all terrestrial bodies have 
towards the centre of the earth. When a body ia supported, thia 
tendency produces ritEsscRE andwEiocT. The pressure produced 
by gravity is always exerted in a direction perpendicular to the 
horizon, and is measured by the weight of the body. The unit of 
weight in mechanicil calculations is a pound, and hence the forces 
dF pressure are usually expressed in units of pounds. 

It baa been found by experiment (allowance being made for the 
resistance of the- air) that bodies of every size, shape, and weight, 
fall to the earth exactly in the same manner. Thus, were it not 
for the resistance of the air, a feather and a guinea would fall 
from the top of a tower in the same time, and they would strike 
the ground with the same velocity. Experiment. — Take a small 
piece of thin paper and a penny, and let them full at the same 
instant from equal heights above the ground ; then the penny will 
arrive at the ground much sooner than the paper. Here the air 
presents a greater proportional resistance to the motion of the 
light body than it does to the heavy one. But in order that the 
resistance of the air may he the same on both bodies, place the 
paper on the penny, and then let them fall together : now they 
both arrive at the ground at the same instant. 

Thus it appears that the pressure produced by the earth's 
Bttraction upon bodies, is a very ditfereut thing from the motion 
wbich it generates. In the former c&te the pressure produced is 
proportional to the quantity of matter, whereas in the latter case 
the motion generated, in a given time, ia the same for nil bodies 
whatever may be their size, weight, or denaily. This admits of 
a Batisfactory explanation: the earth attracts every particle of 
which a body is composed, and hence the weight of a body depends 
" J matter which it contains; on the other hand, all the 
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partides of a boily, separated from one another, would evidently 
fall through the same spnceB in the same time ; but it appears from 
experiment, that when the particles are collected in one mass, 
they fall exactly in the same manner as they would if they were 
separated from one another. 

Gravity is said to take place in consequence of the attraction 
exerted by the earth upon the body : the general name given to 
this force is that of the attraction oF gravitation. This force la 
not confined to bodies upon the eai-th's surface : the moon is main- 
tained in her orbit by the attraction of the earth, and all the 
planetary bodies in the solar system are subject to the attraction 
of the sun. The attractive force exerted by bodies on each other 
is reciprocal and in proportion to their masses ; thus, if the body 
A. attracts the body b, then D will also attract A, and the forces 
ivhich they exert on each other will be proportional to their 
respective masses. Again, the force of attraction varies inversely 
as the square of the distance; thus at double the distance the 
force will be one-fourth, at treble the distance one-ninth, and bo 
on. These two laws are expressed by saying, — that the force of 
gravitation varies directly as the mass, and inversely as the square 
of the distance. Bodies are attracted by the earth as if the whole 
of its mass were collected in its centre ; hence the force of gravity 
at any place depends upon the distance of the place from the 
centre of the earth. Now since tlie equatorial diameter of the 
earth is greater than the polar diameter, it follows that the force 
of gravity at places near the equator is not so great as it is at 
places near llie poles : thus it is found that a body which produces 
by its gravity a pound pressure at London would not produce this 
amount of pressure if taken to the equator ; and, in like manner, 
a pendulum which beats seconds at London, would take a longer 
time to complete a vibration at the equator. 

In consequence of the constant action of the force of gravity, 
the motion of a falling body becomes quicker and quicker as it 
descends. In our latitude the velocity acquired by a falling body 
in one second is 32^ feet, in two seconds it is twice 32J, in three 
seconds it is three times 32^^, and so on. If j be put for 32^ or 
the velocity acquired in one second, and v for the velocity acquired 
in I seconds, then 

that is, the velocity acquired by a falling body increases with the 
This law of acquired velocity arises from the fact, that gravity 
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is It CNiFORM ACCELEHATiNG FOECE, communi eating equal incre- 
ments of velocity in equal timea, and that each successive incre- 
ment of velocity, by the eecond law of motion, see Art. 24., is 
unafTected by the motion previously acquired. At places towards 
the equator the accelerating force of gravity is less than it is in 
our latitude, and at places near the poles it is greater. The laws 
of descending bodies will hereafter bo moi'e fully considered. 



MEASDBE OF FORCES, &o. 

17. When the velocity of a body is continually increased by the 
action of a force, that force is said to be an adcelehating force, 
and the velocity which it generates in a given time is taken as the 
measure of the magnitude of the force. Thus if F be put for the 
force of gravity which generates the velocity ^ in a second, and 
F, for the force of gravity, at any other place on the earth's sur- 
face, which generates the velocity j?, in the same time, then 

and in fact if we call ff the accelerating force, at the one place, 
then ff, will be the accelerating force at the other. 

18. The weight of a body, or the pressure which it produces by 
the force of gravity, at diiferent places on the earth's surface, de- 
pends not merely on its mass, but also upon the intensity of 
gravity. Hence we say, that the weight of a body varies con- 
jointly with the mass and the accelerating force : thus if w be the 
weight of the body, M its mass, and ff the accelerating force, then 
W varies as the product of m and 17, or w oe Wff; and if c repre- 
sent any constant, we have by algebra, 

w=cM3 . .. (2), 
and similarly, 

■w,=cMii7, ... (3). 
In these expressions no value has been assigned to the unit of 
mass. Now we may give any values we please to w„ m,, and ff, 
in eq. (3); let them, therefore, be taken each equal to unity, then 
in this case c=l, and eq. (2) then becomes 

vrhere the unit of 11, or the mass, is that quantity of matter which 
produces a unit of pressure under the action of a unit of accele- 
rating force. 
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From eq. (4), we liave 

„=2...(3,, 

that is, the mass of a body is equal to its weight or pressure 
divided by the accelerating force. 

The product of the mass of a body and the accelerating force is 
cnlled the movinq force. 

\9. The relations of wetglit, mass, and accelerating force of 
gravity, deduced in the preceding article, are shown by experiment 
to hold true in reference to any force of pressure giving motion to 
a body. 

Let Q and p be two weights suspended by a cord going over a 
friction wheel c. Now if the wcjglit Q is greater than p, 
the former will descend, while the latter will ascend, 
and their velocities, at any point, will be equal to each 
other. If we neglect, for the sake of simplicity, the 
weight of the wheel c and the effect of friction and the 
resistance of the air, the weight of the mass moved will 
be Q+P, and the pressure giving motion to the mass 
will be Q— P. "?■". 

Let the velocity generated in the weights, in one second of time, 
be observed under the following circumstances • : 

First. — Let the mass remain the same, that is, let Q + p be con- 
stant, but let the relative weights of q and p be varied, then it will 
be found that the velocities generated are in proportion to the 
moving pressure, For example, if v be the velocity generuted 
when the moving pressure or Q— p:=p, then when the moving 
pressure or Q— p=h times p, the velocity generated will be n 
times V. 

Hence we conclude, that Ihe moving pressure varies as the 
velocity generated, when the mass is constant. 

Second. — Let the moving pressure and the mass be both altered, 
in such a way as always to have the same proportion to each other, 
then it will be found that the velocities generated are always 
equal. For example, if the moving pressure and the weight of 
the mass moved be respectively q—p and q + p, orSi^Q— p) and 
2(q+p), ... or n{Q— p) and n(Q+p), then tlie velocity generated 
is always the same. 
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Heuce we conclude, that the moving pressure varies as the mass 
moved, when the velocity generated ia constant. 

Now when both the velocily and mass change, we have, by the 
rules of algebra, 

the moving pressure varies as the product of the mast and the 
velocity generated. 

But as the velocity generated is the measure of the accelerating 
force, we also have 

the moving pressure varies as the product of the mass and tlie 
accelerating force. 

And moreover, from the definition of the moving force, we also 
have 

the moving pressure varies at the moving force. 

SO. Forces, whether irapulsive or constant, which communicate 
motion to a body, arc measured by the momentum produced in the 
body, that is, by the velocity multiplied into the mass of the body 
moved. 

It ia found by experiment, that if two inelastic bodies directly 
impinge upon each other, with velocities which are inversely as 
their masses, then they will exactly destroy each other's velocity. 
This shows, that wheu the bodies have equal momentn, the forces 
of pressure, resnlting from their momenta, are exactly equal to 
each other. For example, if a body weighing 3 lbs. hag a velocity 
of 6fl., and anotlier body weighing 2Ib3. has a velocity of 9ft., 
then their quantities of motion or momenta are equal ; and if the 
bodies were to come into direct collision with each otlier, they 
■would exactly destroy each other's motion, supposing them to be 
perfectly inelastic, and the impulsive forces which communicated 
motion to them would be equal. 

21. Forces of presstjke, or statical forces, generally are 
represented by straight lines of definite lengths, the number of 
units of length in the line being taken equal lo the number of 
units of lbs. in the pressure ; tho direction of th^ line also repre- 
sents the direction of the pressure ; and the commencement of the 
line, tlie point at which tlie pressure is applied. A pressure is 
given when its magnitude, direction, and point of application are 
given. 

When a weight ia suspended by a cord, this weight produces in 
the cord A fokce of tension, which is measured by the weight. 
Bods and cordii are used for the transmission of pressure : in all 
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mechanical investigations, unless the contrary ia Btaled, the rods 
are supposed to be indexible and without weight, and the corde to 
; be perfectly flexible and without weight ; nnd in all sucli coses the 
;, Ibrce of pressure is supposed to be transmitted without loss. 
■■ The expansibility of condensed air or steam produces a force 
OF PBiissiiRE, which is estimated by the number of pounds exerted 
. on one inch of surface. 

When a horse draws a load, the force which he exerts ia called 

TAB FORCE OF TKACTiON, which is usuoUy estimated in units of 

pounds. 

; az. When forces tend to destroy motion, they are called forces 

of resistance, or simply resistances, such as tlie resistance of the 

' air, the resislance of friction, &c, 

23. Friction. Wlicn a body is slowly moved along a horizontal 
plane, the resistance to be overcome is due to friction ; this resist- 
ance must obviously be greater or less according to the degree of 
roughness or smoothness of the rubbing surfaces. The following 
laws of friction have been discovered by experiment : 

First. — Tlie resistance of friction, on a given surface, is always 
a certain proportional part of the weight of the body. 

Second. — The resistance of friction is not affected by the exi 
tent of the rubbing surfaces. 
. Third. — The resistance of friction is not affected by any change 
in the rate of the body's motion. 

Let w be a weight drawn upon the horizontal plane hb, by a 
force, acting parallel to the plane, produced _ a a 

by a weight p suspended from a cord pass- "j i I'. j 

ing over the wheel c ; then the weight " 

p, just necessary to draw w along the ffli 

plane, will be equal to the resistance of Fig. S. 

friction. 

Now from the first law of friction, p will always be a certain 
proportional part of w for the same rubbing surfaces ; let_/~ repre- 
sent the fraction giving this proportional part, then we have 

p=/w...(lX 
or putting r for the resistance of friction, then as p = r, we 

p=/w...(2}. 

Here the constant/ is called the coefficient of friction ; its 
value depends upon the nature of the rubbing surfaces. 

In these expressions, there are three quantities, ^ny two of 
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which being given, the remaining one maj be found; thus we 
have 

w=^...(3), 

and/=:^...(4). 

When the weight is expressed in units of tons, it is often con- 
venient to give the coefficient of friction in units of lbs. for every 
unit of tons in the weight. In this case, let x = the units of tons 
in the weight, p=the number of lbs. resistance of friction for one 

ton, then 

F=/>T . . , (5). 

Bj the second and third laws of friction, these various relations, 
just derived, subsist whatever maj be the extent of the rubbing 
surfaces, or the velocity with which the weight is moved.* 

In these expressions p or f will be the horizontal traction 
acting parallel to the plane, just necessary to draw the weight 
along the plane. 

Example 1. What must be the horizontal traction to draw a 
weight of 1 ton along a level road whose coefficient of friction is 

30 

^ 1 

Here w =2240 lbs., /=«pr, therefore by eq. (1), 



p=;,7^x 2240= 74f lbs. 



30 

Example 2. A horizontal traction of 80 lbs. just draws a weight 
of 1 ton along a level road ; required the coefficient of friction. 
Here by eq. (4), we have 

^_ 80 _ 1 
-^ 2240"" 28* 



LAWS OF MOTION. 

The truth of the three following laws of motion is based 
upon observation and experiment : — 

FiBST LAW OF MOTIOX. — A hody in motion wUl move continu- 
ally in a straight line and with a uniform velocity ^ if it is not 
acted on by any external force, 

♦ It Bhoald be observed that the coeflacient of friction for bodies bordering on 
a state of motion, is a little different from that which has a relation to bodies 
actually in motion. 
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iny consult any popular 



For the proof of this law, the student e 
work on MecLanica. 

SliCOND LAW OF MOTION. — If any number of force/ act at the 
same instant upon a body in motion, each force produces its full 
effect in the direction of its action, just as if it had acted alone 
upon the body at rest. 

Tlius, if n ball be dropped from the top of the mast of a ship 
moving uniformly, the ball etrikea the deck at the bottom of the 
mast, and falls precisely in the same time as if the ship were nt 
rest. 

Although ihc earth, by its diiimnl motion, carries ail bodies on 
its surface uniformly fi'om west to east, yet all motions take place 
on the earth's surface just as if it were at rest. 

If a ball be thrown along the deck of a vessel, moving uniformly, 
it will move on the deck in precisely the same manner as if the 
vessel were at rest. Let s represent the deck of the vessel moving 
uniformly in the water ; 
suppose the vessel to move 
from 8 to s, or that the 
point A moves from a to o, 
in the same time that the ^'9- ^■ 

ball moves from a to b. Now whilst the ball is moving on the 
line AB across the deck, it is at the same time carried with the 
vessel from a to C, and at the end of the time the ball is found at 
D ; so that it preserves its two motions ; that is to say, it moves in 
the direction a b as if it had no other motion, and in the direction. 
AC with the vessel as if it had no motion on the deck. The actual 
path pursued by the bail is evidently in the diagonal ad of tiia 
parallelogram abdc. 

This establishes what is called the parallelogram of motion, 
which may be enunciated as follows : — 

Parallelogram op motion.— i)'' two velocities be given to a 
body at the same instant, the actual velocity will be represented by 
the diagonal of the parallelogram formed upon the two tines 
representing the velocities impressed upn the body. 

Let a hody at a have a velocity given to it which would cause 
it to move upiformly from A to o in a given time, and another 
velocity at the same instant, which would cause it to move uni- 
formly from A to B in the same time : now if the parallelogram 
ABCD be completed, the actual path of the body will be the 
diagonal ad described in the same time. 

Third law of motion, fVhen a pressure acting on a body 
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puts it in motiotiy the momentum generated in a unit of time is 
proportional to the pressure. 

This law is proved in Arts. 19. and 20. 

An important consequence of this law of motion is the principle 
of action and reaction which are always equal and contrary, 

EXEBCISES. 

Densities, — Art. 10. 

1. Two bodies, each of uniform density, are of the same size, 
and weigh 4 lbs. and 5 lbs. respectively, at the same place on the 
earth. Compare their densities. Ans, 1 to 1*25. 

2. A substance containing 7 c. in. weighs 3 oz. ; and another sub- 
stance containing 6 c. in. weighs 1 4 oz. ; compare their densities. 

Here by eq. (5), Art. 10., we have 

D_ 14x7 _g^ 
5- 3x6""^^' 

that is to say, the one body is 5 J times the density of the other, 
or their densities are in the ratio of 49 : 9. 

3. Eequired the same as in the last example when the substances 
contain 5 and 6 c. in. respectively, and weigh 10 and 18 lbs. 
Ans, 3 : 2. 

4. A cubic foot of a substance weighs w lbs., and another sub- 
stance having twice the density weighs wlbs., required its magni- 

w 
tude. Ans, —- cubic feet, 

2w 

Velocities. — Arts. 14. 16. ,' i^'i^ySu 

5. A railway train moves at the rate, of 30 miles an hour"; 
what is its velocity in feet per second ? Ans. 44. 

6. A body moves with the uniform velocity v. With what 
velocity must another body move which starts from the same 
point a hours after the former, and overtakes it in b hours ? 

Ans. ^^«+^). 
b 

7. A body moves with a velocity of v feet for t seconds, and 
for the next t^ seconds with the velocity of Vi feet ; required the 
fnean velocity of the body, or that ^uniform velocity which would 
have carried it over the same space in the same time. 

Ans,'il±^. 

t^ty 
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8. What velocity would the force of gravity give to a falling 
body in 5 seconds ? Ans. 160^ ft. 

9. In what time would tbe force of gravity commanicate a 
velocity of 193 feet ? Atis. 6 sec. 

10. The velocity which a falling body would acquire in 2 
aeconds, is one-third the velocity which it would acquire in 6 
seconds. If v be the velocity acquired in I Eccouds, and v, the 
velocity acquired in I, eeoonds, then 

V : v,::t : t, 

that ia to say, the velocities acquired are proportional to tlie 

Measure of Forces. — Arts. 17, 18, 19. 23, 24. 

11. What velocity would gravity communicate to a falling body 
in one second, if its force were one-fourth of what it really is in 

"our latitude? Ans. 8j,\it. 

12. At a certain point above the earth's surface a weight of 
v> lbs. (estimated by a spring weighing machine) only weighed 
tf, lbs. ; what velocity would a falling body there acquire in one 
second ? ^g^^ ^^^^^ jy_ ^^^ jg_^ ^^ w, ^ 

13. At the same place on the earth the masB of a body ia pro- 
portional to its weight. 

14. If a weight of 4 lbs. have a velocity of 5 ft., what must be 
the weight of another body having a velocity of 2 ft., so that ita 
momentum may be equal to the former ? Am, 10 lbs. 

15. What force will be required to draw a load of lOcwts. 
along a borizonal road whose coefficietit of friction is g'j? 

Ans. J cwta. 

16. If a pressure of 2 cwts. be required to move a load of 
40cwts. along a rough horizontal plane, required its coeflScient of 
Miction. Ans. ^. 

17. If a ball bo placed at one of the corners of a smooth table, 
bow should the bnll be struck so that it may move towards the 
opposite corner of the table ? 



ON ACCELEEATING FOBCES AND MOTION. 
Graphical representation of the space described by a moving body. 

25> It has been shown, Art. 14. that the space passed over by a 
body, moving with a uniform velocity, is equal to tbe product of 
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the time by the velocity. Now if a rectangle be constructed, 
having the units in the side AC equal to the 
units of time of the body's motion, and the 
units in the side A b equal to the units of velo- 
city ; then the units of surface in the rectangle 
will represent the space passed over by the 
body. In like manner, the space described by 
a body with a variable velocity, may be gra- 
phically represented. Let the units in aq (see 
Jig, 7. p. 24.) represent the units of time of a body's motion, AC, 
CE, . . . , SQ very small successive intervals of time, and ab, cd, 
. . . , QR the velocities which the body has at these correspond- 
ing intervals of time ; then supposing a line to be drawn through 
the extremities of these ordinates, the space described by the body 
will be represented by the area of the curved space abrq. For 
suppose the body to move through the interval AC with a certain 
velocity, which is the mean between the velocity at A, and the 
velocity at c, then the space described will be represented by the 
area of the trapezoid abdc ; in like manner, the area of the trape- 
zoid CDPE will represent the space described by the body with a 
velocity which is the mean between cd and ef ; and so on : there- 
fore the whole area abrq will represent the whole space described 
by the body in the whole time aq, each interval being described 
with the mean velocity of that interval. Now the less the inter- 
vals are made the nearer and nearer does the mean velocity of 
each interval approach the actual velocity of that interval, and 
therefore, on the principle of ultimate ratios, the curvilineal area 
ABRQ will truly represent the space described. 

To find the relations of the space, time, and velocity of a body 

acted freely on by the force of gravity. 

26. We have, from eq. (1), Art. 16., for the relation of time and 

velocity acquired 

v=itg . , . (1). 

In order to determine the relation of time and space ; let ab (of 
the right angled triangle abc) represent the units 
of time of a body's descent in falling from a state 
of rest, and bc the units of velocity acquired in 
that time ; from any point d draw de perpendi- 
cular to AB, then DE will represent the velocity 
acquired in falling during the units of time repre- 
sented by AD. For by eq. (1 ) the velocity acquired 
is proportional to the time; but by the similar 
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triangles abc and ade, the perpendicular de bears the same pro- 
portion to AD that BC does ab, therefore pe will represent the 
velocity acquired in falling for the units of time represented bj 
AD. And the same thing will hold true for any other perpendi- 
cular. Hence it follows (Art 25.) that the space described bj a 
body in falling from a state of rest is represented bj the area of 
the triangle abc, when the units in ab represent the time, and 
the units in bc the velocity acquired in that time. 
Put ^=ab, t?=BC) and s=the space described, then 

areaABC=J bcxaq 

,\ s=^ vt , . . (2). 

Here } v is the mean velocity, and therefore the space de- 
scribed IS equal to the product of the kbak velocity by the 

TIME. 

Substituting the value of v given in eq. (1), we get 

8 = ^2 x|... (3). 

If the body be projected vertically downwards with the velocity 
V, then 

the space due to projection=/v ; 

but we have from the second law of motion, 

8:= space due to projection + space due to gravity, 

= ^V + <2x| . .. (4). 

To find the space, s, through which a body must fall in order to 
acquire a given velocity v. 
By eq. (1), we have 

the time of descent, or ^=-, 

9. ' 

and substituting this value of t in eq. (3), we have 

-"2^ • • • (5)- 

Kthe space be given to find the velocity acquired, then we have 
from this equality, 

v= V2gs . . . (6). 
If a body be projected vertically upwards with the velocity v, it 
is evident that it will rise to the pame height as that through 



\ 
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which it must fall in order to acquire the proposed velocity ; hence 
eq. (5) also expresses the height to which a body will rise when 
projected upwards with the given velocity v. 

If AD be the space through which a body must fall to acquire 
the velocity v, and kd the space to acquire the velocity 
f?i ; then by eq. (1), 

hence we get by subtraction, 

fj^-^^f) 2 A 

AK=— jr— ^...(7), 

2g ^ ^' Fig, 6. 

which is the expression for the space through which a body must 
fall in order to change its velocity from v^ to v. 

To find the space Si, through which a body will fall during the 
last ^1 seconds of its motion. 
Here we have 

ftnds— Si=(^— ^i)2x|, 

.-. s,= {<2_(^-^0'}f •••(8). 

If a body be projected vertically downwards with the velocity 
V, what will be its velocity (t?) after descending s feet ? 

By eq. (2), 

velocity acquired by gravity ='/2^ 5 
/, t?=vH- v'2^ . . . (9). 



Exercises for the Student. 

1. A person while ascending in a balloon with a vertical velocity 
of V feet per second, lets fall a stone when he is h feet above the 
earth ; required the time in which the stone will reach the ground. 



Arts, 



Y^^y2^2gh 



9 
2. Show that the space described by a body during the nth 

second of its fall is equal to (272— 1) ^; and consequently that 

the spaces described during successive equal intervals of time, are 
as the odd numbers 1, 3, 5^ 7, &c. 

c 2 
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3. A hody Mling from a Btctte of rest describes t feet during the 
the last Beoond of ita fall ; required tlio total time of its fall. 

4. A body A is projected vertically downwards from the top of 
a tower with the velocity v, and one second nftefwards another 
body B is let fall from a window n feet from the top of the tower ; 
in what time, (, will a overtake b ? 

Space moved over byA=v(+<^x£ 

»"J bj.=(<-l)-x|. 

Now the differences of these Epaces must be equal to a ; 

5. A body Is thrown vertically lapwarda with the velocity of w 
feet per second ; required the height to which it will ascend in t, 

seconds. Ans. vti—t^'x^. 

6. A body is thrown vertically upwards with the velocity of v 
feet per second ; at the same instant another body is let fall from 
the height of h feet above the ground : in what time will the bodies 

pass each other ? Ans. - . 

7. A stone let fall info a well, is heard lo strike the water in t 
seconds ; required the depth of the well, supposing the velocity of 

sound to be a feet per second, Ans. \ \ / at^- "> • — \ , 

8. A body is thrown vertically upwards with a velocity of « 
feet per second ; required the time when it is at a given height A. 






-2gA 



, where the 
•J 
f the body'i? ascent, and the upper 



lower sign expresses the time 
sign the time of its returning ii 

To find the relations of the space, time, and velocity of a hody 
acted on by any constant moving pressure p. 

27. Let w=the weight of the body, and ji^the accelerating 

In the foregoing formulie, g is put for the accelerating force of 
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gravity acting freely upon the body ; that is to say, g is the velo- 
city, which gravity communicates to any body during one second 
of its fall. In the present case, tr, the weight of the body or mass 
of matter, is the moving pressure which generates the velocity g 
in one second ; and p is the moving pressure, acting on the same 
mass of matter, which generates the velocity g^ in one second; 
hence we have, by Art. 19., 

vj'.py.gigx, 

that is to say, the accelerating force is equal to the moving pressure 
acting on the body divided by its weight and multiplied by the 
accelerating Jbrce of gravity. 

All the foregoing relations will hold true when g^ is substituted 
for^. 

Thus if t?, be put for the velocity which the body has at the 
commencement of the time ty then we have from eqs. (1) and (4), 
Art. 26., 

^=.tV^±t^ Y.^^ , . . {Z\ 

where the + or — signs are taken, according as the force accele- 
rates or retards the motion of the body. 
From eq. (2) we get 

and substituting this value of t in eq. (3), we get 

8=±^'...(5); 

where the value* of g^ is given in eq. (1) ; by substituting this 
value in eqs. (2), (3), and (5), we obtain 

v=«?i±--' ^...(6), 



w 
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8=^Vi + ^axS^...(7), 

— 2g .p ^ ^' 

From this last equality, we have 

C 3 
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but s . p is the work of the moving pressure p^ 

/. Work of the moving pressure, «= ± -^^-^ — ^ • • • (l^)- 




.» 



CHAP. II. 

PRELIMINARY PROPOSITIONS AND PROBLEMS RELATIVE TO 

LABOURING FORCES* 

28. Whenever there is a resistance moved over a certain space, 
there must be labour or work done; and it is obvious that the 
amount of labour or work must vary with the resistance moved, 
and the space through which it is moved. Labouring force is 
exerted, and therefore work is done, in sawing, grinding, dragging, 
raising heavy weights, &c. In order to compare labouring forces 
with one another, it is necessary that we should fix upon some 
unit of work or labour. Now since every unit of measure must be 
of the same kind as the thing to be measured, the following defini- 
tion has been adopted in this country : — »- A unit of work is the 
labour expended in moving a pressure of one pound through the 
space of one foot in a direction contrary to that in which the 
pressure acts. Thus, for example, a unit of work is performed 
when a pound weight is raised one foot in opposition to gravity ; 
or if the body w, moving along the horizontal plane h r (see 
Art. %Z,^fig, 3.), produces a friction of 1 lb., then a unit of work is 
performed when the body has been moved on the plane over the 
space of one foot. 



tJNITS OF WORK, OR WORlt. 

29. The work expended in raising a body is equal to the product 
of its weight in lbs. by the vertical space in feet through which it 
is raised. 

When the weight is constant, the work must obviously be pro- 
portional to the distance, and when the space is constant, the work 
must be proportional to the weight. Let p=the weight of the 
body in lbs., s=the vertical space in feet through which this 
weight is moved, and u=the units of work done ; then 
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No. units of work in raising 1 lb. over 1 ft.=l, 
••. „ 99 y> 1 lb. over s ft.=s, 

/. „ » )> W lbs. over s ft.=F x s ; 

that is, tj=p X s ... (1). 

We may obviously in general consider u, in this formula, as the 
work expended in moving a pressure or resistance of p lbs. through 
a space of s feet^ without regard to the direction in which that 
pressure is exerted. Taking this more enlarged view of the for- 
mula, we conclude that the work is equal to the product of the 
resistance in lbs. by the space in feet through which the resistance 
is movecL 

30. If we take the units in the two adjacent sides of a rectangle 
to represent the units of pressure and space respectively, then the 
units of work will be equal to the units of surface in the rectangle. 

31. Units op horse-powers. — Watt estimated that a horse 
could perform 33,000 units of work per minute ; this work is there- 
fore adopted as the measure of a horse-power. 

If U be the work performed by an engine per minute, and n the 
number of its horse-powers, then 

^"33000 ••*^^)* 

32. MoDULxJs o^ AN ENGINE.—- The modulus of a machine is 
that fraction which expresses the relation of the work done to the 
work applied. Owing to the differences of construction in ma- 
chines, the modulus of one machine frequently differs very much 
from that of another* The modulus of a machine, therefore, 
expresses its relative efficiency. 

Let u=the work applied to a machine, Ui=the work yielded, or 
the useful work^ and m=the modulus of the particular machine ; 
then 

ti=mv , . . (1). 

In a perfect machine, where there is no loss of work by trans- 
mission through the parts, the modulus is unity ; for in this case 
the work yielded by the machine would be exactly equal to the 
work applied. 

From eq. (1), we get 

u=5...(2)j 

Eq. (1) expresses the useful work in terms of the work applied; 

c 4 
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eq. (2) is the converse of (1) ; and eq. (3) shows that the modulus 
is the fraction obtained by dividing the work done by the work 
applied. 

It will be afterwards shown that there are exact modes of 
expressing the relation of u to Uj. 



B 




Work op a variable Pressure, 

33. When the pressure exerted through a given space varies, 
the work done may be determined by multiplying the given space 
by the mean of all the variable pressures. 

Let aq represent the space in units of feet through which a 
variable pressure is exerted ; let a Q 
be divided into n equal parts, AC= 
CE=&c.=SQ; and suppose Pq, Pi, Pj, 
. . ., p„, to be the pressures applied at ^ 
the points a, c, e, . . ., Q, respectively; 
take the units in the perpendiculars 
AB, CD, EF, . . ., QR, equal to the 
units of lbs. in the pressures p, p,, Pg, Fig. 7. 

. . ., p„, respectively ; then the work done from A to c will be equal 
to the mean of the pressures p and Pj, multiplied by the space AC, 
that is, the work will be equal to the units of surface in the area 
acdb; in like manner the work done from c to e will be equal 
to the area cdpe ; and so on ; so that the work done through the 
whole space aq by a pressure which continuously varies in the 
manner described, will be equal to the units of surface in the 
area abrq. This area may be found approximately by the ordi- 
nary rule of Mensuration for the area of a curved space having 
equidistant ordinates, or more accurately by Thomas Simpson's 
rule (see the Author's " Geometry and Mensuration," pp. 160. 
and 185.). 

Let w=the work done from a to Q ; s=the space aq ; and a= 
AC = &c., the common distance between the ordinates ; then we 
have by the ordinary rule, 

w=area abrq 

=J(iP-fPi + P2+ ... ■fPn-i+iP„)...(l); 

or by Simpson's rule, the number of spaces being even, 

w=:area abrq 

s 
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If p' be put for the mean pressure, then 

p' X s= w, and p'= - . . . (3). 

The following applications of the principles of work will form 
a useful introduction to the subject of industrial mechanics. 

Work in pumping Water and raising Weights. 

34. Problems. 

(1.) How many units of work would be required to raise A 
cubic feet of water to the height of a fathoms ? 

Weight water in lbs. =62*5 A, 
Height raised in feet =6 a, 

.*. Work = weight water in lbs. x height raised in ft. 
=62-5Ax6a 
=375Aa. 

(2.) If a horse draw w cwts. out of a well or pit, by means of a 
cord going over a wheel, moving at the rate of m miles per hour ; 
how much work, u, will he perform per minute ? 

Weight in lbs. = 2 1 2 x «?, 

Space in feet moved over per min.= — ^^r — =88m; 

/. Work per min., or u=212 x w x 88wi 

= 18656 mw. 

If u and m are given and to is required, we have, from this 
equality, ^>;>^U.r^ X.«^s^^-'^ 

18656/w' 

3. How many horse powers, H. P., would it take to raise t 
tons of coals per hour from a pit whose depth is a fathoms ? 

Work per hour=T x 2240 xax6\ 

w 1 • Tx2240xax6 „^. 
.*. Work per mm. = ^ = 224 a t ; 

'• "• ^•~ 33000* 

In this equality there are three general quantities, viz., a, t, 
and H. P., any two of which being given the remaining one may 
be found. 
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4. Required the work in raising water from tkree different 
levels, whose depths are a, by c fathoms respectively ; from the 
first A cubic feet of water are to be raised per min., from the 
second b cubic feet per min., and from the third c cubic feet per 
min. 

Work in raising the water from the first level = 62*5 a x a x 6 

=375 X a .a; 
and so on for the work in the other levels ; 

.*. Work per min. or u,=375 (a . A+ft . b+c . c). 

5. If M be put for the modulus of the pumps in the last problem, 
what must be the horse powers, H. P., of the engine, in order to 
pump all the water. 

Let Ui= the useful work determined in the last problem; and 
xj=the work of the engine per min. ; then we have, from eq. (2) 
Art. 32., 

U=— - , ' L ; nj. -'-^ 

375 ^ ' ^^"^ 

6. If u be the work applied to a machine, and Hi its. modulus^ to 
find an expression for the work lost. / ; - 

Work lost =u—Ui ' /' 

=u— M.u=u (1— m)» ff^ 

7. Required the number of horse powers, N, to raise t tons of 
coals per hour from a pit whose depth is a fathoms, and at the 
same time to give motion to a forge hammer whose weight is 
w lbs., which makes n lifts per minute of h feet each» 

Work in raising coals per min. =224 a t, 
„ „ hammer „ =«Aw ; 

224aT-f wAw 



• • 



N= 



38000 



In this equality there are six general quantities, any five of 
which being given, the remaining one may be found. Thus let T 
be required, then 

33000 N—wA«> 



T= 



224 a 
If w be required, then 

33000N— 224aT 



w=- 



nh 



8. If a man working with a certain machine can perform u 






\ 
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efPective units of worl( per minute^ how many lifts, n, will he give 
per hour, to a pile ram weighing w lbs., and having a lift of 
A feet. 

Work done by the man per hour=60t<, 

Work in raising ram per hour =117 An, 

_60« 
wh 

9. An engine of n effective horse powers is found to pump 
A cubic feet of water, per minute, from a depth of a fathoms ; re- 
quired an expression for the modulus of the pumps. 

Work engine per min.=N x 33000, 

Useful work or work expended in pumping water=62*5AX 6a ; 

hence we have by eq. (3) Art. 32., 

__Uj 62*5 A X 6 a a. a 
^~u ~ "5x^3000" ""SSn* 

10. There were a cubic feet of water in a mine whose depth is 
a fathoms, when an engine of n horse powers began to work the 
pump ; now the water continued to flow into the mine at the rate 
of Ai cubic feet per minute ; required the time in which the mine 
would be cleared of water, allowing m to be the modulus of the 
pump. 

Let ;r=the no. minutes to clear the mine of water. 

Weight water to be pumped =62*5 (A-f Ai a?), 

/. Work in pumping water=375 a (a -f- Ai a:). 

Effective work engine =m x n x 33000 x a:, 
.% MXNx33000xar=375a(A4-Aia:), 

a. A 



• • 



88 . M. N— a . Ai' 

11. What must be the horse powers, n, of an engine working 
for e hours per day, to supply n families with g gallons of water 
each per day, supposing the water to be raised to the mean height 
of h i^^t^ and that a gallon of water weighs 10 lbs ? 

Work in pumping water per day=10n^A; 

Effective work engine per day =m x n x 33000 x 60 x ^ ; 

/. MXNx33000x60xc=107e^A, 



__ ngh 
^■" 198000 «M* 



• • 
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30, A=70, and m=3 ; ihen this formula 






THK KkSISTANCE OF FbICTIOK. 



3B. If u be put for the work due to friction in moTing a body 
over B feet on a horiasootal plane ; then we get from eqa. (2) and 
(5), Art. 23., 

u=/ws ... (1) 
or v=pis ... (2) 
If p be put for the traction requisite to draw the weight along 
the horizontal plane, then from eq. (1) Art. 23., we have 
p=/w . . . (3). 
When a body (eoch as a railway train)moves on a plane with a 
uniform velocity, the work done upon the body to Hustain that 
velocity is equal to the work requisite to overcome the resistances; 
and this speed is said to be the maximum speed, because it is the 
greatest which the body can have with the given moving 
pressure. 

I'/'olilems. 

1. Required the work performed per minute, u, in sustaining a 
body weighing w lbs. at a uniform rate of m miles per hour on a 
horizontal plane, whose coefficient of friction isjl 
Eesistance of friction in lhs.=fw, 



Space in feet moved o 






.-. u=/wx88™^88/mw. 

Here there are four general quantities, any three of which being 

;iven, the remaining ones may be found. Thus if w he required. 



88/m- 

2. What must be the horse powers, N, of a locomotive engine, 

which moves with the uniform or maximum speed of m miles per 

hour on a level rail, the weight of the train being t tons, and the 

friction p lbs. per ton, all other resistances being neglected ? 
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"Work in overcoming the resistance per min. 

5280 m ^^ 
=p T X — ^jr— =88m/>T ; 

•'• ^~ 33000 ="3600" • • • ^ ^' 

If T in this equality be required, the other general quantities 
being given, we get 

omp 

If m be required, we get 

3000 N .„v 

m= -^ . . . Co). 

SpT ^ ^ 

Example 1. Let »»=30, t=50, p=8, then from eq. (1), we 
have 

__ 8 X 30 X 8 X 50 _ Q^ 
'^- 3000 ■"'^^• 

Example 2. Xict n=40, w=35, and p=8 ; required t. 
Here by eq. (2), we have 

3000x40 -„-, 
^=83^353r8 = ^^'^*"°^- 

Example 3. Let t=80, n=70, and/>=8; required m. 
Here by eq. (3), we have 

3000x70 ^, ., 

3. If ^=250— 4 If r, express the relation between ^, the traction 
of a horse in lbs., and r the rate in miles per hour, what gross 
weight w will the horse draw on a plane whose coefficient of 
friction is /I 

Here by eq. (3) we have 

^=/w, 
/. /w=250-41§r. 

If the rate be required, the weight and the coefficient of friction 
being given, then 

250 -/w 
To determine the work, u, ^ne per min., we have 
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ii=frootion in Iba. x space in feet per lain. 
^(250-41|r)x88r . . . (3). 
Here the work done depends aolely upon the speed. 
Example!, Let r=3, and/=^, to find w. ■ /j,y 
Hm by eq. (1.), ™ get , ^ -"' 7 '''' ' '' y - 



Example 2. Let w=2240, and/=^, required r. 
Here by eq. (2), we get 

25O- 3 V X 224Q _ 750-224 _ 

41^ ~ 125 -'*'^""'«^- 

Example 3. If the speed of the horse be 3 miles per hour 
what work will he perform per minute. 
Here r=3, therefore by eq. (3.) we have 

u=C250— 41 1- X 3) X 88 X 3=33000. 
Ifr=2, then 

u=(250— 41| X 2) X 88 X 2=29333. 
If r=4, thenu=29333. 

It results from formula (3), that a horse performs the greatest 
amount of work when he travels at the rate of 3 mileg per hour. 
With this speed he performs a standard unit of horse power. 

4. What must be the horse powers of an engine to cut a sq. ft. 

of planking in a day of n liours long, allowing u to be the units 

of work requisite to saw a square foot of the same timber. 

Work in cutting 1 sq. ft.=u, 

.". Work in cutting A sq. ft.=Aw, 

.-. Work per min.=^^, 



Work in MoviNd a Body on an Inclined Flamb. 

36. The work performed in moving a body up an inclined plane, 
without friction, is equal to the product of the weight of the body 
in lbs. by the vertical height in feet through which it is raised. 
This principle will be hereafter established on strictly mathematical 
reasoning ; but the following simple method of proof is well 
deserving attention. 



if! 



CHAF. II,] 



WORK ON AN INCLlKEn PLANE. 
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Let ABC be an inclined plane, iiavitig the base A b horiKontal 
and the side bc vertical. Suppose a uniform and perfectly flexible 
clinin ACBD to be thrown round the plane as shown in the annexed 
cut. The chain can have no tendency to motion: for whatever 



Kff. f 



n it will always have the same form and relative 
and therefore if the force of gravity be supposed 
1 it in any one position, the same cause would 
1 every other position, and consequently the 
n for ever, which is impossible. 



may be its positio 
position of parts, : 
to give motion t( 
continue to act i 
chain would move o 

The curve ade which the chain assumes, by the action of 
gravity, is symmetrical on each side of d, and the tension at A 
must be the same as the tension at b. The portion adb may 
therefore be removed and the remaining portion acb will still 
remain at rest; and tJien the tendency of the portion ac to move 
down the plane will be balanced by the gravity of the vertical 
portion bc. Let w he the weight of the portion ac, and p that 
of bc ; then, as the chain is uniform, we have 



BO : AC; 



■ . (I)- 



Now for the chain ac we may substitute a weight w resting on 
the plane, and for the chain bc the weiglit p hanging freely by a 
cord connected with the weight w. Thus, therefore, eq. (1) gives 
the relation between the weights p and w, wlien the weight p 
lianging vertically balances tlie tendency of the weight w to move 
down the plane. This is the common expression for the relation 
of the power and weight in the inclined piano. . 

Let w be moved up the plane from A to c, by the descent of Pj 
then P will have descended a space equal to AC, whilst w will 
have been raised tlirough the vertical space bc ; hence we have 
Work in raising w up the pIane=PXAC 



3 say, the work in moving a body up nn inclined plane, 



r 
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wilhonl friction, is equal to the product of the weight of the body 
in lbs. by the vertical height infect through which it is raised. 

ir the inclination of the plane, upon which the bod^ is moved, 
is small, as in the case of railway gradients, the pressure upon the 
plane will obviously be very nearly equal to the weight of the 
body ; hence the work of friction in moving a body up such a 
plane, may be calculated after the manner explained in Art. 35. 

To find the total work, in moving the body w up the inclined 
plane ABC whose coefficient of friction is/. 

Woik in moving w from a to c 

^work due to friction+work due to gravity. 
But, work due to gravity=wxnci 

and by eq. (I) Art. 35., 

work due to friction^/. wxAC ; 

.-, Work in moving w from A to c=/w x ac + wxbg ... (3) 

If the body be moved down the plane, then it is evident that 
the work to be done will be equal to the work due to friction 
minus the work duo to gravity; in this case, therefore, we have 

Work in moving, w from c to A— /wx ac— wx bc . . . (4). 



Problems. 

1. A railway train of t tons ascends an incline, ac, which has 
A rise of e feet in 100 feet, with the uniform speed of m miles per 
hour, what must be the horse powers of the engine, the friction 
being p lbs. per ton ? 



Fig. 9. 

Tske AC equal to the space in feet moved over by the train per 
viB. : AE equal to 100; and draw the verticals cb and ed cutting 
tfe horiaontal line ab in the points b and i> ; then we have 

^^bf the similar triangles abc and ai>e, we have i> ' 

AK ; db::ac ; bc, 

that is, 100 ; ey.BSm ; bo, 
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Now, work per min.=work friction -f work gravity; 
but, work friction = resistance friction x AC 

=/> T X 88 wi = 88 m JO T, 
and work gravity = wt. train in lbs. x bc 

=2240 T X'SSem, 

.*. Work per min. = 88»»pT + 2240T X'SSem 

= 8l8»»T(p + 22-4e). 

.-. N = ^mT(p + 22-46) . . . (1). 

If tbe train descends tbe plane, tben tbe work due to gravity 
must be subtracted from the work due to friction ; in this case we 
therefore have 

Here there are five general quantities, any four of which being 
given, the remaining one may be found ; thus if t be required, 
we have 

_ 3000N . . 

'^''Sm(p±22'4e) ' ' ' ^"^^^ 

where the plus or minus sign is used according as the train 
is ascending or descending the incline. 
If »i be required, we have 

_ 3000N , . 

'^""8T(p±22-4e)-*-^^^- 

Example 1. Let T=80,e=2,?w=15,/>=8; required Nwhen tbe 
train ascends the incline. 
Here by eq. (1), we have 



^f^cC 






N=g^xl5x80x(8 + 22-4x2)=ri6ft4^ — ^^^ 

Example 2, Let n=50, c=f, w=20, /> = 8 ; required t when 
the train ascends the gradient. 
Here by eq. (3), we have 

3000 X 50 ^^ ^ ^ 

^= 8x20x(8^22>4xfr ^^'^ *^°'- 

Example 3. Let t= 100, e=^,/>=8, n=80 ; required wi, when 
the train ascends the gradient. 

D 



**ffc.«.; 
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Here by eq. (4), we have 



[F.cuANicAi. rim.osorm'. 



8xlOO(8 + 22-4x|) 

2, If n horse exert n traction of ( lbs., wliat weight, w, will he 

puli up or down, as the ctiae mny be, a hill of small inclination 

ivhich has a rise of e in 100, the coefficient of friction being/? 

Work horse over 100 feet— 100 f, 

Work due to resiBtancea over lOOft.^/wx lOO + we, 

.-. /-wxlOO + we— 100(, 







.. w- 


100/+e' 


■ k' 


)• 


If / be requ 


red, then 












(- 


/W + tU^ 


e 








= 


wf/±T,Vn 


)■■ 


.{2} 


Example 1. 


Vt 


= ICO 


e = S,f= 


tV 


requ 


lonrt is drawn 


up th 


hill. 








Here by eq 


(1), 


ve have 










w= 


100 X 


^'bs.= 


12-6 cwts 



100 

Examph 2. If W=6 x 2240, €=2^,/^-^'^ ; to find ( « 
load is drawn up the hill. 
By eq. (2), we have 

(=6 X 2240(-,V+TiTj X 2|)= 1456 lbs. 



Work in Excavations and the Transport of Earth. 

37. When the material is fr.insported by means of harrows, the 
following method of citleulating the work of excavations has been 
adopted by aonie of the most eminent French engineers. 

The material ia classed according to the number of pickmen 
necessary to keep nt work a eertnin number of shovetlera. Thus 
earth, of mean quality, requires 3 of the former to 2 of the latter ; 
whereas earth, of a harder quality, will require a greater proponii 
tion of pickraen. Thia pi-oportion will, of course, be fixed by the 
judgment of the engineer. A relaff is the distance a barrowman. 
will wheel a full harrow aud return with an empty one, while a 
shoveller is filling another barrow. Thia distance on the hori- 
zontal line 13 calculated to be 120 feet. The harrow is supposed 
to contain one cubic foot of tiie material, and n shoveller to lift, on 
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an average, 500 cubic feet of earth per day. When the material 
is to be raised to the surface, this is supposed to be done by means 
of ramps, formed of planks, each 12 feet in length, and having a 
rise of 1 foot. The length of the relay upon the ramp is 80 feet. 
The mean height to which the material is raised, is the height to 
which the centre of gravity of the whole material is raised. 

Problems. 

1. a cubic feet of earth are to be excavated, and then conveyed 

to the mean distance of b feet, the material is such as to require p 

pick men to s shovellers ; it is required to find the number of 

-workmen of each sort necessary to complete the work in d days, 

and also the total number of days* work. 

No. relay s=j^ 
therefore for each shoveller we must have r^ barrowmen. 

No. days' work shovellers = ^»pr, 

;. « « barn)wmen=^ X jIq, 






No. shovellers to do the work in d days=37r7r- . . . (I), 

•^ 500 D -^ ^ 

- barrowmen « " « =5^o ^ ife- ' ('>' 

« pickmen " " " ^^.^x-^ . . . (3). 

Total no. days' work=^+^. j|^-f ^.^ 



-50o(^'^120"*"W •••^^^* 



Example 1. Let a =60,000, ^=480, jo=3, 5=r2, and d=20. 
From eqs. (1), (2), and (3), we have 

No. shovellers = =6, 

500x20 

D 2 



p 
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No. barrow 


™„^..1|^.. 


" pick me 


=.x|.a 


n eq. (4), we have 




Total no. days' works 


60000/, , 480 ^ 3>i 



2, Required ihe same as in tlie last problem, when the earth if 
first to be raised to the mean height of h feet by means of rampS; 
and afterwards transported to the horizontal distance of i feet. 
Here there will he A planks in the ramp ; 

.-, Length of ramp=12A; 

12A 3A 



/, No. relays on the ramp=-^ 
.•, Total no. relays^ 

No. days' work Bliovellera 



80 20' 
3A fi+18A 



piekmen= 



d tl 



i 



d t 



pi d th 



t Iti fmlpl wtlhfU 

d w I th mp y t h f m 1 

bff h jdhj y dth 

li t q 7 p k t 1 U It 

fi d th h 1 th 11 b m 

ml f f h y t k p th 

d th t f tl 1(1 f th 

Iw 111 pdyflOh 1 t b 

ift oOQ c. ft. of the enrlh per 



workman ; and that a shoveller 



Time each journey = — f-- = — '-'; 
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/, No. journeys per day= lO-j-time each journey 

lOrrj 



wi(r + ri)' 



XT ^x J J 10a rr, 

/. No. c. ft. conveyed per day, w= —. ^. ; 

^ '' m{r-\-r{) 

/. No. days to complete the transport, &c. = - ... (1). 

71 

No. shovellers =-;r>r . . . (2). 

oOO 

.*. No. pickraen= r^ x^ . , .-^ (3). 
Total no. days' work= ^^^tzl -f -zrrp: x ^, 

•••Costin£=i^(l+^)...(4). 

Example, Required the number of men of each sort, when 
m=4, r=8, n=12, cr=648,j»-2, 5=3. 
Here by eqs. (2) and (3), we have 

No. 8hoyeller8=3^=^^^^|^i^ = 15-552. 
No: pickmen= 15-552 x |— 10-368. 

Work in overcoming the Resistance of Fluids* 

38. The resistance of the atmosphere to the motion of a body, 
within certain limits, varies as the square of the velocity : thus, if 
Ribs, be the resistance of the atmosphere to a body when moving 

at the rate of m miles per hour, then r x ( — ) will express the 

resistance when the body moves at the rate of wi, miles per hour. 

In a railway train the resistance of the air also increases with 
the frontage o^ the carriages as well as with the length of the 
train. If the frontage be constant, the resistance may be assumed 
to vary with the number of the carriages : thus if we take r (as 
determined by experiment) to represent the lbs. resistance of the 
atmosphere to a given train of n carriages moving at the rate of 
10 miles per hour ; then the resistance to w, carriages moving at 
the same rate may be expressed by 

r{1 +(wi— w)A}, 

D 3 
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where A is a constant which must be determined by experi- 
ment. 

Let m be the rate of the n^ carriages per hour, then 

Eesistance air=:R{l4-(w,— n)A} (ttx) > 

.\ Work due to the resistance of the air per min. 






60 

where it will be observed that the work varies as the cube of the 
speed. 

And the horse powers due to the resistance of the air 

Adding this to the horse powers due to gravity and friction, 
given in eqs. (1) or (2), Problem 1, Art. 36., we get 

^"=3^ ['»T(P±22-4c)+^{l + («,-«>}] . . . (1). 

If n^=n, or what amounts to the same thing, if the resistance 
depending upon the length of the train be neglected, then this 
equality becomes 

Taking e=0, and multiplying by 33000, this equality becomes 

v=88[mpt+^} ...(3), 

which is the work per min. on the level rail, due to the resistance 
of friction and the air. 

If T be required, from eq. (2), we get 

_ 3000N-*08m3R 
^■"8m(jt?+22-4c) •" ^ ^' 

If the rail be level, then e in these expressions becomes 0. 
Example I. Let ^=100, wt=40, />=8, c=0, R=33 ; re- 
quired N. 

Here by eq. (2), we have 

8 i Af^ M^r. 0.403x331 , .. 

3^t40xl00x8+-^^^j=l41. 



N= 



Example 2. Let n=120, m=30, />=8, e=0, r=33; re- 
quired T. 
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Here by eq. (4), we get 

3000 X 120--08 X 303 X 33 , ^^ ^ . 

T= — ——5 =150^3 tons- 

8 X 30 X 8 

Work of a Fall of Water. 

39. When water, or any body falls from a given height, the 
work which it is capable of performing is obviously equal to that 
which would be done upon it in raising it to the height from which 
it has fallen. 

When a fall of water is employed to drive a water-wheel, or any 
other hydraulic machine, whose modulus is given, the work done 
upon the machine is equal to the weight of the water in lbs. x its 
fall in feet x the modulus of the machine.* 

Problems, 

1 . The breadth of a stream is h feet, depth a feet, mean velocity 
of the water v feet per minute, and the height of the fall h feet ; 
required the horse powers, n, of the water*wheel whose modulus 
is M. 

Wt. water going over the fall per min.=62*5a5v, 

A Work water per min.=62-5a6i;A, 

,\ Work wheel per min.=62*5a5 vAm ... (1) ; 

__62'6abi3hyL . 
•'• ^~ 33000 • • • ^ ^' 
If h be required, then 

^_ 33000 N . 

Example \, Let a=3, 6=4, i;=15, A=20) and m = '7; re- 
quii*ed N. 

Here by eq. (2), we have 

62-5x3x4xl5x20x-7 ^ ^^ 
V — — 4*77 

33000 

Example. 2. Let N=3, a=4, 6=2, t;=20, m=*68; re- 
quired A. 

Here by eq. (3) we have 

33000x3 _ „ 

62-5 X 4 X 2 X 20 x -68 "" 

♦ Here the work accumulated in tlie water at its delivery on the wheel is 
neglected as being comparatively small. 

D 4 
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2. To determine the number of cubic feet of water. A, which the 
wheel in the last problem will pump per min., from the bottom of 
the fall to the height of A, feet. 

"Work in pumping water per m\n.=62.5Ak,. 
But this must bo equal to the work of the wheel per min.; 
hence we have from eq, ( 1 ) of the last problem, 
62-5Ah,=62-5abv/iii, 



abv/iM 



.(\). 



3. To determine the number of cubic feet of water, A„ which 
the wheel will pump per min. from the top of the fall to the same 
height ii3 in llie last problem. 

No. c. ft. water going over the fall per m!n,=a6ii— A,, 
.-, "Work wlied pur min. = 62-o (aiif-AjAu. 
Work pumping water per min.=62-5A|(A|— A). 
.-. 62-5A|(A,-A)=62-5(aft(;-Ai)AM, 



abvha 



■ (1) 



■• '~A,-A(1— M) ■" 
'hia espresaion is great<;r than that of eq. (1) Problem 2 ; for 
i always less than unity. Hence it appears that it would be 
e advnntngeoua to pump water from the top of the fall. 



IVOKi; OF STEAM. 



Work 



■• SteAm, 



. Mean Pkessure. 



40. If steam in the cylinder AD exert ai 
tive pressure upon the piston ab, say of j. lbs. per , , 
square inch, tht'n if a weight of l lbs. be placed 
upon every inch of surface in the piston, the elastic — ■'— L — 
Tapour would just be able to move the piston with 
its weights tiirough the length of the stroke in op- 
position to gravity ; therefore the ivork performed c d 

upon 1 inch of the piston in one stroke will be the ^^' ' 

pressure of the steam upon 1 inch multiplied by the number of feet 
in the stroke, and the work upon the whole piston will be the work 
upon 1 inch multiplied by the number of inches in the wliole pis- 
ton. Moreover the work done upon the whole piston in one stroke 
multiplied by the number of strokes performed per minute will give 
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the work done per minute : Thus let K=rthe area of the piston in 
sq. inches, ^=the length of the stroke in feet, and u = the work 
done per min., and N=the effective horse powers ; then 

Effective work steam on 1 inch piston in one stroke := l x /, 

„ „ on K inches „ „ =lx/xk, 

Effective work per min. or u=l x/xKxn . . . (1), 

^^^^= 33,000 '"(^> /?l::m.-' .V > , ^ 

If we put E=the volume of steam, in cubic feet, dischai:ged i)ei: 
minute, then ^^ ^ * i,' -^^ / / ' ^*y 

ZxKxn --r*' 

/ v /\ > . 

and by substitution eqs. (1) and (2) becomes 

fU '■-■ 
u=144le . . • (a). 



144LE ,^. tyf^~^-^ 

^"33;000---^^^^* 



This mean effective pressure of the steam, l, is also called the 
useful load of the engine. The whole pressure of the steam, p, 
must not only overcome the pressure arising from the useful load, 
but also certain useless resistances, which may be treated after the 
following manner. 

In the high pressure engine, the pressure of the atmosphere, — 
about 15 lbs. per sq. inch, — is opposed to the pressure of the 
steam. Besides this, a considerable portion of the pressure of the 
steam is required to overcome the friction of the parts of the 
engine. As a mean estimate, 1 lb. to the sq. inch is allowed for 
the friction due to the engine when unloaded ; and an additional 
friction of \ of the effective pressure, or useful load, for the resist- 
ance necessary to overcome the friction of the loaded engine. 

Thus, in this case, we have 

p=L + |L-f 1 + 15. 

In the condensing engine, the pressure of the vapour in the con- 
denser (estimated at a maximum about 4 lbs. per sq. in. of the 
piston) must be used in the place of the atmospheric pressure 
Thus, in this case, we have 

p=L-f-|L-)- 1 +4; 
Or generally if we put /i for the constant ratio |, and f^ for 



v-^' • \ 






^ 
V 






PKINCIFLBS C 



rT> 1 + 15 or 1 + 4, as the case may be, the resistances of tin 
^^ I ( piston ; thea 

P=L+/l+/,... (S)i 




[PAHT I. 

unloaded 






'-U- 



' r; 



Probletm. J r_ 

M "^ ' SI. '■ "^o determine the effective horse powers of an engine, 1 

)| 1 4f in terms of the mean pressure of the steam, p, and tlie coefficients 
[^of friction, &c. 

Substituting in eq. (2), the value of l as expressed m eq. ,(4). 

1 1 * ; i^^'e find 33 cnrp Jr(l rji) z /Y'/ 

^ >Lf^ „_ Cf-/.)/'»k 

I «^ If p be required, we have from this equality >-i--— •— . 



»! 






. (5). i$lr 



^ . Example 1. Suppose the engine to be high pressure, and let 
^ K=500, /=6,P=40, n=16,y;=-i,/,=l + 15; required N. 

; ^ :^ ilk ^7 eq. (6J, we have ^*)f.*^*27' — 1 

^ ^: T" _{40-16)x6xl6x500 ,^ , O'W^xi "V/r/* 

.1 f; i^ "" 33000(1 + |J ^ffl^-^^jJ -"'' 

^ '4 •*'"■" jKcttffyj/e 2. Let k=3000, Z=10, m=16, i/=1^ the" constants 
">■ :Aj f^being the same as in the foregoing example; to fipd p. _ i ■ 

+ p By eq. (6), we have J 77 / V. J^ // f /^yj^''' ^ 

"itL^^. P= ^^"^.^i^"fit^V l6=25.41bs. ^'l^r/nc 



10x16x3000 




2. What must be the pressure, p, of the steam, so that the 
^, engine may pump a cubic feet of water per min. from a mine 
^ whose depth is a fathoms, the modulus pump being m ? 
By problem 5, Art. 34., 

■•^ 375fiA 

33000m 
N, Substituting this in eq. (6) of the 



problem, we get "^ 



JSxampU> Let K=1000, /=8, 11=20, a=120 
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and the constants f^ and ^ as in the preceding examples ; to 

find p. 

375x120x80(1+1) ^ 
^- 8 X 20 X 1000 X -66 +16-54-9 lbs. 



Work op Steam, with a Mean Pressure, considered in rela- 
tion TO THE Water evaporated. 

41. The true source of work in the steam-engine is the evapo- 
rating power of the boiler. The magnitude of the work not only 
depends upon the quantity of water evaporated in a given time, 
but also upon the temperature, and consequently the pressure at 
which the steam is formed. Experimental tables have been 
formed, giving the relation of the volume and pressure of steam 
raised from a cubic foot of water ; these tables will enable us to 
find the volume of the steam when its pressure and the volume of 
the water are given, and vice versa. 

The following table is given by Pambour : — 

Table. 

Volume of a cubic foot of water in the form of steam at the cor- 
responding pressures and temperatures. 



p. 

Total 

pressure, 

in pounds, 

per square 

incn. 




Corresponding 

temperature by 

Fahrenheit's 

thermometer. 



102-9 

^, 1261 

\ 141-0 

5 152-3 

.'is' 161-4 

>^ 169-2 

^ 1 76-0 

^ 182-0 

^^ 187-4 

^^ 192-4 

^ 197-0 

201-3 

205-3 

209-0 

2130 

216-4 

219-6 

222-6 



v. 

Volume of the 
steam compared 

to the volume 

of the water that 

has produced it. 



A2O954 

10907 

V 7455 

J. 5695 

t 4624 

,£ 3901 

l/t 3380 

X^ 2985 

( 2676 

^2427 

i>S 2222 

^. 2050 

s^ 1903 

Nil777 

1669 

1572 

1487 

1410 



p. 

Total 
pressure, 
in pounds, 
per square 

inch. 



19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 



Corresponding 

temperature by 

Fahrenheit's 

thermometeri 



225-6 
228-3 
231-0 
233-6 
236-1 
238-4 
240-7 
243-0 
245-1 
247-2 
249-2 
251-2 
253-1 
2550 
256-8 
258-6 
260-3 
262-0 



V. 

Volume of tke 
steam compared 

to the volume 
of the water that 
has produced it. 



1342 

1280 

1224 

1172 

1125 

1082 

1042 

1005 

971 

939 

909 

882 

855 

831 

808 

786 

765 

746 








A 7 ; 



I *.' 
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P. 




V. 


P. 




V. 


Total 
pressure, 
in pounds, 
per square 

inch. 


Corresponding 

temperature by 

Fahrenheit's 

thermpmeter. 


Volume of the 
steam compared 

to the volume 
of the water that 
has produced it. 


Total 

pressure, 

in pounds, 

per square 

inch. 


Corresponding 

temperature by 

Fahrenheit's 

thermometer. 


Volume of the 
steam compared 

to the volume 

of the water that 

has produced it. 


37 


263-7 


727 


74 


308-0 


386 


38 


265-3 


710 


75 


308-9 


381 


39 


266-9 


693 


76 


309-9 


377 


40 


268-4 


677 


77 


310-8 


372 


41 


269-9 


662 


78 


311-7 


368 


42 


271-4 


647 


79 


312-6 


364 


43 


272-9 


634 


80 


313-5 


359 


44 


274-3 


620 


81 


314-3 


355 


45 


275-7 


608 


82 


3152 


351 


46 


277-1 


596 


83 


316-1 


348 


47 


278-4 


584 


84 


316-9 


344 


48 


279-7 


573 


85 


317-8 


340 


49 


281-0 


562 


86 


318-6 


337 


50 


282-3 


552 


87 


319-4 


333 


51 


283-6 


542 


88 


320-3 


330 


52 


284-8 


532 


89 


321-1 


326 


53 


286-0 


523 


90 


321-9 


323 


54 


287-2 


514 


91 


322-7 


320 


55 


288-4 


506 


92 ■ 


323^5 


317 


56 


289-6 


498 


93 


3243 


313 


57 


290-7 


490 


94 


325 


310 


58 


291-9 


482 


95 


325-8 


307 


59 


2930 


• 474 


96 


326-6 


305 


60 


294-1 


467 


97 


327-3 


302 


61 


294-9 


460 


98 


328-1 


299 


62 


295-9 


453 


99 


328-8 


296 


63 


297 


447 


100 


329 6 


293 


64 


298-1 


440 


105 


333-2 


281 


65 


:^99-l 


434 


120 


343-3 


249 


66 


300-1 


428 


135 


352-4 


224 


67 


301.2 


422 


150 


360-8 


203 


68 


302-2 


417 


165 


368-5 


187 


69 


303-2 


411 


180 


375-6 


173 


70 


304-2 


406 


195 


382-3 


161 


71 


305-1 


401 


210 


388.6 


150 


72 


306-1 


396 


225 


394-6 


141 


73 


307-1 


391 


240 


400-2 


133 



The Author has given a general formula expressing this relation 
with remarkable exactness, between the range of 5 and 200 lbs. 
pressure. This formula is 

v=a + 6p" ... (I); 
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where v is the volume of a cubic foot of water in the form of 
steam at p lbs. pressure, a=12*5, A =20570, and a= — 'QSOl. 

In order to show the application of this formula, let it be re- 
quired to find the volume of a cubic foot of water in the form of 
steam at 40 lbs. pressure per square inch. 

Substituting the value of the constants, we have 

v=12-5 + 20570p--««>» ... (2). 

In the case proposed p=40, 

/, V = 1 2-5 + 20570 X 40-«»». 

To calculate 20570 x 40-*^*, we have by logarithms, 

log. (20570 x40--^0=log. 20570- -9301 xlog. 40 

=4-3 1323 --9301 x 1-60206 

=2-823154; 

but this number is the logarithm of 665\% wliich is the value of 
the quantity required. Substituting this, we have 

v= 12-5 + 665.5 = 678. 

Now the volume in the table corresponding to 40 lbs. pressure 
is 677. 



Problems, 

42. Let K=the area of the piston in sq. inches ; /=the length 
of the stroke of the piston, or more strictly speaking the length of 
cylinder occupied by the steam ; p=the pressure of the steam per 
sq. in. of the piston ; c=the cubic feet of water evaporated per 
min. ; v=the volume of a cubic foot of water in the form of steam 
at p lbs. pressure ; and so on as before. 

1. To find n the number of strokes per min. given k, I, p, 
and c. 

When p is given v may be found from the table, or it may bo 
calculated by the formula. 

Vol. steam evaporated per min.=cv. 



i.y « . . 



k/ _ ^'^ ■■'■ -• • ■ ■ 
vol. steam used each stroke =r-r.," ""'^ ' 

1 44 / -^ r 



• • » » 



„ in n strokes = 



UK I 
144' 



•■ • ». * 



but this is also the steam' used per min., 

tikI 



144 



=cy 



» ■ ■ 



v.. 



/ 



f 



' •.• <. i 
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_ 144cv . 

2. To find c, when n &c. are given. 

_^ Kin , . 
''~144^*"^^''- 

3. To find V and p, when k, /, n, and c are given. 

Kin ._. 

144c ^ ^ 

Whence p may be found from the table, or by substitution in 
eq. (1), Art. 41. ^ 

Example, If k=120, 1=6, w=24, and c=:'2, required p. 

24x120x6 ^_. 

V = r-7-i — s— =600, 

144 X -2 

whence we find from the table that p=46 lbs. nearly. / / 

4. To find the useful load l the pressure p being given. - 2.^* ^ 
This is given in eq. (4), Art. 40. 

5. To find the useful horse powers, N, when k, Z, w, and.e'icfe"^ 
given, the clearance being neglected.* . . ) ,; y ^}^ (F v'v ^ t^ 

By eq. (2), Art. 40., ^ 1^^< --g^; ^ 



N=- 



ijKln 



. . . (4), J J '■' ■» *- 




< 0\>'l^ 



33000 
substituting the value of l, given in eq. (4), Art, 40., we get 

__ p— / a KZn , . 

^~rf7 ' 33000 • • • ^^^' 

Now when k, I, n, and c, are given, p may be found by Prob. 3. 
To find N, when p, and c are given. 

Substituting in eq. (4) of the last problem, the value of n given 
in eq. (1), Prob. 1., and reducing, we get 

_144cLV .^v . .^-^ — -r--' — 

eliminating l by eq. (4), Art. 40., we get ^ ^ ^-^ 'x — ijA-^ 

__ 144cv(p-V,) . —j 
^"" 33000(1 +/,) • • *^-'' "^ 

Where v may be determined from p by the table ; or substi* 
tuting the value of v given in the formula, we get 

* The clearance is that space in the cylinder lying benea^ ^e piston, at the 
lowest point of its stroke. „, , ^'^, '''Z' li i^' ' '-'^'^^'■^ 
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144c(a + &p-)(p~/,) 
^"~ 33000(1 +/,) • • ' ^ ^' 

6. To find the useful work u performed per minute. 

In this case it is only requisite to multiply any of the foregoing 
expressions for n by 33000. 

It will be observed that the work, as expressed in these formulae, 
is entirely independent of the form or volume of the cylinder ; in 
fact the work depends upon p and c only, the other quantities 
being constants for any given engine. 

When the pressure p remains constant, the work increases with 
c the quantity of water evaporated ; and when c remains constant, 
it may be shown from eq. (8) that the work increases with p the 
pressure at which that water is converted into steam. Now it has 
been found, by experiment, that whatever may be the pressure at 
which the steam is formed, the quantity of fuel necessary to , 
evaporate a given volume of water is always the same. Hence ii 
follows that it is most advantageous to employ steam of a high 
pressure.* 

Example 1. In a high pressure engine, let p=50, c=:*335, and 
the coefficients of friction as before ; required l and N. 

By eq. (4), Art. 40., 

^^50-16^29-75 lbs. 

By the table v=552 when p=50, therefore by eq. (6), we have 

5 ' w 144 X -335x2975x552 „^ 
^"' ' ^= 33000 ='^- 

Example 2, In a high pressure engine, given k=144, l—Z, 
p=48, »=20, &c. ; required L, c, and n. 
By eq. (4), Art. 40., 



By eq. (4), 



48-16 ^^„ 
L=— j — J— =28 lbs. 

1 +T 



28 X 144 X 3 X 20 ^ ^ 

N= =7*3 

33000 ' 



By the table v=573, when p=48, therefore by eq. (2), 
Prob. 2., we have 

144x3x20 ,^, 
144 X 573 



* This principle was first demonstrated by the Author in the " Mechanics' 
Magazine " for the year 1841. 

f ■ ^^ '■ •• 
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7- To determine the duty of an engine. 

Tlie OUTT of uu engine ia the number of units of work wbitli it 
is capable of peribrming with n bushel of coala. 

Let u=tLe useful work performed by the engine per min. ; 

D=the duty of the engine ; c=ihe number of cubic feet of water 

evaporated per min. ; C| = tlie number of cubic feet of water which 

1 bushel of coals has been found by experiment to evaporate. 

Work done by c cubic ft. water=0 ; 



but thia work is doi 



by 1 buahel of coals, 
.-. D="-l^ . . . (9). 



This expresses the duty of an engine in terms of the i 
work, the water evaporated, and the experimental constant c. 
Again, let 6=the number of bushels of coals actually cons' 
by the engine per hour ; then, in thia case, we have 
Work done by b bushela^GOu; 
„ „ 1 bushel =— J— ; 



60u 



■ {10). 



For the value of u in these expressions, see Prob. 6, 

Example. Required the duty of the engine of Example 2,, 

page 47., supposing 1 bushel of coals to evaporate ITS cubic feet 

of water. 

Now in eq, (9), we have c, — 11-5, and we have found, in the 

example referred to, 

u=28 X 144 X 3 X 20, c=-104 ; 



11-5 X 



x: 144 X 3 X 20 



27 millions nearly. 



Locomotive Engine, 

43. In a locomotive engine, the pressure of the sfeam has to 
overcome the resistance due to the blast pipe, in addition to the 
resistances given in Art. 40. Now it has been found, by experi- 
ment, that the resistance due to the blast pipe increases with the 
speed of the engine : thus if m.=the speed of the engine in miles 
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per hour, p,=the reaistftnce due to tlio blast pipe wlien tLe speed 
is 10 miles per hour, then 

Resiatance due to the blast pipe=^»wp|. 
Adding this to the right hand member of eq. (3), Art. 40., 
we get 

here l ie the efiective pressure of the steam per square inch of 
the piston tending to turn the crank fixed to the driving wheel of 
the engine. 

The notation of Art. 3S. is adopted in the following problems. 



^ 



]. To find the pressure of the steam r, when m, t, p, p„ and K 

are given, and also the diameter d of the driving wheel. 
Gesistance to the train = resistance friction -frt 



space moved over by the train in 1 revo. driving wheel=ird; 

.*. Work in I revo. driving wheel= / P'^+Taq" J"^*^ 

Because each piston makes two strokes whilst the driving wheel 
performs 1 revolution, we have 

Eff, work steam in I revo. driving wheel=LXKx/x4. 
Now as the work applied is equal to the work done, we have 

eliminating l between this equation and eq. (1), we get 



Hk 



-+/,+tV'"7'i"-(2)-: 



In this expresaion, we have five general quantities which may 
be supposed to change, viz. p, t, m, d, and Ik the volume of the 
cylinder ; and any four of which being given the remaining one 
may be found j for eKSmple, let t be required, then 

., 4iK(P-/.- 



(I +/,Mi. 



100 ;» ■ 



.(3). 
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2. To find the number of cubic feet c of water evaporated, when 
p, m, Z, K, and d are given. 

No. revo. driving wheel per min.= — ^^^ — r-^rd 

SSm 
ird 

/. No. Strokes piston per min. = — -j- x 4 ; 

,, - , , . kZ 88m . 22mlK 

/. Vol. steam used per min.=r-r7 x — 3- x4z=z—- — 3-. 

^ 144 wd 9vd 

vol. steam used per min. 



vol. 1 c. ft. water in the form of steam 
22 m Ik 



9'7rdv 



...(4); 



where v will be found from the table when p is given. Or sub- 
stituting the value of v given in eq. (1), Art. 41., 

_ 22mlK . 

''""97rrf(a+6p-)"-W- 

The value of c substituted in eq. (10), Art. 42., will give the 
duty of the engine. 

3. To find the speed of the train, m, when p, ly k, d, and c are 
given. 

Here from eq. (4), we get 

dircdY ... 

Example 1. Required p and c, when t=100, m=20, jp=7, 
R=33, «f=5, K=110, Z=f,^i=l'75, and the coefficients/i and /"a 
as before. 

Here by eq. (2), we have 



(l+|)(7xlOO+?^^')3-1415x5 



^= ■ 4x^x110 +16-fAx 20x1-75 

=25-45 + 16 + 3'5 = 45 lbs. nearly. 

Now from the table we find v=608 when ip=45 ; hence by eq^. 
(4), we have 

22x20x4x110 ^. ,. ^^ 
"= 9x3>X416x5x6(^ =^'^^ '^^^" ^'' ^"*^'- 
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Example 2. Bequired m, when p=50, 1=1^ k=90, d=5, and 



^ 



Now by the table v=552, when p=50. 
By eq. (6), we have 

_ 9x31 416 x-7x5x552 _ 
*" 22xUx90 



20-7 miles. 



Example 3. Required t and c, when k=80, /— 1:^^ p^48 
d=S, m=30, and the resistances being the same as in Ex- 
ample 1. 

Bj eq. (3), we have 

_ 4xljrX8Qx(48-16— tVx30x1-75) 33x50* 
^~ (l + |)x3-U16xox7 "100x7 

=42-6 tons. 
Now by the table v=573 when p=48. 
By eq. (4), we have 

_ 22 X 30 y 1 |x80 
'^~9x 3-1416x^5x573 
4. To find the duty of the engine. 

The useful work u done per min. is given in aq. (3), Art. 38., 
and the water evaporated per min,, e, is given in eq. (4), Pro- 
blem 2. ; substituting the values of these quantities in eq. (9) 
Art. 42., and reducing, we get 



^=^=■81. 



( m*R\ 



Work detkloped by the Condensation op Steam. 

44. "When water is raised into steam at the boiling temperatnre, 
or 212°, its volame is increased 1710 times, or a cubic inch of 
water will very nearly form a cubic foot of steam. Now if steam 
at this temperature be allowed to enter the lower part of the 
cylinder, thea the pressure beneath the piston will just counter- 
poise the pressure of the air upon the piston, and a small 
additional force will cause the piston to rise. If, then, the steam 
be condensed by a jet of cold water, a vacuum will be formed, and 
the piston will be pressed downwards with the whole weight of 



p 



52 PKINCIPLE9 OF MECnANICAL rHILOSOPIIT, [pART I. 

the afmoapliere resting upon the surface of the piston. But it has 
been found that a perfect vacuum cannot be formed iu this way, 
because water gives off vapour at all temperatures. Thus, at the 
temperature of ISCf, tlie pressure of the vapour is 4 lbs. And if 
14*7 lbs. be taken as the mean pressure of the atmosphere, upon 
1 inch of surface, we shall have, by the condensation of steam, 
upon an average, an effective pressure of 14-71bs. — 41b3.=10'71bs. 
upoa each inch of the piston. 

Problems. 

1. To determine the work developed by the condensation of a 
cubic foot of water in the state of steam at the boiling temperature, 
and also the duty of an atmospheric engine usiug steam in this 



Let Pi=the pressure of the atmosphere, Pj=thc elasticity of the 
vapour after condensation, y^r-^lTlO the volume of the cylinder ; 
then 

Work of cond". of 1 c. ft. steam=(p,— Pj)k? 

=(p,-p,)xl44xl7lO...(l). 
D=cx(p,—P5)x 144x1710. . . (2). 

Example. If we take Pi = ]4-7, Pi=4, and Ci=ll-o; then we 
have 

Work 1 c. ft. water=(14-7-4) x 144 x 1710. 

=2634768. 
And, D=11'5 x2634768=30 millions nearly. 
2. Given the number of cubic feet of water, c, evaporated per 
min., to find the horse powers n, 

n=c(p -p')x 144x1710, 

33000 ■■■W- 

Example. Let c=-34, then we find n=30. 

"Work of St&am dsed expansively. 

45. "When steam Is used expansively, it is allowed to enter the 
cylinder for only a part of the stroke, and then, for the remaining 
portion, the piston is moved by the expansive force of the steam. 



^ 
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Fig. II. 



This IS tlie most economical way of employing steam power ; for 
all, or nearly all, tlie available work is taken out of the elaatiu 
vapour before it is eoncJensed. Now wlien the rolume 
of steam, — or any elastic fluid, — is increased, ita elas- 
ticity or pressure is decreased nearly in the same 
ratio; that Is, if its volume is increased two times, its 
pressure will be about one-half of what it was at first, 
and so on. This is called Marriotte's law. Let the 
steam be cut o£f when the piston is at cd, and let the 
remaining part of the stroke be divided ii 
number of parts ; then the pressure of the steam upon 
the piatoD when it arrives at the different lines, form- 
ing the difisioQ, may be ascertained by the law ju± 
explained. 

And the work done by this variable pressure may be found by 
formula (1) or (2), Art^ 33.; where F is the pressure of the steam 
when admitted into the cylicder; P|, Ph , . . p„ the pressure at 
the eud of the first, second, 8ic. divisions ; s the space through 
which the steam acta expansively. The work done before the 
steam is cut off, will be performed with a constant pressure p. 
The work in the former case, is said to bo done by the aleam 
acting expansively, and in the latter case it is done by the steam 
acting uniformly. Tbe work done exaosively added to the work 
done uniformly, will obviously be equal to the whole work of the 
Eteam in each stroke. 

Let K':=the whole work of the steam done on each inch of the 
piston in one stroke; A=tbe whole stroke of tlie piston; /=tha 
length of cylinder occupied by the steam at the moment the com- 
munication with the boiler is cut of; e=the clearance, or the 
space between the piston at its lowest point of tbe stroke nod the 
bottom of the cylinder, so that l—e is the apace througli which 
the pressure of the steam acts uniformly; a=;the common distance 

between the divisions into which a is divided, so that a=-; 
M'=work expansively + work uniformly 

=u+n!-') ■ ■ . 0), 

where a is given in eq,{l) or (2), Art. 33. 

To find the values of the pressures at the different points of the 
Stroke, we have by Marriotte's law, 

original vol. 



New pressure = 






X original press 



r 
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Now when the pressure of the steam is p, its volume is I, when 
F, its volume is l+a, when p, its rolume is l+2a, and so on; 
hence we have 



«'''*'*=jt3^^'--"^"=t: 



t 



Sabstituting these values in eqs. (1) and (2), Art. 33., and re- 
ducing, we get 

„=a,p{4(i + J:.)+,-ij+,-^+...+,-^}...(2), 

Either of these values of the work done expansively aubBtituted 
in eq. (1) will give the work upon one inch of the piston in one 
stroke. It will be observed that eq. (3) is more accurate than 
eq. (2). 

If p' be put for the mean pressure of the steam, we have 



p'xA= 



Substituting this value for the i 
n eq. (4), Art. 40., we get 



= ^...(4). 

2an pressure of the steam for e 



-/, 



- »'-V. 



■(5), 



1+/, *(!+/,)■■■ 
which is the useful load, where it is to be observed that fj applies 
to the case of the condensing engine. 

Taking I according to the signification here affixed to it, eqs. 
(I), (2), and (3) of Art. 42. express the values of n, c, and v, as 
applied to the condensing engine. 

For the useful horse powers, we have 

-"SSooo- •■<«)• 

Substituting the value of » given in eq.{l), Art. 4Z., and re- 
ducing, we get 

_I44cAlv ,,, 



^ 
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where L ia given in eq, (5), and v is found from the table when r, 
the pressure of tfae Steam as it is admitted into the cylinder, is 



Tb calculate u, the work done expansively, by the expentnenlal 

fable. 
4S. As the lanr of Marriotte does not exactl]i give the relation 
of the Tolume and pressure of steam, it may be requisite, when 
great accuracj is to be attained, that tlic relation should be taken 
from the experimental table gWen at page 43. In order to adapt 
eqs. (1) and (2) to thia mode of calculation, let E=the volume of 
the steam admitted into the cylinder at P pressure; c=tlie number 
of cubic ft. of water from which this steam is formed; ^=tbe 
length of cylinder which this steam occupies ; v=tLe volume of a 
cubic foot of water in tbe form of steam at p pressure ; e', /", and 
v' (he corresponding notation when the steam is at p' pressure. 
Now it is an experimental fact, that the law connecting v and p 
lioids true for the steam in the cylinder as well as for the steam in 
the boiler where it is in contact with the water from which it is 
generated; hence we have 

vxc=E, and v' xc=e'; 



This gives the value of 
table when P is given ; and ii 
table from the value of v'. 

From eq. (1) we have 



in terms of p, for v is found from the 
in like manner p' is found from the 




^ow P 18 the pressure at v volume, Pi at v,, p, at v„ and so on ; 

ierefore from the table ?„ p„ &c., may be found from calculated 

values of v,, v„ &c. These values of r,, Pb &c., substituted in 

eq. (3), Art. 48., will give m, or the work done expansively, and so 

OP, as in Ihe foregoing case. 



F 
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Examples on Arts. 4S. ah 
Example 1. Given p=48, 1=2, k=8, t 
the mean pressure of tlie steam. Here a=~^= 1. 

First, by Marriolte'a law. 
By eq. (3), Art. 45., we have 

= 133-2, 
which is the work done expansively. 

Substituting this result in eq. (1), we have 
m'=I33-2+48x2=229-2, 
therefore by eq. (4), we have 

p'=?^= 28-8 lbs. 

which is the mean presaure required- 
Let U3 now calculate u by formula (2) ; 



;6; required 



^{U}-^-l-lA4-\] 



which is greater than the value derived from eq. (3) ; but if n 
were taken greater, the reauha by these formulae would very 
nearly coincide. 

Second, by the method of Art. 46. 

Here by the table, when p=48, we find v=573; hence we 
have 



therefore from the table P|=31 nearly. 

v,=573 +2 X 286= 1 146, 
therefore from the table P|=23 nearly. 

T,=573 + 3x286=1131, 
therefore from the table, Ps=: 18 nearly. 
Proceeding in this way, we find, p,= 15, Pj=13, p|i=U, 
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Sabstituting these values in eq. (2) Art. 33., observiDg that 

s 

- =0, we get 

«=i{48 + ll+4(31 + 18 + 13)+2(23 + 15)}=128. 

Again we have 

«'=128-f48x 2=224, 

994 

and p'=^=28 lbs. 

ivhich nearlj coincides Vith the value derived from Marriotte's 
law. 

Example 2. Given k=1440, Z=1, e=^, A=4J, p=30, elasti- 
city vapour in condenser or j»i=4, c='2, yi=-^, ^=1 4-4=5; 
required l and n. Here «=i(4T — f)=l- 

Taking n=4, we have by eq. (3), 

«=i^^~^{l +i+4(i+i)+2 X i} =48-66. 

Substituting in eq. (1), we have 

«'=48-66 + 30(l~i^)=7M6, 
and by eq, (4), we have 

p'=Il:J^= 14-9 lbs. 
4| 

Again, by eq. (5) Art. 45., 

7M6~4 |x5 ^^„ 
^=-^|<T+f)-=8-71bs. 

Now from the table v=882, when p=30, hence we have by 
eq. (7), Art. 45,, 

144x-2x4|x8'7x882 ^^ , 
^= 33^10 =^2 ^^^^y- 

Example 3. If Ci=ll'5; required the duty of the engine in 
the last example. 

Here by eq. (9), Art. 42., we have 

11-5x32x33000 ^^ .,,. 
D= :=. =60 mmions. 



p 
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ACCXmULATED WOllK. 

47. In order to give motion to a body, there must be work done 
upon it; tlie work wliich a body in motion contains has been 
called accumulated work. Thus we may give the velocity of 
32^ feet to a body weighing w lbs. by raising it to the height of 
16^ feet, and then allowing it to fall by the force of gravity; in 
this cose the units of work accumulated in the body will be 
16^ xw. Again, when a heavy fly wheel is in rapid motion, a 
considerable portion of the work of the engine, must have gone to 
produce this motion ; and before the engine can come to a state of 
rest, all the work accumulated in the fly, as well as in the other 
partB of the machine, must be destroyed. In this way a fly wheel 
acts as a reservoir of work. 

In order to estimate the work in a moving body, it is simply 
necessary to consider the height from which it must fall to acquire 
the given velocity, and then the work will be found, by multiply- 
ing that height in feet, by the weight of the body in lbs. ; because 
the work expended in raising the body, to the height necessary to 
communicate the given velocity, must be the same as the work 
which gravity will perform upon the body in its descent. 

Let u be put for the work accumulated in a body, whose weight 
is to lbs., and velocity v feet per second. Put a for the height 
from which the body must fall in order to acquire the given 
velocity V ; then 

but by eq. (5), Art. Z6., 
that is to say, the work accumulated in a moving dodt is 

EQDAl TO THE SQUAKE OF THE TELOOlXr IN FEKT PER SECOND, 
MULTIPLIED BT THE WEIGHT OF THE BODY IN Ibe., DIVIDED BT 

The expression — . t>^ is called the vis viva, of the body ; hence 
it follows, that 

THE ACCUMULATED WOKK=^ THE VIS VITA. 

4S. If p bo put for the moving pressure, and s for the space 
moved ; then u=a.p, and eq. (1), Art. 47., becomes 
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WV^ 



It may further be useful to obserre, that from the equality 
u=^B,pyYfe obtain 

P=l • • • (^X 

that is to say, the moving pressure is equal to the accumulated 
v}orh divided hy the space through which that pressure is moved. 

49. To find the work gained or lost, as the case may be, by a 
body which passes from the velocity Vi to v. 

Work in the body at first=-— ^ , 

y 

Work in the body at last= -— - ; 

/. Work gained or lost, w=^— ^'^^^l- ; 

2g 2g 

.v«=±!f£ELzV)...(i), 

Where the + or — sign is taken according as t? is greater or less 
than Vi ; this result is equivalent to eq. (10), Art. 27. 

If p be the efieetive moving pressure and s the space through 
-which it is moved, then eq. (9), Art. 27., expresses the relation of 
the quantities. If p, in this equation, alternately, or periodically, 
accelerates and retards the motion ; then v=Vi, that is to say, the 
work accumulated in this case is equal to 0. This condition is 
fulfilled in most combinations of machinery, such as the crank and 
fly wheel. 

PROBLEMS ON ACCUMULATED WORK. 

1. A baill weighing to lbs. revolves round a vertical axis^ its 
distance from the axis is r feet, and it makes n revolutions per 
min. ; required the work accumulated in the ball. 

*r 1 .X t. 11 2Trxn wnr 

Velocity ball per sec.= — ^ — ~~s6~ ' 

w TT^n^r^ 
•*• ^=2^ • "900"* 

2. Two equal balls are made to revolve on a vertical axis at the 
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distances of a and li feet from it ; required the point where we 
may suppose tbe weight of the two balls collected bo that the 
work may not be altered. 

Let Hi=the weight of each ball; A=the distance from the axis 
required ; and suppose them to revolve so that a point at 1 foot 
from the axis has a velocity of c feet per second ; tben 



Work a 



othebaUfl=^.(a«)»+£.(6,-)^ 



Work of the balls collected ir 



:■(»* 



.(*.).=5.(.„,.+,^.(».). 



The point here determined is called the C 

3, A bull weighing lo lbs. is fired from the mouth of a cannon 
a feet long, with the velocity of p feet per sec. ; it is required to 
find tbe mean pressure, p, of the elastic vapour upon the ball. 

Work accumulated in the ball=-^~. 

Work done by the mean pressure =aj>, 

■■• 'P='^' ■•■ P=5S- 

4. The weight, w, of a fiy wheel is collected in a point at the 
diatance of h feet from the axis. The wheel makes n revolutions 
per min., the diameter of the axis is a inches, and the coefficient 
of friction on the axis /, How many revolutions, x, will the 
wheel make before it stops F 

Here proceeding as in Prob. 1., we find 



Work accumulated in tbe wheel= 



r»«U^ 



Resistance of friction =/«>, 
Work destroyed by friction in 1 revo. =/ic x - 



and when the wheel stops, we have 
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5. Bequired the number of strokes, ar, which the fly wheel, in 
the last problem, will give to a forge hammer, whose weight is 
"wlbs. and lift A feet, supposing the hammer to make one lift for 
every revolution of the wheeL 

Work due to raising hammer=wAa:, 



ira 



„ „ friction=/M?x r^ xar; 

but the sum of these must be equal to the whole work accumulated 
in the wheel ; 



150^(12wA+7ra/w;y 

6, Two weights, p and q, are connected by a cord that goes 
over a fixed pulley, c ; through what space, s, must 
descend in order to acquire a velocity of v feet per 
second ? 

Work accumulated in the weights=7i — hTr— > 

^ 2g 2g' 

Work done on p by gravity =p . s, 

„ „ Q „ =Q . S, Fig. 12. 

.*. Work accumidated by gravity in the wts.=p . s— q . s ; 

/. P. S—Q . S=75— + 




• • 



s= 



2g 2g' 

V^ P + Q 

2g ' p— q' 



Motion on a horizontal plane^ the resistance of friction being 

given. 

7. A ball weighing w lbs. is projected on a horizontal plane 
with the velocity of v feet per second. What space, s, will the 
ball move over before it comes to a state of rest, allowing the 
coefficient of friction to be/? 
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Here, the retarding pressure, p^=^fwy 

.% Work' destroyed by friction =/irs ; 
but by eq. (1), Art. 47. 

The work in the ball= 75— • 

Now when the ball stops, the work destroyed by friction must 
be equal to the work accumulated in the ball ; 

8. Required the time, ^, before the ball in the last problem will 
come to a state of rest. 

Here the friction obviously acts as a uniform retarding force^ 
and consequently the motion of the ball will be uniformly re- 
tarded. The space, s, which the ball passes over before it comes 

to a state of rest, will be described with the mean velocity ^ 

hence we have, (see Art. 26...eq* (2)), 

^_s^_2s 

Substituting the value of s given in eq. (1)^ Prpb. 7., and re- 
ducing, we get 

Or thus, 
By eq. (1), Art. 27., 

but t>=gi^, 

9i fg 

9. A railway train, weighing t tons, has a velocity of v, feet 
per second when the steam is turned off; what distance, s, will 
the train have moved 6ver on a level rail, whose friction is p lbs. 
per ton, when the velocity is v feet per second ? 
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Here, the work lost «=/?ts, 

Weight of the train in lbs. = 2240 t ; 
hence we have bj eq. (1), Art. 49., 

^^«= y ' 

9P ^ 

when the train comes to a state of rest v =0, and then the whole 
space moved over will be 

9P 
10. To find the time, t, at which the train in the last problem 
will have the velocity v. 

Here the mean velocity, with which the space s is described, is 

~2~' 

t?i-ft? 2s 

2 t7|4-t7 

Substituting the value of s given in eq. (1), Prob. 9., and reducing, 
we get 

2240(r^-tO 
Pff 

Or thus. 

Retarding pressure, =pT, and weight mass moved = 2240 t ; 
hence we have by eq. (1), Art. 27., 

^'^2240 T •^"2240' 

and by eq. (4), Art, 27., we get 

t,^ — t? _ 2240(i?i - v) 

" 9i r P9 ' : 

When t?=0, the time which the train takes to come to rest is 
2240 t;i 

P9 

1 1. A pressure, p, acts upon a body parallel to the plane ; re- 
quired the space, s, moved over when the body has attained a 
given velocity, v. 

Work in moving over s ft.=p . s^fw . s, . . . (1) ; 
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Work accumulated =-7^ — ; 

^9 

.•. P.s— /w.s=-2~, 

* •'' ^-2g{T-fv,) • • • <.^> 

12. Suppose the body in the last problem to be moved for 
t seconds; required the velocity, v, acquired, and the work, ti, 
accumulated. 

By eq. (2), Art. 26., we have 

but the value of s is also given in eq. (2) of the last problem, 

• — /— ■ 



2-*-2^(p-/try 

w ^ 

Or thus, 
Dividing eq. (1)> of the last problem, by s, we get 

the moving pressure=p--/w ; 
hence we have by eq. (1) Art. 27-, 

but v=ztgi 

= — *^ .tg . . . (1). 

Now w=-n — 5 hence we have by substituting the value of v, and 
reducing, 

«=(S3§£)!£!f ... (2). 

Motion of bodies on an inclined plane^ when its height is small 

as composed with its length, 

13. A train of t tons descends an incline of s feet in length, 
having a total rise of A feet ; what will be the velocity, v, acquired 
by the train, supposing the friction to be/? lbs. per ton ? 
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Work done on the train = work gravity — work friction 

=2240 X T X A— /> X T X 8 ; 
but we also have 

Work accumulated in the tram= j, , 

2g 

v^XTx 2240 ^^.^ . 

- =2240 X T xb—p X T X s, 






29 

/. v=i,\j2gh j2Q.^i>s. 

14. If 4;he velocity of the train, in the last problem, be Vi4eet 
per second when the steam is turned off; what will be its velocity, 
V, when it arrives at the bottom of the incline ? 

Work accumulated in the train when the steam is turned off 

_ t?,^XTx2240 
- 2(/ ' 

Work done on the train in descending=2240TA— j^ts; 
Total work accumulated in the train = ^ ; 

v,2xTx2240 . „„.^ , v2xTx2240 

/. s +2240tA— pTS= J. y 

^9 ^ 2g ' 



15. How far will the train in the last problem, move along a 
horizontal plane ? 

Let a:=the distance ; then 

Work destroyed on the horizontal plane=/?Ta:; 

but this must be equal to the work accumulated in the train, 

v2 X T X 2240 



.*. pTx= 



29 
1120t?2 



«= 

9P ' 

where v is determined in Problem 14. 

16. If the train ascend an incline, having a rise of e feet in 100 
feet, with the velocity v^ feet per sec. when the steam is turned 
off; through what space, ar, will it move before it comes to a state 
of rest ? 

Rise of the rail in x ft«=T7)^ » 

F 
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€X 

.% Work destroyed = t x 2240 x j^ +p t x ; 
but this must be equal to the work accumulated in the train ; 

nnA . Vi2xTX2240 

.% Tx22'4xeX'\-pTx:=- 2 , 

_ U20v,^ 
•*• *~^22-4e+;>)- 

17. Suppose the train, in Problem 13., to be attached to a rope, 
passing round a wheel at the top of the incline, which has an 
enu^ train of Tj tons attached to the other extremity of the rope : 
what velocity, v, will the train acquire in descending s feet of the 
incline? 

Work done on the descending train=T(2240A— /?s); 

Work expended on the ascending train=Ti(2240A-f j!>s) ; 

now the difference between these must be equal to the work accu- 
mulated in the two trains ; 

.V T(2240A-^s)-T^(2240A4-l?3)= ''' ^ (t+t0224O ^ 



,,^=^2g{h.l:^-^. 



PART II. 

STATICS. 



CHAP. in. 

STiTICAL FOaCES. PARALLELOQILkM OF FORCES. 

. When two or more forcea act at one time upon a particle, 
fiuch that they do not destroy one another, it will move or tend to 
move in some particular direction, and with a definite force. Now 
the forces actaally applied to the particle are called the component 
forces, aniirthe single force which ia produced by their combined 
action is called the resultant. 

Axioms, 

1. When forcea act in the same straight line, and in the same 
direction, tlie resultant is equal to the sum of the component 
forces ; thus if a body be acted upon in the same direction by two 
pressures, one of 2 lbs. and the other 3 lbs., then the resultant 
pressure will be 5 Iba., that is to sny, a single pressure of 5 lbs. 
will produce the same efTect as the other two pressures acting 
separately. On the contrary, when some of the forces act in the 
contrary direction, the resultant is equal to the sum of the forces 
acting in one direction diminished by the sum of those acting in 
the opposite direction : thus if a body be acted upon in contrary 
directions by two pressures, one of 8 lbs. and the otiier 6 lbs., then 
the resultant pressure will be 21ba. 

If the forcea which act in one direction be considered positive, 
and those in the other direction negative, the single or resultant 
force is equal to the algebraic sum of tlie components. 

I/Ct a. point A be acted upon by two forces P and p, fending to 
move it in the same direction, 

yIz. towards E. Take A P equal 1 ' '^ ,' ',' 

to the units of pressure in r, F^s- '3. 

and AF| equal to the units in r„ then the units in the resultant 

=p + F, = AP + AP,. 
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Now ir P| acts in 
Ar, must be taken 
negatively, that ii 
A P, must be mea- 
sured in a direclio 
number of units ii 



latrary direction to r, the units in p, i 



Fis- 14. 

1 contrary to A F, in tliis case, therefore, the 
the resultant is equal to the algebraic sum of 
the lines representing the component forces. 

3. Two equal forces, acting in opposite directions, destroy each 
other. 

Hence we may add equal and opposite forces without affecting 
the equilibrium of a system of forces. And in like manaer we 
may remove equal and opposite forces. 

3. A force may act on a rigid body at any point in the line of 
its direction, without altering the effect. 

The truth of this axiom depends upon observation and experi- 
Qient. Thus a force p acting on a rigid surface, cd (supposed to 
be without weight) may be applied at any point, 
A or B, in the line of its direction A P without 
altering the effect. Thus, if a weight be sus- 
pended by ft string, the tension of the string, or 
the force with which it ia pulled, is everywhere 
the same, whatever may be its length. Thus the ^'V- '^■ 

same force is required to push or to pull a boat in the direction of 
its length ; and the effect is the same, whether the steam carriage 
pulls or pushes the railway train forward. 

4. The resultant of two equal forces bisects the angle between i 
their directious. For no reason can be aa- 
aigned why the resultant should lie more 
towards one force than towards the othei'. 
In this case t/te direction of the resultant is 
obviously in the diagonal, A k, of the paral- 
lelogram ABRD, constructed upon the lines 
AB and An, representing the directions and 
magnitudes of the two equal forces. 

5. The resultant of two forces passes through the point where 
the directions of these forces inte»ect j and conversely the direc- 
tions of the two component forces pass through a point lyin| 
the direction of their resultant. 

6. If a uniform heavy bar be suspended by its middle point, it 
will hang in a horizontal position. For if the bar be placed in a 
Lorizoutal position, no reason can be assigned why one extremity 
should preponderate more than the other. 
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The tensioD of the string from which the bar is saspendod will 
be in proportion to the length of the bar. 

We proceeii now to Jemonstrate the fundamcnial proposilion 
relative to the resultant of parallel foreea, aa well as that of oblique 
forces." 



Setutlant of Parallel Forceg. 

Pgop. I. — The reatdtant of two parallel forces, p and n, is equal 
U} the turn of the two forces, and acts parallel to their direction, 
and aho divides the line connecting their points of application 
in such a manner that the two component forceg are inoersely as 
their distance from this point, 

SI- ThuB let the two parallel forces p and q be applied (see 
fg. IB.) at tbe points a and b of a rigid surface kl without 
weight ; also let c be the point at which the resultant P + Q acta ; 
then p:q:: lie : AC. See also /s. 17. 

Let JB and ed be two horizontal bars, or uniform rods, aus- 
pended from their middle points A and B (see Axiom 6.) ; and let 
P be the weight of the bar j e, and Q the weight of ed ; then the 
bar jg will produce a force in the vertical direction Al equal to p, 
lad the bar e d a force 
10 the vertical bn 
equal to Q. Now let 
the two bars be con- 
nected together at e, 
— tluB will obviouslj 
not at all affect the 
slste of equilibrium. ' 
^ be the middle 
of the whole bar jd, 
Md suppose a string cs to he ottached 



Fi!,. 17. 



o this point. Now, if wa 
sfppose tbe strings At. and bn tobe cut, the bar jd would remain 
■"spended by the string cs, and the force exerted upon it would 
'^ equal to p+Q, the weight of the whole bar. Hence it appears 
*« the forces p and q acting together are equivalent to a single 
^'^"^ equal to P + Q, acting at the point c, or in other words the 
WBultant of p and q is p fQ acting at the point C. 



The folloning pi 
Author ii 



)roof of the pnnillelogran 
'■ ■" Jouriml otEdiicution 



of forcea, whs first giTcn ^y the 



rO PIUSCIl'LES OF MECUAMCAL PlIlLOSOPnY. [pABT U. 

To find the relation of AC and bc, we have 
p .' Q" JE : ED, 



-DE 2dc— 2d 



Q ED JD — JI 



2jc— 2ja 



JC— JA AG 



which IB the proposition enunciated, when the forces act perpen- 
dicohir to the line a b, joining their points of application. 

liSt the parallel forces p and <i act in the plane rigid surface kl, 
which is supposed to be without weight, 
in the directions ap and b'q; and let 
Ab' be drawn perpendicular to ap or 
b'q! then, supposing a and b' to be the 
points at which the forces r and Q are j 
applied, and c' the point through which 
their resultant acta, we have by the fore- ' 
going result, 




From A draw any straight line ab cutting the direction of the 
force Q in b, and that of the resultant in o. 

Now, by Axiom 3., any one of these forces may act at any point 
of the line of its direction without altering the effect. Hence, 
therefore, we may suppose Q to act at n and the resultant at c. 

Since cc' and bb' are parallel, we Lave on the principle of 
mmilar triangles. 



which is the general form of the propositioi 



Resultant of Oblique Farces, The parallelogram of forces.' 

52. The parallelogram of forces is this ; if the aides ad and ab 
(se^ffg. 16.) of the parallelogram a bed represent (see Art. 21.) 
two forces acting on the point A, then the diagonal 4K will repre- 
sent the resultant. We shall first prove that the diagonal ia the 
direction of the resnltant, and second that it represents the 
resultant in magnitude. 



"0 



KESniTAST OF OBLIQUE t 
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PsoP. 2. — 77te resultant of two forces acting on the aamr. point i> 
in the DIEECTION of Ike diagonal of the paralletaffram described 
OH the two sides representing the magnitude and direction of the 

two component forces, 

63. Let 4E and bl represent two parallel forces, p and q, acliug 
at the points A and b, 
of a rigiti surface, 
and 8CD the direction 
of their resultant. In 
the line a b produced, 
let two equal forces, 
represented by a k 
and BP, each equal 
to Q, act in contrary 
directions. These 
two forces, by Axiom 2., will not alter the direction scd of the 
resultant of the parallel forces P and q, therefore scd will be the 
direction of the resultant of all the forces now applied. Describe 
the parallelogram bfnl; draw the diagonal bn, and produce it 
until it intersects 3CD in d; then, by Axiom 4,, nbd will be the 
direction of the resultant of the equal forces bf and bl. Join da 
and produce it to b ; then dr will be the direction of the resultant 
of the forces ar and ae; for since scd is the direction of the 
resultant of all the forces applied, and nd is the direction of the 
resultant of bf and bl, it follows, by Axiom 5., that the resultant 
of AS and ab must pass through the point d. Draw kr parallel 
to AE, and join be. 

By geometry, 

Z.coB=Zi.BN, and iCBD=z.FBN, 

but Z.LBK=ZFBK, .". Z.CDB=ZOBDi 



by the similar triangle 



.-, CD = BC; 
AER and ADC, 



Now, by Prop. 1., we have 
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couKqaentlj' AKRE is a parallelogram describeil on the sides ak 
and AK, representing the forces p and q respective!/, and the 
diagonal ak is the direction of their reaultant. 



Prop. 3. — 7^ rauUant oj heo force* acting on the game point is 
repretenled in DiBLCTION and iugnitdde by the diagonal of the 
paralleloffram described on the two tides representinff the mag- 
nitude and direction of the two component forces, 

54. Let A F and a b represent the two component forces, p and Qt 
acting on the point a, and let ad re- 
present a third force n, which, acting 
nt A, maintains r and q in equilihriumi 
then this force, it, must be equal to the 
resultant of p and q, and must act in a 
direction contrary to it. Moreover, 
the resultant of q and b must be equal 
and contrary to p. Complete the pa- 
rallelograras abef and abod; then, 
since (by prop. 2.) ae is the direction 
of the resultant of p and q, it must be in tlie 
that is, A D and a e are in the same straight li 
reason, ao and af are also in tht 
is a parallelogram, and therefore 
the diagonal ae vepresenta the m 
forces F and q. 

We shall now give Duchayla'a proof of this important propc 
tion. 




! direction as Ai^ 
and for the same 
me straight line ; hence acbe 
.=CB=AD=H, that is to say, 
litude of the resultant of the 



Dachaylfi s proof of the PaTallelogram of Forces. 

SB. First, to prove that the diagonal of the parallelogram is Ike 
direction of the resultant. 

Suppose the proposition to be true for two forces p and p,, and 
also for p and Pj ; then we shall show that it will be true for p and 
p,+Pr 

Let A be the point at which the forces are applied, v 
in the direction af, and p,+p, in the direction ac. 

Take af equal to the units of pressure in the force p, ab equal 
to P|, and DC equal to p,; and complete the parallelograms Afeb 
and BCDE. , 






p.m.] 



PAIUaj.ELOI)K. 



We may suppose (Asiom 3.) F, (o be applied at t. and p, nt I 
By hypothesis the resultant 
of F and r, applied at a Is 
in ihedireclioa Ae, but these 
two forces may act at e in the f 

ilireclions be and fe respec- 
tively', that is to say, P in B£ ^ 
and Pi in f e ; now as forces 
nmy act in any line of their dl- 
rcctioa, p may act at & in the direction 







9 the dire 



By liypolhesis bd is the direction of the resultant of p and p, ap- 
plied at B in the directions be and BC respectively-, these two 
forces may be applied at D in the directions CD and ed respectively, 
tlist is to say, P in CD and r, in ED. 

Now we have transferred all our forces from A. to i>, that is, 
' originally actiug at a in the direction af to d acting in the 
psfailel direction cd, and Pi+f, originally acting at A in the direc- 
tion Ac to D acting in the parallel direction fd; consequently d 
must he a point in the line of the resultant's action, and therefore 
in ia the direction of the resultant. We have therefore proved, 
tliat if the proposition be true for the forces P and P[, and also for 
P and p„ it is true for p and p, -t- p,. 

But, by Axiom 4., it is true for any equal pair of forces p and p, 
sad also for another pair p and p, therefore by the preceding 
lavestigation it is true for p and Sp; and since It is true for pand 
'i and also for p and 2p, it is true for p and 3 p ; and so on, it is 
tfUe for p and mp. Again, since it is true for MP and P, and also 
for np and p, it is true for np and 2p, and so on generally for hp 
*nd mp, where n and m are any whole number. But as p mny 
be any whole or fraction quantity, the proposition is true for any 
commensurate forces whatever. 



' Suppose two fbrccfl p and p, to be applied to tiie poi 
"OW B3 those forces mnat have a rBaiUtant, 
"* *E be the direction of this reBQltant, and 
''We il may lie applied at any poiut of its 
""etUon, WB may anppoae it to be applied 
'' *i bui this resnltant would be produced 
'>7 the forces p and p, acting at E respee- 
"'^ parallel to their original directiona; 
™'* it «pp«ar9 that we may trauafLT the 
two ibrees p and p, to any point b iu the 
"itof their resultant without altering their 
*'*'■ The couTerse of thia proposition also holds good. 



A of a rigid surface; 
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We now proceed to show that the proposition extends to 
incommenaurablo i'orces. Let ab and 
AF represent two such forces acting 
at A J complete the parallelogram A B e F, 
and if AE is net the direction of the 
rcBullant let it be in some other di- 
rection A J. Suppose A B to be divided 
into a number of equal parts, each leas ^'S- ^^■ 

than JE, anil let these divisions be marked off along be, then one 
of these divisions must fall between j and b, suppose at c; com- 
plete the parallelogram abcd, then ac is the resultant of the 
commensurable forces ab and ad ; but AO lies further away from 
ABthan A J docs, although the component force ad is less than 
AP, which is absurd; therefore aj is not the direction of the 
resultant, and it may in like manner he shown that no other line, 
except A B is in that direction. Hence the proposition is true as 
well for incommensurable forces as for commensurable ones. 

Secondly, to prove that the diagonal of the parallelogram repre- 
senta the magnitude of the resultant when the eides are respec- 
tively taken to represent the component forces. See Prop. 3. 
Art. S4. 



Applications. 

56. By the parallelogram of forces we are enabled to compound 
i two forces into one, and also conversely to resolve any single 
J force into two, or, in other words, to find two forces which shall 
) produce precisely the same effect as the given force. The former 
I operation is called the composition of forces, the latter one the 
\resolulion of forces. 

57. Before proceeding to any other general investigations, we 
shall take a few examples of the parallelogram of forces. 

£x. 1. Two forces, equal to 6 lbs. and 8 lbs. respectively, act 
upon a particle a, at right angles to each other j required to find 
their resultant. 

Draw AC and ab at right angles to each other ; from a scale of 
equal parts take ac=6, and ab=8 ; complete ,, fi 

the rectangle abrc; then ar -will represent 
the direction and magnitude of the resultant. 

From the right-angled triangle abb, we 
have Fig_ 94, 



AK= ^A.B^+BR^ = 

that is, the force of the resultant i 
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Ex. 2. In pulling a tree, a r, down bj meaas of a rope ca. a ^^^| 


foKn of 6 cwt. is applied to the rope -, it 'n leqiiircd to find tlie ^^^H 


effective force tending to draw the tree over, when the horizontal ^^^H 


distuice CB=30 ft., and ab=40 ft ^^H 


Here the effective force must act perpendicularly to ab. Take ^^^^| 


ka-e, and complete the rectangle afre; ^^^| 


llien the force represented by ab will be '1*7 


^^^H 


reaotyed into the two component forces ropre- ^ 


^1 


Hnled by AE and af, the former acts in the /* 




direcrion of the length of the tree, and thei'e- / 


^^1 


lore has no tendency to puU it over ; but the — f j; ^^^^^h 


latter acts perpendicular to the length of tlie ^^^H 
Irw, and is therefore the effective force tend- ^'^- °'- ^^H 


ing to pull ^^H 


ToJind AF OFRE, we have from the similar triangles are and ^^H 

■ 


l)BtcB=30, AB=40, An=6,andAC = -/cB= + Aii'=50, ^^H 


30x6 ^^^1 


^B 


dtit J9, the effective force ia 3-6 c^wts. ^^H 


Ei. 3. Required the effective force, p, as in the last example, ^^^ 


•hea £CAB=e, and R is the force applied to the rope ac. J 


Here by trigonometry, /9 '' - J 


EK or AF=AR sin CAB, that ia, '^^J 


P=itsine...(l). ^H 


IT U=3(r, then sin 0=^ and ^^H 


.-. P=^H, . "^ 


tti»t is to say^the effective force in tbia case is only one-half the 


force applied. 


The Triangle of Forces. 


«. If three forces, p, q, and e, act upon a point a in the direc- 


lionsic, AD, BA, and keep it in equilibrium. 


^Iw sidcB of the triangle abc, formed by X.^ 
drawing BC parallel to ad, will respectively y" \_^ 
represpnt th« three forcfiB. For if ac. nnil „ /, ^-^ „ 


Ai> represent p and q respectively, the diago- X. " / 
mIab, of the parallelogram adbc, will re- ^""N,/ 


pTttentRi but CB is equal to ad, therefore _ " 


the three forces p, q, and r, will be respec- ^'^' '^' 


^vely represented by ac, Ce, and ab. This proposition is called 


t*e triangle of farces. J 
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It foUowB from tlie triangle offerees, that any properties relaliTo 
Ut the Bjiles anil angles of a triangle, applies to the magnitude 
■nd directions of three forces \n eqailiCiriam. 

Thus if 0=^CAD the aogle between the directions of the 
forces; then, from the triangle abc, we have by trigonometry 

AB-=AC* + BC' — 2 AC . BC . COS ACB, 
but COS ACB=— CO<CAD=— COSfl, 

,-. ii»=p*+q'+2 pq cos 9 . . . (I). 

Poljfgon of Forces. 

W. In like tiiaiiner it mny be shown, that if any nambi 
forcvM, acting on n point, are in equilibrium, they may be respj 
lively rppresenlcd by the eiJes of a polygon, formed by lines 
pBmllcl to tlio directions in whieh tlie forces act. 

Lot Av„ Ai"„ AP„ Ar„ APj, represent the forces p 
ncting at tlie point a, as in the 
figure. Complete the pnrallelo- 
grnms a I'l c r„ a c i> r„ a d e p^ draw- 
ing the diagonals ac, ap, ar; 
then AC is the resultant of p, and 
Pp A i> of AC Bnd Pb and a e of ad 
and P, ; and sluae ibe forces are in ' 

e<iuilibriuiu ae is equal ond oppo- "^- ^'■ 

site to PjI tlierefore the sides of the polygon aP|Cde respecti? 
represent in order the forces in direction and magnitude, that J 
Pi is represented by ap„ p, by P,c, p, by CD, p, by de, and PjT 
AE. It will be observed from the foregoing demonstration, 1 
it is not necessary the forces should lie in the same plane. 
I proposition is called the polygon offerees. 



Farallelopiped of Forces. 



M. Let the three edges ab, ao, 
represent three forces applied at a, 
then the resultant of these three 
forces will he represented by the 
diagonal a f. 

The resultant of tlie forces Ac 
and AB is AE the diagonal of the 
fuceACEB; and compounding this 
with the force ad, we hare ap, the 
diagonal of the parallelogram aufe, 



and Ai 




IXT 




X 


U 


^^ 


--' 


*x 


r ^ 



csiF. ul] applications of teie p 



Exercitesfar the Student. 

1. Three forces of 5 Ibs^ 3 lbs,, and 2 Iba. respectively, act upon 
a poinl in Ibe same direction, and in ilie opposile direction two 
oilier forces of 8 lbs. and 9 Iba. act -, wbat single force will keep 
Ifie point at rest ? Ans. 7 lbs, 

2. Two forces, of 5J and SJ lbs., applied at a point, have a 
resullant of 9 lbs. ; in what direction do the forces net ? Ans. In 
the same straight line. 

3> Two forces, whose magnitudes are as 3 to 4, acting on a 
point at right angles to each other, produce a resultant of 20 lbs> ; 
zeqnired the component forces ? Ans. 12 lbs. and 16 lbs. 

4. Two forces, of 9 lbs. and 12 lbs., act at right angles on a 
point ; required the magnitude of their i-esultanl. Aiis. Id lbs. 

5. If three forces acting on a point keep it at rest, when their 
intensities are doubled they will still keep it at rest if their direc- 
tions be not changed. 

6. Let ABC be a triangle, and d the middle point of the side 
BC. If the three forces represented in magnitude and direction 
hj A.B, AC, and Ai> act upon the point a; find the direction and 
laagnitude of the resultant. A/is. The direction is in the line ad, 
and the magnitude represented by 3ai>. 

7. If two equal forces, p, act at right angles to each other, show 
tliat their ^esultant=p^''2. 

8. If two equal forces meet at an angle of 120°, show that their 
resultant is equal to either of them. 

9. What is the magnitude of the resultant in eq. (1), Art. 88., 
when e^O? Atis. p+q. 

10. If Sp and ip be the magnitudes of two component forces 
acting at right angles to each other, then 5p will be the magni- 
tude of the resBltant. 

11. If two equal forces, p, meet at an angle 6, show that their 

resultant R=2p cos -, 

12. A boat is fastened to a fixed point by a rope, and ia at the 
same time acted on by the wind, with a force r, and by the cur- 
rent with a force q ; required the tension of the cord when the 
two forces act at right angles to each other. Ans, v'p^-J-q'. 
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Forces acting in the same Plane. 



L rigid Biirface may bA' 
5 their effect. 



[ICE9, 




61. Ant number of forces acting ( 
transferred to one point without altt 

Let the forces r,, p^ P3, P„ be applied respectively to the points 
a, b, c, d, in a plane rigid 
Burface. Let a be the inter- 
Bection of p, and p„ and let 
ab be the direction of their 
resuhant b, ; let b be the in- 
tersection of R, and Pi, and let 
BO be the direction of their 
resultant h, ; let c be the in- 
tersection of P, and P„ and let ^'^- ^^■ 
CD be the direction of their resultant ; and so on to any number of 
forces. Now since A B ia the direction of the resultant of p, and P^ 
they may be transferred from the point a to b (Art. BS., foot note) ; 
in like manner, since bc is the direction of the resultant of R, and 
pj, or what ia the same thing, of r,, p,, p„ they may be transferred 
from B to c ; thus all the forces are transferred to the point C acting 
respectively parallel to their original directions. In the same man- 
ner R3 may be combined icith Pj, r, with Pj, and so on to any 
number of forces. From this proposition it follow^ that any for- 
multe which may hereafter be established relative to forces acting 
at a point in a plane, will also apply to forces acting at any points 
in a plane. 

62. To resolve a given force p into two component forces x and 
T acting at right angles to each other, bo that the direction of X 
shall form a given angle, «, with the direction of p. 

Let AR represent p; from a drawAB making ^ 
the angle rab equal to a. ; draw ac perpendi- f ~^^ 

cuiar to AB; from b draw rb parallel to AC, ^'^ 

and RCparalleltOAB; then from the parallelo- L:::_Ji!_>_Jq 
gram of forces, AB will represent s, and ac 
will 
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1^ by trigonometry, we have 

AB^AKXCOSa, and AC = A 

,•, x=Pcoa«, and r=PSJoa. 
IbreoTer we also have 



tano 



= — , and x* + v-=P-. 



plete the 



63. Any number of forces, represented by p„ Pb fj, Stc, in the 
same plane act nt the point a ; to find the direction and magnitude 
of tlieir resultant R. 

Through A draw any rectangular a 
puUelograras ax,p,t„ Ax,r,r„ 
fK. By this conetruction each 
force is resolved into two compo- 
nent forces, one acting along tlie 
Kis A* and the other along ai/ ; 
thuB F, is resolved into ax, and 
*Tii and so on to the others. 
Letix he the algebraic sum ■ 
tha resolved forces acting along 
the axis aj^, and ay the sum of 
the resolved forces acting along 
*Ji complete the parallelogramAT 
the whole system of forces. 

Put x„ ttj, &c., for the angles which the direction of the forces 
^iiPii kc, respectively make with ax, that is, /_T,Ax^a.„ ^v^kx 
—'fi Z.i;Ax=a^ and so on; also putx=AX, y=at, r=ar, and 
fl=.iEAii then we have, observing that the forces wliicli act in 
one certain direction are positive, while those which act in the 
Wffilrary direction are negative, 




Bx; then AR is the resultant of 



X=AX, + AX, — AX3 + AX, . 



. . &c., 
. &c.; 



T=AT|+ATi, + Ar3 

hut by Art. SS., Ax,=p,co8ai, ax,=p,co3B9 — ax,=p3C08*, 
{obaerving that 03 is an angle greater than 90° and less than 1 80°), 
andeoou; also Ayj=Pi sin b„ aTj=Pj sin a„ at3=P3 sin n,, — aTj 
=p,siii(t„ and soon; substituting these values, we have 

X=P|COSa, +PjCoaa3 + PjC0Sa3 + &C. . ■ • (1). 

T=p,BinB,+P3sina, + p33inaa+&c. . . .(2). 
He two components of the resultant a being determined by (1) 
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»and (2), the magnitude and inclination of this resultant may 1 
Efbund from tlie riglit angled triangle axk, thus 
r2=x2+t^ ■ ■ . (3J, 



tftne= 



.(4). 



The eqs. (I), (2), (3), (4) determine all the conditions of the 
problem. 

ft*. If the forces ?„ p„ &c., mutually destroy one another, that 
JBj if they are in equilibrium, then ax or x=0, andi.rorr=0, and 
hence eqs. (1) and (2) liecome 

P|COaa, +PiCOSii, + &c.=0 . . , (5), 
p,sin«,+p,ainB, + &c=0...(6). 
6S. Let there be three given pressures Pi, p^ Pj to determine 
I expression for the resultant. 

Squaring eqs. (1) and (2), and Bubstituting in eq- (3), observi 
I that ein5a+cos'a=l, we find 



'• 



:osa,+Bin a, sin a,) 

,)+2P,P3{cOSBjCOS=.3 + sil 

-«,)+2p,p,cos{.,-.,) 



+2p,Pa(costtiCosa3+8in[iia! 

=Pi'+p,i'+pj*+2p,p,eoB(i 

+2p,p,eoa(«,— Hj) . . .(7) 
where it will be observed that a;— a, is the angle which p, i 
with p„ and so on to the others. Tiiis is only a particular ci 
a general formula applying to any number of pressures. 

"fpaT=0, then this expression becomes the same as that given ift-B 
I eq. (1) Art. 58. 



The Equality of Moments. 

Afi. DEFtNTTiON. The moment of a force about a given point ^ 
I the product of the force by the perpendicular let fall from iSa^ 
I given point upon the direction of the force. This moment, as w«j 
I shall shortly prove, measures the tendency of the force to turn th^J 
Jtody round the given point as a fixed axis; and hence if the mo<l 
flnenta which tend to turn the body from right to left he called poa-J 
I jtive, tliose which tend to turn it in the contrary direction must Wl 
ii negative, and therefore the algebraic sum of a series of mo- J 
Bments must be understood in this sense. 

The principle of thk eqdalitt op MOstESxa is this ; 

The sum of the moments of any number of forces aetine, 
^figid body is equal to the moment tff the reeultani of these forces, i 



CHAP. IF.] FOB0B8 AOTIKa IN SAME PLANE. 



81 



Or, when equilibrium takes place, the proposition may be stated 
as follows : 

7%e 9um of the moments tending to turn a rigid body in one 
direction^ is equal to the sum of the moments tending to turn it in 
the opposite direction. 

Let the forces Pi and p, acting at a be represented by ap, 
and APj, and their resultant b by 
AB. Take any point o as the 
axis of moments ; draw Ay per- 
pendicular to Aoo;; complete the 
parallelograms as in Art. 63.; and 
from o draw op^ or, Oj9, respeo- 
tively perpendicular to the direc- 
tions of the forces p^, b, p, ; then 
by Art. 63., 

AT=AT,+AT, . . . (1): 

by the similar triangles AOr and abt 

Or 
at=abx — , 

AO 

by the similar triangles ao/>i and apiYi 

opi 




AT,=AP, X 



AO 



and by the similar triangles ao/>, and ap,t, 

opt 



AT,=AP,X 
' ' AO 

substituting these values in eq. (1), and multiplying by the com- 
mon divisor AO, we have 

AB XOr=APi XOj^i + AP, X OJ!?j, 

or putting b=ab, r=or, P|=AP„/>i=opi, and so on, we have 

B . r=Pi . pi 4-P2 . i?2 • • • (2), 

but B . r is the moment of b, and p^ . pi is the moment of P|, and 
so on, 

•\ moment B= moment Pi+ moment Pg. 

We have here taken o, the centre of moments without the angle 
formed by p, and Pjp now we shall take it within this angle, as in 
the annexed figure. In this case 

AT=AYi-AT„ 
G 
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and, proceeding aa before, we fiod 
R , r=P| .p|— r, .pp 

Here the moment of pj is negative, be- 
cause it tends to turn the system about O in 
a direction contrary to the otlier forces. 
Hence the proposition is true as applied to 
two forces. 

If in the last case, P, and 
brium, K . »'=o, and 



1 eqmh- 




r,.p,=r, .;;,... (3), 
that is, in this case, the moment of the one force is eqnal la,M 
moment of the other. 

Let p|, Vp p, be three forces acting at any points i 
rigid surface, and let any point o 
be taken us the axis of moments. 
The forces p, and Pj will have a 
resultant n,, in the direction ae, 
(see Art, 54.), which being pro- 
duced will intersect the direction 
of Pj in a point n ; now n, and Pj 
acting at b will have a resultant 
E, acting throogh the same point ; 
therefore by eq. (2), Art. 66., ng. m. 

Hi . '■,=Pi • p, + Pi ■ Pi, 
and in like manner, because a, is the resultant of r, and 

B,. j-j^R, . )-, + r, . p„ 
therefore by substitution, 

B . 7-,=p, . pi+p, . ;),+ i'j . ^3. 
In like manner Eg will be the resultant of R, and P„ 
,-. R,. j-3=H, . r,+P. .p„ 
and enstituting as before, we have 

E,. r3=r, .pi+Pj ■ pi+^s . p, + i\ .p„ 

and so on generally, hence we have, putting e for the 1^ 
sultant, 

E .r=p, .pi+p, .jJ,+ p3 .y3+&c. . . , (4); 
but R . r is the moment of the resultant b, and p, ,p, is the ii 
ant of the force p„ and so on, 

.-. moment R=moment p, +nioment p,+ &c. 
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It further appears, from Art. 61., tLal eqs. (1), (2),(3), and (4), 
of Art. G3., also apply to the present case. 
AT. If the forcea are in equilibrium, then b . r=0, and 

p, . p, + p, . It,+r, . p,+hc.=0 . .. (5). 
Here some of tho moments must be negative j hence by trana- 
posing these negative moments, we shall have the sum of the 
moments turning the body in one direction equal to the sum of the 
moments turning it in the opposite direction. 

68. If the point o, forming the centre of moments, be taken any 
where in the line of action of the resultant, then r=0, and eq< (4} 
becomes the same as eq. (5), which has just been found from other 
considerations. 

When the forces acting upon a body are in equilibrium, and b 
point in it is fixed, the resultant of the forcea must pass through 
this point. 

69. In order to give a fuller exposition of some of the foregoing 
results i let p,, p^ &c., be forces acting on 
any points in a plane rigid surface ; A; the 
point at which i', is applied ; oy, ox rect- 
angular axes ; o^, the perpendicular on 
the direction of a^p, ; a,x, and a,¥, the 
components of AiP, resolved in the direc- 
tions of the axes. A. similar construction 
will apply to all the other forcea. 

Now, aa in Art. 63., the sum of the forcea resolved in the direc- 
tion of ox will be equal to the force of the resultant resolved in 
the same direction, and so on similarly with the resolved forces in 
the direction oy, hence we have 

x=x,+x,+x,+&c (1), 

and Y=r,+y,+ v,-(-8(c. . . . (2); 
but from the right angled triangle AjXiP,, we have 




., and A 



»,. that is 



and fliinilarly x,=p,cos»j, y,=PjSinoj, and so on to the other 
fiwces ; therefore by substituting in the pi-eceding expression (1) 
and (2), we obtain (I) and (2) of Art. 63.; and hence, also, eqs. 
(3) and (4) of Art. 63., hold true. Moreover, since p, x op, is the 
momeut of p„ and so on to the other forces, therefore the general' 
equation of moments (4) Art. 66., aUo holds true. 
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: SAME Plane. 



{, wlien its line of action 
ich tlie point of application 



70. To estimate the work of a preasur 
is not in the direction of the li 
moves. 

Ijet PA represent the preasure, and let the point of application a 
move from A to o by the action of tliis prea- 
sure constantly acting parallel to itself. 
Complete the parallelogram AXPY,and draw 
Ap perpendicular to op' or ap. The pres- 
sure ap is equivalent to the two pressures ax 
and AY, but the latter pressure does no work 
because no motion takes place in its direc- 
tion, therefore the whole work is performed by the pressure a 
,". work done from a to o=preasure X space 



^plication a 



.(1). 



3, hence if we 
vill be the work of 



But from the similar triangles Apx and OAp, 

AXXA0 = AP XOp - PXOJU, 

.*, work done from a to o=p x op . . 

Now op may be regarded as the virtual mo 
motion of F estimated in the direction in which il 
call op the space described by p, then exop n 
p; taking this aspect of the subject the preceding result may be 
expressed as follows : the work of a pressure in moving the point 
of its application over a given space, not in the line of its action, is 
equal to the work of the pressure estimated in the direction ia 
which the pressure acts. 

If u^the work done from a to o; ,;pAX=a; s=Opt sai , 
s=ao ; then 

D=P.*...(2)i 
but f=S . COS a, 

.: u=P . B . cos * ... (3), 
71- To estimate the work of any number of pressures applied 

to a point. 

I^et P|, p„ &c., be the pressures applied to the point a (aee^j?, 
33. Art. 6C>), and let A be moved to o, while the pressures remain 
constant and parallel to themselves, then we have, by eq.(I), 
Art. 63., 



p\ m4 jj 



'••] 
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but Ao . COS *|=Api=#„ AO . COS a =A/i,— «« and BO on ; Lcnce 
we have, putting s for ao, 

x.s=p,.i,+p,.*, + &c....(l}. 
Here x . s is the nliole work of the pressures estimated in the 
direction of motion, p, . s, is the work of p, estimated in the direc- 
tion in which it acts (see eq. (2), Art. 70.), and so on to the other 
products. Hence tub whole work done is equal to the 80m 

OF THE WORKS OF THE DIFFERENT PRESSURES EBTtMATEB IN 

THEm KESPECTiVE DIRECTIONS. Or we may more eimpljr express 
this result by saying, that the work of the resultant is equal 

TO THE sum of the works OE THE DITFEKENT COSlfONENTS. 

It is to be obserTed that each term in eq. (1) is to be taken 
positively or negatively, according as the direction of the corre- 
sponding pressure acts towards the direction of motion or contrary 
to it. 

72. To estimate the work of any number of pressures applied to 
any points in a plane rigid surface. 

Let Pi, Pa &e. be any number of 
pressures acting at the points 
&e. of a rigid surface, let it be 
moved over the space Ao in the 
direction a x, while the pressures 
remain constant and parallel to 
themselves ; then the points of 
application, A,, a„ &o. wiU be re- 
spectively moved over the spaces 
a, Ou a, Oj, &c., and which are re- 
spectively equal and parallel to ao. 
Art. 69., 




Hence we have, by eq. ( 1), 



multiplying by ao, we have 

X . AO=X| 

But from the similar triangles 

A,X, XA, I 

that is, 



AO + Xj . AO+SCC. 

L| p, X, and A, o, p„ 



in like manner from the similar triangles a^f^x, and . 
XjXAO=Pj . s^ imd so on; 

.-, X . s=p, . s,+-e, . J,+&c (I), 

which is the same result as that of eq. (1), Art, 71. 
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73. If V represent the whole work or x . b, and tr, the snm of 
the works done by the different preBBures in the Bame direction, 
and c, those done in the contrary direction ; then eq. (1), Art. 72. 
becomes 

U=TJ|— Uj ... (!)■ 

If the preasurea are ^in equilibrium, then x=o, and eq. (IJ, 
Art. 72., becomes 

p, .«,+p .s,+&c.=0...(2> 
or Ui— u,=0. 

74. Principle of virtual vehcilies. — When the displacement 
AO or s ia very small, s„ s^ &c. are called the virtual velocities of 
the preasurea p„ p» &c., and then eq. (1), Art. 72., represents the 
equation of virtual velocities, where it is now to be observed that 
the pressures may vary both with respect to direction and intensity, 
but that they are regarded as constant just for the instant at whioh 
the equality holds true. 

75. To estimate the work of a pressure when the rigid surface 
turns about a fixed centre, 

Let o be the fixed centre, p, the pressure applied to the point 
A in the direction ^, \\ a, ; let a 
!» moved through the small arc 
AA„ then the resultant pressure b, 
will be in the direction aa,; from o 
and A, let fall the perpendiculars 
op, and A,i3|. Now because A A, is 
very small, it may be regarded as a 
straight line perpendicular to o a ; 
hence the triangles aa, a, and A0;)| are similar. 

As no motion takes place in the direction oa, therefore no work 
is done in this direction, and therefore the whole of the work is 
done by h, in the direction aa, ; 

.-. Work done from A to A|=R| k aAi ; 
by the equality of moments, 

R, XOA = 

and by the sinjilar triangles aa.o 




therefore, by multiplying the laat two equalities, 



^ 



'■] 
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e Uung, 1, bons 



//n: 



whidi is the same reeult u eq. (I). An. TO> Ibe q 
caae bang taken Ter; Boull, or, wlist ii 
the TiTtoal Telocity of p,. 

76. The principle demonstrmted io 
the preceding article hdda tme for 
an; angle of rotation. 

A3 OA. revolves let tbe pressure r, 
act constantly parallel to its first direc- 
tion ; let X, Ai, Aj, &c be the con^ecu- 
tive positions of the force ; draw a, a^ 
A,Oj, 4c. perpcDdicnlar to p,a pro- 
duced, the direction of the force f, ; V 
then by eq. (l), Art. 75, f^. 39. 

Work dooe bom A to Ai=r, x Aa„ 

„ » .1 A, to J,=PiXAii=P,Xn|aB 

„ „ „ A, to A,=P, XA,C=P, XfljOp 

and 60 on; 

.■. Work doue from a to a,=p, x Aa.+p, xa,a,+p, xa,o, 

= P, (AO, +0,0,-1-0,0,) 

= P|XAa, 
and so on to any number of consecutive positions ; hence we have 
generally, the work done b^ the paraQei pressure p, in turnitig o A 
through any angle is equal to tite pretsure tmtltiplied by Uie space 
through which it moves in the line of its direction. 

77. The propositions contained in the two foregoing Articles 
may be estended to any number of presanres, Pi, Pj, &c. 

By eq. (4), Art. 66., we have 

R . r=i', .pi+Fj .p,+&<i. 

Suppt^e the whole rigid plane, in which the forces act, to be 
turned^through a small angle aoa,=0, aeejig- 33., then the lines 
drawn from o to tbe different points of application of the forces 
will all move through the same angle ; also let a,, ,«b ■--,*, be the 
virtual velocities of r,, r^, ...,s. respectively. Mow from the simi- 
lar triangles ao;*, and aAiO,, we have 



■ Oi'i=X' *^°* i8,y,=g'i 



Q like manner, ^,= -', p3= 



. ., and r 
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beace by substitutioD, 



.^+r, *-+&c.; 



.-. B.s=P, .s^+P, .*,+&C. ...(1), 

where each of these different producta represents the work of each 
pressure done through the virtual epace over which it moves. By 
reasoning na iu Ait. 76., it follows that the preceding formula U 
not limited with respect to the angle of rotation. 

Pahallel pRESSmiEB. 

Although the fundamental proposition relative to parallel prea- 
sures has been demonstrated in prop. 1., Art. SI., yet it will be 
instructive to show how this proposition may be derived from the 
parallelogram of ibrces. 

78. Let two parallel pressures f and i;: act at the points A and b 





Fig. 41. 

respectively of a rigid plane ; it ia required to find the direction 
and magnitude of their resultant. 

At the points a and b let equal and opposite forces s be applied 
acting in the lineAB; these forces wilt obviously not affect the 
system, f and s acting at a will have a resultant in the direction 
AD, and Q and s acting at b will have a resultant in the direction 
B D. In the second figure the forces act in conti'ary directions, and 
Q is supposed to be greater than p ; and therefore in this case the 
resultant BU must lie nearer to Q than the resultant ad does to f; 
and hence bd and ai> must meet at some point. Suppose thcBe 
resultant forces to act at D, and let them be resolved into their 
original components, viz., the resultant in ad into p and s, and 
the resultant in bd into Q and S; the portions 3 and s will destroy 
each other, leaving the resultant p+q acting in the direction DC 
in the first figure, and the resultant q— p acting in the direction 
CD in tlie second figure. 



tu.] 



PARALLEL 



i (see Art. 58.) we have, first 



Kow rrom the triangle of pressui 
from the triangle acd, 

and eecond from the triangle bcd, 

B ; Q :: Bc : CD; 

:, compouoding these proportions, 

p ; q:; bc : ac; 

.'. PXAC=QXBC .. . (1). 
AB is perpendicular to the direction of the forces, ac and 
Ectiecome the arms of the forces, and then this equality expresses 
the eqaittion of moments. 

ra If C be a fixed point or fulcrum, its resistance will destroy 
the resultant, in dc, passing through it, and p, Q will be in equili- 
brium about this point when their momenta are equal to each 
other, This is the prmciph of the lever. 

BA Let p, and p, be two parallel pressures, acting at f, and p, 
in ttiB line ox, and r, their resultant ; then by eq. (1), 



B ttefflfoi 



•.P,X(OB,. 



P,)= 



X (OP,- 



B,), 






.•, KXOBi = PiX0P, + P, XOP, , .. (2). 

81. To find the resultant of any number of parallel pressures, 
^1, P» &c., acting at any point in a plane. 

Take ox any line in the plane, and produce the preasureB until 
the; intersect this line, as 

Bhown in the figure ; now as / L / ^^ / 

these forces may act at any > ' "■ / / / 

point of their direction, we o fi ''i ''. 't f' -^ 

Bay suppose p, to be applied *■ ^^■ 

tttpi, p, at p„ and so on. Let K, be the resultant of i", and Pj, k, 
the resultant of h, and Pj, and so on. Then by Art. 51. or 78. we 



K,=K,+P3=P| 

Putop,=pi, op^=pa and I 
Iben by eq. (2), Art. 80., 
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and so on to uny number of presauros. Heace 

putting K for the resultant of the whole pressures, and r for its 

distance from o, 

K . r=p, .^i+P, .p,+&c. ... (1); 
LutB=p,+i\+&c, 

.'. (p,+P.+&c.)r=p, .p,+p,.p,+&c....{2); 

. Pi;'i+F,jp,+&c 

■■'^— pH^,+&c. ■■■^^>' 
which gives the distance at which the resultant acts from o. 
When some of the pressures in the foregoing formulfe act in oppo- 
r^ite directions they must be taken negative; and alao when some 
of the forces act on the left side of o, their momenta must be 
taken negative. 

8a> To find the resultant of any number of parallel preBSiirea 
p„ p„ &c. acting at anj points in space. 

Let p|, Pa P3. &c, be the points of application ; let o* and oy be 
the rectangular axes in any assumed 
plane xoi/, and Oz an axis perpendi- 
cular to this plane ; join p, and r„ 
and produce the line until it cuts the 
plane xoy in C ; let b, be the result- 
ant of P, and P, ; join B, and Pj, and . 
let Bj be the resultant of b 
and BO on ; from Pj, K„ Pj let fall the 
perpendiculars Pi^i, Ri j-|, p,^j on the plan 
Art. 80., we have 




e xoy ; then by eq. (2), 



Now by the similar triangles, cPi^u CRiTi, and ci.\p^ 
CPi_ rip] ci^_Pj/»j _ 

therefore by substitution. 



.■. R|XRi»-,=PiXPip,+P,Xr,^ 

Or putting z, for k, t„ z^ for P, p„ and i, for p 
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have for the resultant a, of the pressures 



and 30 on to the resoltant H, and r„ &c., so that, putting s . z for 
for the moment of tlie last reaultant, we have generally 

B.z=p, .»,+p, .a,+ &c. . . . (1), 
where the preaaures whicli tend to move ui a contrary direction 
must be taken negative. 

Id like manner we have for the planes zox and soy respec- 
tively 



ands 



P. ■y.+i',-i',+ &c. . 


.(2), 


p, .a;, + p, . Ji+Stc. . 


.(3). 


we have 




K=P. + Pi+&C, 




p. .z, + p, .z,+ &c. 


/■A\ 



Nov as in Art. 8L, 



therefore from eq. (1) 



wtich determines the distance of the point at which the resultant 
acts from the plane xoy, in like manner Y is found from eq. (2) 
and X from eq. (3), which give the distances of the point at which 
the resultant acta, measured in reference to the planes xoz and 
yoz respectively. 

83. The point at which the resultant acts is called the centre of 
parallel pressures. The product of a pressure by its distance 
from a plane is called the moment of that pressure in relation to 
that plane; according to this definition, therefore, eq. (I) shows 
that the Kum of the momenCs of the different parallel presmret, 
considered in relation to a given plane, is equal to the moment of 
the resultant. 

S4. Now the value of z given by eq. (4) is independent of the 
directions of the parallel pressure. Hence it follows that the 
pomtion of the centre of pressure will remain unchanged whatever 
may he the direction of the pressures, provided that their magni- 
tudes and points of application remain the same. 



Work of PAaALLEi, Pkebsdhes. 

SS. Let the pressures Py p,, Pa, &c. act perpendicular to the 
plane xoy (senjiff. 44,), suppose p, to be moved through the space 
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A„ p, through h„ and so on, and it througli A; then by eq. (1), 
Art. 82^ 

R . Z=P, . 2|+Pj . 2,+ &C, 

But we have for the new position of the forces, n, p„ f„ &c, 
respectively z+A, ti+h„ 2,+A„ &c, 

subtracting the first equality from the second, 
n . /(=r, . A,+p, . A,-(-&c., 
.'. (p,+P,+&c)A=Pi . A|+p, . A,+fcc ... (1>. 

but the difTeront products ia this expressioa are respectively 
equal to the work of their corresponding pressures ; hence the 
work done by the sum of the parallel preutlres U equal to the sum 
of the works severally done by the pressures ; observing that the 
works done in a contrary direction muat be taken negatively, 

86. If u be put for the work of the resultant, v, for the sum of 
the works of the pressures done positively, and d, for those which 
are done negatively; then cq. (I) becomea 

u=u,— U.J . . . (1). 

87. If the presBurea p,, Pj, &c. are in equilibrium, then d=:0, 
and 

01— til =0, or D,=D, . . . (1). 



LmrriKG Akqlb of Feiction. 

SB, Let A be a material particle (see ^. 36.) moved on a rough 
plane ao by the action of a pressure p represented by ap, then by 
Art. 70., AX represents the effective force tending to give motion 
to the particle, and at the effective pressure on the plane. Let 
/=the coefficient of friction (see Art 23.), and /.PAy=e, then 
we have 

Pressure on the plane=AY=AP . cos 0=p cos 6 ; 
.*. Besistance of friction=/'p cos ; 
Effective pressure tending to move the particle in opposition to 
the resistance of friction=Ax=p sin 6. Now motion will or will 
not take place, according as this pressure is greater or less than 
the resistance of friction ; and when motion is npoa the point of 
taking place, the one must be equal lo the other, and then the 
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SBgle is called the limiting angle of resistance; in this case 
therofore, we Lave - 

/p cos fl=p sin e, 

The magnitude of this angle has been determined by experiment 
for different rubbing Burfacea (See "Moseley'a Engineeriog," 
p. 149.)- 

This result shows that the coefficient of friction is equal to the 
tangent of the limiting angle of resistance. If the pressure p be 
applied within this angle, then no motion can take place, however 
great that pressure may be ; and on the contrary, if the pressure 
be applied without this angle, then motion will take place, how- 
I ever small that pressure may be. 

^^^K Every heavy body is composed of an indeiinite number of 
^^^^^eles, each of which is acted upon by the force of gravity in a 
Erection perpendicular to the horizon. The sum of all these 
parallel forces is evidently the weight of the body. Kow there 
must he a point, where a single force, equal to the weight of the 
body, being applied, will produce the same effect, as the force of 
gravity acting upon the various particles compoaing the body ; — 
this point is called the centre of gravity of the body. 

If the pressures P,, P^ &c. in Art. 8Z>, be produced by a 
syatem of heavy particles whose weights are respectively repre- 
sented by the units in these pressures, then the centre of gravity 
of the system will correspond with the centre of parallel pressures 
Here determined, and the equations (1), (2), (3), (4), &c. will 
hold true in relation to the position of the centre of gravity of any 
system of bodies or parts of the same body. Hence it follows that 
a body or a system of bodies can only have one point as the centre 
"gravity, which in general lies in the intersection of three planes 
P^pendicular to one another. Since the centre of gravity of a 
body or a system of bodies ties in the direction of the resultant of 
*'ie parallel pressureB of the parts c^nposing the system, it 
*°Mo W8. — 1. That if the centre of gravity be supported the 
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Bjalem will remain at rest, and vice versd. 2. That if any body, 
acted upon by the force of gravity, tend to turn a lever, we may 
regard the weight of the whole body to be collected in its centre 
of gravity. 3. That the centre of gravity will always descend to 
the lowest point possible. 4. That the centre of gravity of all , 
regular, or symmetrical bodies is ia their centre of magnitude. 

90. To find the centre of gravity, g, of two weights, p, and r^ 
connected by a rigid rod supposed to be 
without weight. (s — — j^ 9 

If the point o be supported, the bodies 
will be ill equilibrium; then we have by Fig. ts. 

the principle of the equality of moments, expressed by eq.(l), 
Art. 78., 



Let P| p,— /, the distance between the weights; and x—v,g, 
the distance of the centre of gravity from the weight p, ; then 
F^o^l—x, and the preceding equality beeomea 

p,xa'=r,x(/-a:); 

_ F,X? 

Or thu^ 

Taking any point o, in the direction of the rod, as an axis of mo- 
menta i put o P|=7>,i oPj=p,, and 0G=»;. 

Here by eq. (2) Art. 80^ the moment of "■ #— 

the sum of the weights acting in their -Fiff. ■ 

centre of gravity, a, is equal to the sum of the momenta of the 

weights taken separately, 

.". CP| + I'i)^=P, ■ Pi +l'i ■ Pi \ 

r,+p, 

Now when o is taken at p,, we then have, opi=0, and in this 
case the expression becomes 



which is the same result as before determined. 

Bl. If wii be put for the volume of the weight p,, m, for that of P, 
and so on, and tn for the volume of the whole body making up the 
weights Pi, Pa 81C., then wlicn the material corapoaing these bodies 



r 
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u the same, their weights will be proportioDal to thdr volumes, 
and consequently in determitiing the centre of gritTity of a bod;, 
or of a Byetein of bodies, composed of the same material, we may 
UK the Tolamea of the bodlea in the )>lace of their weights. 

n< To find the centre of gravity of any numbec, of bodies, con- 
■idered as points, in the same plane. 

^ W|, w„ Wj, &c., be the weights of tbe bodies ; take any two 
stnigbt linea a t, and Ay at right angles ^ 

to each as axes of co-ordinates. Join ' w^ 

V, w„ and let g, be the centre of gra- ■ 
y'ity of IV, and w,; join G, vr^ and let 
0, be the centre of gravity of the three 
weights V„ VTp w, ; and bo on. From 
W„ a„ w„ c„ &c., let fall w,a, G,*, ; 
W,c, G,d, &c., perpendicular to ax. " 
Let yu Jb t/„ &c., be the distances of Fig. 47. 

W|, w„ w,, &c, from Ax, and ;r„ x,, sr^ he, their distances from 
Ay; also let y and x be the distances of the centre of gravity of 
the system from &x and a_v respectively. Kow if we find ex- 
pression for y and x, the centre of gravity of the system will be 
determined. 

By the equality of moments, 



— =— ^— !=— j, by similar figures, 

X,~Ab 



solving for A 6, we get 






Now in finding the centre of gravity of the three bodies Wi, w 
•w„ we may suppose the two former to act in their ceuti-e < 
gravity Gi j hence we have 

_^^_(wH:W5}a6+w^,^ substituting for aJ, 



_WV^, +w,^, j-w^3 . 
w,+w,-|-w, ' 
and ao on for any number of bodies; hence we have generally, 



w,+w,+ . 



-~...(1), 
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which gives the distance of the centre oF gravity of the system 
from Ay. If the system be conceived to turn round on Ay as an 
axis of motion, the numerator of the right hand member of this 
expression will he the sum of the momenta of the weights, and 
then the who^ formula becomes an obvious application of the 
simple principle of the equality of momenta. 

In precisely the same way, we find 

W|y,+w,,v,+ . ■ ■ +w„y„ 
^ W|-f w,+ . . . -^w., ■■■\~' 

which gives the distance of the centre of gravity of tlie system 
from AX. In this case we may conceive the system to turn round 
on A.X as an axis of motion. 

"When the bodies are not in the same plane ; if we conceive 
three planes perpendicular to each otJier to be drawn on which 
we may conceive the weights to be projected perpendicularly, the 
three edges formed by these planes, will become three axes of 
motion about which the moments of the weights are to be taken, 
HO that, in this case, we derive three equations of precisely the 
same form as (1) and (2). See eqs. (1), (2), and (3), Art. 82. 

93. To find the centre of gravity of a triangle. 

Let ABO be the triangle ; bisect An in d, and join cd. Now 
CD will bisect all lines, such as be, drawn 
parallel to A b. 

The triangle may he conceived to be made 
np of a series of lines, such as 6c, drawn 
pBrallel to ab, having their middle points or 
centres of gravity lying in cd. Hence the 
triangle would he balanced upon an edge 
lying along C d ; that is, the centre of gravity 
of the triangle lies somewhere in this line. '■'■"■ ''"■ 

In like manner the centre of gravity of the triangle must also lie 
somewhere in the line a e bisecting the side b c ; but it has been 
shown, that it also lies in cd, therefore it must be in the point g, 
where these two lines intersect. 

Join DE, then because ce is equal to eb and ad to db, the line 
DE is parallel to ac, and the triangles dge and agc are similar; 




but AC is double de ; 
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Thus the distance, gd, of the centre of gravity fron^g^he middle 
of the base is one-third the whole line c d. 

Further, if gA and ca be drawn perpendicular to the base, the 
triangles dg^ dco will be similar; and since dg is one-third DC, 
therefore Gk will be one-third ca. Hence the distance of the 
centre of gravity of a triangle from the base is one-third the 
whole elevation, 

94- To find the centre of gravity of a pyramid having a tri- 



Let ADE be a plane 



angular baS 

Let A BCD be the triangular pyramid, 
passing through the edge ad and bisecting 
CB; a the centre of gravity of the face 
ABC, and r that of bcd ; join Da apd Ar, 
intersecting each other in G ; then g will 
be the centre of grifcty of the pyramid. 

We may conceive the pyra^i^id to be 
made up of thin plates, such as cfniy 
parallel to abc. No^because mf\^ pa- 
rallel to CB, and ce is equal to eb, there- 
fore mn is equal to nf', let Da meet en 
in e, then because cw is parallel to ae, the 
Une T>ea will divide these two lines pro- 
portionally, that is, since Aa=2aE, so therefore ce=2e7i; hence 
e will be the centre of gravity of the triangle cfm. In like 
manner it may be shown that the centre of gravity of every 
section parallel to abc is in the line Da ; therefore the centre of 
gravity of the whole pyramid must lie in the line Da ; and for the 
same reason it must also lie in the line Ar; therefore it must be 
in the point G, where these two lines intersect. 

Since Ea=^EA, and Er=^ED, Art. 93-, therefore ar is paralle 
to AD, and the triangles arE, ade are similar, • 




Fip. 49. 



AD AE 



• • 



ar aE 
but A£ is three times aE ; 

/. AD is three times ar. 

Also the triangles agd, aGr are similar, and 



GD__AD 



Gfi^ ar 



but AD is three times ar ; 



,% GD=3Ga; 
/. Ga=|^Da. 



pEiNciPLEa or 
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Thus the distance, aa, of the centre of gravity from the base is 
onc-fourtn the whole line no. 

Further, if perpeodiculorB be drawn from c and D upon the 
base ABG, these perpendiculars will have the same ratio to each 
other, as the lines aa and an; hence it follows, that the distance 
of the centre nf gravity of a pyramid from the base is one-fourth 
the whole elevation. 

95. The above rule holds good whatever may be the form of 
the base of the pyramid or the conical body, ^ _ 

As every conical body may he conceived to be made np of an 
infinite number of three-sided pyraolids of the same height, and 
having their centres of gravity at the same distance from the baae, 
that ia, at one-fourth the whole perpendicular height, it therefore 
follows, that the centre of gravity of the whole conical body must 
also lie at this distance from the base. ^ 

98. To find the centre of gravity of a frustum ^ 

ABED of a cone. * 

Let ACB be the complete cone, G its centre o1 
gravity; o, the centre of gravity of the TOp cent 
Cdb; and G, that of the frustum; then taking t 
as the centre of momenta, we have, Art. 91., 



CGX 


coneABO=«G 


xconcDEC+CG, xfrust. 




/. CG 


CffX 


cone ABC— OG 


XCOneoB 






fruatum AB 


ED 



Put co-a, CR— o„ and ra;=cDne abc; tlien cg=- a, go, 

4 

= i a, ; and as similar solids are to each other as the cubes of 
4 

their like diiBensions, cone dec = -'3 m, frustum abed^w ^ m 

=^m.[ 1 ^ i ; therefore by substitution 



which is the expression required ■ 

This formula will obviously hold good for any truncated pyra- 
mid, whatever may be the form of its base. 
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97. To find the height of the centre of gravity of any frustum 
of a pyramid. 

Let A2=the area of the base ab (see^. 50.); A|*=:the area of 
the top de; A=the height of the frustum; x=zor the height of 
the top pyramid ; then (Tate's ^' Geo. and Mensuration/' p. 75.) 
we have 

* •*• *=i — r> *^^ ^"*"^~i — r* 

Now taking the mom^ts with reference to the base ab, we 
have 

Moment whole pyramid a^ k^{h-^x) x^^^h-^-x) 

-1 ^'^' 

~12' {k-ky 

Moment top pyramid =.jAi* a: x (2^+^ J 

■"12 • {k^k.y ' 
^ /. Moment frustum = Moment whole pyr. — Moment top pyr. 

~12 {k-k.Y 

Let y=the height of the centre of gravity of the frustum ; 
then 

Moment frustum =y x solidity frustum 

^ # 

k 

hence we have, by equating this expression with eq. (1), 

^""4 • k'+kk,+k,' ' ' ' ^'^^• 

This formula also hold^^true when k^ is greater than k, wifth 
may be readily trifled by subtracting y from h. 

98. When the solid is a frustum of a cone, the radii of whose 
ends are r and r^ then k^z^wr^y and Aj^ssTrri^ ; in this case, there- 

H 2 
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fore, tLe above expreaeion holds good by merdy substiiuUng r fo 
k and r, for k,. 

99. To find tbi! centre of gravity of a trapezoid abcd. 

Let DC and ab be tlie parallel sides; bisect dc in m, and ab ii 
Li join ML; tLen the centre 
of gravity of the trapezoid 
must lie in this line. From 
D draw DK parallel to cb. 
Let Q, be the centre of gra- 
vity of the parallelogram 
DCBK, and Q, that of the 
triangle adk ; join OiGji 
cutting ML in g ; then Q 
will be the centre of gravity orthe trapezoid. 

Let fall OsP, C.N, and 0|B, perpendiculars fo a 
as the axis of moments, we have 

ON X area trap. Ancu— g,f xaTea ADK-t-G|E xarea dcbk. 

Now put A— the perpendicular distance between A b and DC; 
AD=i; DC=fii; tmi. Art. 93., G,F=^A; G|E=iA; area adk 
=AKX JA^(6— ii)x^A; area DCBK=6iA; area Ai(CD = (6-|-i,) 
X JA ; therefore, by substituting these values in the above 
equality, we have m 

■•'"'— 3(rTs,) ' 

which gives the distance of the centre of gravity of the trapezoid, 
from the side ab. 

100. To find the centre of gravity of a trapezium by geometri- 
cal conatruction. 

On the sidffi DC and An produced, take cq=ab, and ab=zdc ; 
join R# cutting ML in G ; then G will be the centre of gravity re- 
quired ; which may be readily proved fi'om the expression for eir 
just determined. 

101. The formula here found also gives 
the height of the centre of gravity of an 
embankment, having its end sections i 
rallel to each other, as shown in the ( 
nAed figure. « 

102. To find the centre of gravity of a 
wedge ABCDE. 

Let DG9 be n plane section parallel to the end ccp ; then dbg 



#^"" 
^^^ 
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Fig. 5S. 



will be a prism, whose centre of gravity is at one-third the per- 
pendicular height; and asd will be a 
pyramid, whose centre of gravity is at 
one-fourth the perpendicular height. 

Put L=: the length A B, /=the length ^^^<:^....y/[..l:X '-*! 

of the edge dc, B=the breadth of the 

base AE, A=the perpendicular height 

of the w^^e ; and y=the height of its 

centre of gravity ; then the solidity of 

the wedge=^BA(/-f2L). See "Tate's Geo. and Mensuration," 

p. 170. 

Momt. wedge=Momt. pyr. ASD-fMomt. prism dbg 

But, Momt. wedge=y x^bA(/4-2l) ; 
Momt. pyr. asd=:J^Ax^Ab(l — /) 

=t^A»b(l~0; 
Momt. prism dbg=4^Ax^A/b, 

. A(L-hO 

•• ^■"2(/-h2Ly 

This formula holds good when the edge is longer than the base. 
The distance of the centre of gravity from the edge dc will be 

2(/+2l) 2{1-\-2l)' 

103. To find the centre of gravity of a pontoon or rectangular 
prismoid abcde, whose parallel faces ap 
and DH, are dissimilar rectangles. 

Here the solid will be divided into two 
wedges by a section edcp passing through 
the opposite edges dc and ep. 

IPut ii=AB, /=DC, b=ae, ^=df, h=the 
perpendicular height of the pontoon, y=the 
height of its centre of gravity. 

Momt. pontoon =y X solidity, 

=^^xih {LB-hZ^-l-(L-|-r)(^+^)} ,* 




Fiff. 54. 



♦ See Author's " Geometry and Mensuration," p. l?l. 
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and hj Art. 102., 



h(L+l) 



Momt. wedge abce=^^ ^ 

Momt. wedge edhp= ^ ■ ^^ ■ . ■x^ih(L+2l) 

Hence we have, by making the moment of the whole pontoon 
equal to the sum of the moments of the two wedges, and reducing 

_h B(l.+ 0+&(3f+L) 

^ 2 ■ LB+lb+{l. + l)(B + b) 

This formula holds good whatever may be the relative dimen- 
sions of the parallel faces, which may be verified after the manner 
explained in Art. 97> 

104. To find the centre of gravity of any curved space abrn, 
bounded at the extremities by two vertical straight line a ab and 

KH. 

Draw the horizontal line AJ, intersecting nh produced in the 
point J ; divide a j into n equal parts, ak, kl, . . ., t j ; draw the 

vertical lines kd, lf 

T 8, cutting off the trape- 
zoids ABDG, ODFE, . . ., 
TSBN. Puta||=:AB,0| = 
CD, ffj — EF, . ■ ., SR — a^ 

o=AK=KL=&c., and let 

?i. ff„ ■ ■ ; 9~, he put for 

the respective distances ^ 

of the centres of gravity 

of the Ist, 2nd, . . ., nth 

trapezoids from A ; also, 

let g be the distance of 

the centre of gravity g of 

the whole surface abrn from A ; then, we have, by the equalin 

moments, 

_ g, ?< ABDC+g,XCPBF+ ■ ■ ■ +ff,; 




But by Art 99., ffi= 
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_« (3>»-2)g^i-f(3n~l)g^ 

Again, abdc=(oo+«i)q; CDEF=(a,+Oa)5; and bo on; 
BS YN=(o^i-|-flr,„) I ; and, 

ABBN=|{oo+«n+2(ai + as+ . . . +a„_i)} * 

Hence we have, by substituting these values in the above ex- 
pression for Qy 

_a (goH-2flt)-f (4gt4-5gg)-f ... 4- {(3n-2)g^i4-(3n-l)an} 

__o goH-(3n— l)a^-f 6{gi+2ga-f . . . -f (n— l)a^t} .^^ 

3 • ao+an+2(o, + a,+ . . . +a^,) • ' • V > 

The Author first gave this theorem in his " Exercises on Me- 
chanics." 

JExample. If 92=4, then, 

a go-hllg4-f6(gi-f 2^2+3^3) 

105. Let M„ be put for the moment of the surface abpn about 
A ; then we get from eq. (1), 

M„=area abpn xg 

2 

=-eC«o+(3w-lK+6(ai+2a,4- . . . +w-lo^i)] • • • (2). 

This formula may also be established by the following method 
of proof. 

Liet Ai, Ag, . . ., A„, be put for the areas of the spaces abdc, 
ABFE, . . ., ABKN respectively, and m , m^, . . ., M» for their re- 
spective moments about a ; then, 

a, N a «o+2a, 

M,=A,X^.=^K+aOX3.^^;;:^ 

= «-(«o+2ai); 



Seethe Author's " Geometry and Mensuration," p. 160. 
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Assume the law for tLe value of M„, exhibited m eq. (2) t 
true, then we shall show that it is also true for u„ti, 



f|K4-«„.)(». 



=M„+|({3«+IK+C3«+2K+,) 

= g K+(3w+2)o„^,+6(a,+2ci,+ . . . +«a,)] ; 

hence the law assumed for M„ is also true, for M„n ; but we i 
shown the law to be true for m, and M,; therefore it is true f 
and being true for M3 it is also true for m^, and so on generally. 

106. It will be observed, that in arched structures, the ordinates 
AB, CD, EP, &e., towards the spring, vary much more in their 
length than the ordinates, yb, &c., which lie towards the crown; 
it is desirable, therefore, in order to secure a greater degree of ae- , 
curacy in Ihe calculation, that the equidistant spaces towards the 
spring should be taken leas than they are taken towards the crown. 

Let DVHN be a portion of an arch. Divide dq into three equal 
parts, of which DM is one; and lot DM and MQ be each divided 
into n equal parts, and proceed as in the foregoing construction. 
Put 6ni *ii ■ ■ -1 *M for the ordinates of the portion dd, a, its area, 
M, its moment about D ; «„, a„ . . ., a^, the ordinates of the portion 
AK, A its area, M its motnent about a ; a' the area of the whole 
portion DTi, m' its moment about d; a the distance between the 
ordinates on the portion ak ; then, by the principle of moments, 

Ml=M,+AX(DM+Aff} 

=M, + M + A. DM.. .(3). 

Now M is given in cq, (2) ; and similarly. 



=24('.+(="-0«.+6(4H 



-16^,)l, 



and from eq. (3), by substitution nnd reduction, we get 
«'=|^[».+4"o+(3«-l)(S.+*>.)+6{CJ,+4o,)+2(S,+4^).^ 
■ . • +(»-I)(i^+4«.-.)) ]+» X J»o . . . (4), 



GRAVITY. lOj 

1 gives the raoment of the surface dvtn about d, whence 
the distance of its centre of gravity from d is readily found by 
dividing by a+Aj or a', 

107. Let p«r be the estrados of an arch; on and mr joints of 
the arch stones ; nt and rs verticals. Put s=nl, p=the distance 
between the verticaJa dv and nt; y^tlie moment of the area DV(n 
it PI Q=the moment of DURlti about u ; then, 



q=m' — 



i<,+2s)...(5). 



or, area dm(rn=a+Ai+^(S|,+*). 
I Distance centre gravity of the mass UHtvfs from d. 



-*> 



.(6). 



e formuliE are useful in finding the point of rupture in an 

:. Given the centre of gravity of a circular arc, to find, 
(I.) The centre of gravity of a sector of a circle ; (2.) That of a 
■^rcnlar ring ; (3.) That of a segnient of a circle. 

If DE be the arc of a circle, g its centre of gravity, and c the 
cenire of the circle ; then, 

radius CD X chord DE ,, , 

CG=^ ■ ■ ■ '^^■ 

(1.) Let it be required to find the centre of gravity of the sector 

ABC 

Conceive the sector to be divided into an infinite number of 
tnuglea, by lines drawn from the ccnti'e c to the arc ; then the 
Mntre of gravity of each triangle will 
be Bt a distance from c equal to § the 
iiiinB of tbe arc a b, and therefore the 
centres of gravity of all the triangles 
will lie in a circular arc dEj whose 
Wdins CD is equal to ^ CA ; now as we 
Mj suppose, the weights of all the 
triangles to be collected in this arc de, 
snd so uniformly distributed through it, /,-j„ 5^ 

Hisltlie centre of gravity of the whole 

Mctor CAB will coincide with the centre of gravity o of this 
t'droilar arc de. 
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Now we have, radius CD=| radius Oa, chord DB=g chord Ab, 
ind arc DE=f arc ab ; therefore, by aubatitution in eq. (1), we 



2 radiu 



X chord A 



■(2), 

which gives the distance of the centre of gravity of the sector 
from the centre measured on the line cp biaecting the arc. 

Let CA=R, angle Aan=2d; then chord ab=2r Bin 0, and arc 
AB=2ne ; substituting in eq. (2), we get, 

"H-'-s^ ■■■(="• 

(2.) To find the centre of gravity of a cir- 
cular ring ABTE. 

Draw CEbisecting the arc ab, and on this 
line, let G be the centra of gravity of the 
aector ABC, o, that of cbd, and^ that of the 
circular ring abed. 

From the principle of moments, we have, 
sector CAB xCG=Bector cdexcg, 
+ring ABEDXCff; 
_Bector CAB xOQ— sector cpexcGi 



Let CA— R, CD=7-, ZACB=2e; then, 

sector c4b=r'9, sector CDE=r^9, 

ringABED=ii^0— r-6, CGiBgiveniueq. (3), andCG,=s • — -^ — i 

hence, we find by aubatitution in eq. (4), and reducing, 
2 r3-»^ sin ..^ 

which gives the distance of the centre of gravity of the ring from 

the centre c, 

(3.) To find the centre of gravity of the si'gment A f b (see _fig, 

56.> 

Taking c as the centre of moments, we h:ive, 

Momt. sector CAFB=inomt. triangle CAB+momt. segt apb. 




ex^EcoB e+(R2e-R2i 

«sin»fl 

^sin e COS fl ■ ■ • ^^> 



«e)x. 
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109. To find an approsimate formula for the heigbt of the 

centre of gravity of any solid, having 
its parallel sections similar to one 
another. 

Let the perpendicular height be di- 
vided into n equidistant sections. Fut 
A=[he perpendicular height of each 
Btttioa; *o^, Ai", . . ., A,^=the area of 
the Buccessive sections ; then, regarding ■'^i'' SS. 

each slice of the solid as a truncated pyramid ; we have, by eq. 
(2), Art. 97. 

Jlomeat of the Mth or last slice, 







12 



{(4«-3)A_,H(4n-23A^,A„-K4«- 1)V) 



Ifow this moment is a. type of all the others; hence, therefore, 
by taking n successively equal to 1, 2, 3, . . ., n, we obtain a series 
of terms for the moments of the Ist, 2nd, 3rd, . . ., nth slices com- 
posing the solid, the sum of which will be equal to the moment of 
the whole solid ; but the moment of the wliole solid will be ex- 
pressed by y X whole solid ; 

sont of the moments of all the slices 






'* * whole solid 

e find, by Bumroing up and reducing. 



=^[V-l-(4n-l)V+8{V+2A,"-|-... + («-!)*„_,'} 

4-2(AA-|-3M,+ ...-l-(2«-l)A^,AJ] 
1- {V+V+2(A,'+ . . . +A^,')-|-A.ft,+ . . . +k^A] - 
mple. If »=3, then 

I y=^[V+lIA,'+8(*,«-|-2A,=)+2{A^, + 3A,A,+5*A)] 

?the solid be formed by the revolution of the curve tenB 
about the axis nm, then ka^—Trr'f &c. ; and hence, the k'e in the 
foregoing formula must be taken to represent the radii of the 
sections. 

This theorem is given here for the first time. 



PRINCIl'LES OF 



rniLOSOPiiT. 



WoitK IN MoviHO THE Centre of Gravitt of Bodies. 

110. If iu Ai-t. 72., the difTerent preaaures be regarded as the 
weights of the ports of a syatem of bodies, and the resultant x the 
weight of the whole ajstem acting in its centre of gravity, then 
eq. (1) may be interpreted as follows: the sum of the wokks 
DOKE IN moving the pakts of the system, through any vek- 

TIOAL SPACES, IS EQUAL TO THE WOKK KE<)UISITE TO MO^'E THE 
WHOLE SYSTEM OYER THE VERTIOAl SPACE THROUGH WHICH THE 
CENTRE OP QHAVITY OF THE WHOLE SYSTEM IS MOVED. 

This proposition is important in its application to indaatrial 
mechanics : thus, for instance, it enables ua readily to find the 
work required in raising the materials of any stracture ; in pump- 
ing water from a well into a cistern ; or in transferring materials, 
having a given form, from one place to another. 

111. In like manner Art.76., shows that when any heavy noDT, 

WHOSE PAItTS ARE RiaiDLY CONNECTED, IS TDENED ROUND A FIXEaj 
CEHTRE IN OPPOSITION TO GRAVITY, THEN THE miRK DONE IE EQUAL 
TO THE WOKK REQUISITE TO RAISE TIU: WHOLE BODY OVEK THE 
VERTICAL HEIGHT THROUGH WHICH ITS CENTRE OP GRAVITY 18 
RAISED. 

For instance, let it be required to find the work requisite to 
overturn the body A u r, standing on the horizontal plane A B. 

Let g he the centre of gravity of the body, and khv its position 
when it is about to fall over, n being its centre of gravity in this 




Fig. Si>. 

position. Now AW must he a vertical line, and if yr 
parallel to ab, the centre of gravity of the body will have \ 
elevated through the vertical aiiace rn. 



vO 
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,". Work in overturning the bodj^weight body xrn. 

Put y^og tLe heiglit of the centre of gravity of the body ; 

x=i.D 1 and w=the weiglit of the body in lbs. ; then A^^ 

.*. Work in overturning the hody=w(^''a;"+,'/'— y) . . . (I.) 

This work may be taken as a measure of the stability of a body ; 
ID this sense, the resulting fortoula is said to be an expression for 
the dynamical stai/ilUff of the body. 

112. If a machine, the pieces of which move without frictioti, 
be in equilibrium in all positions, under the action of weights 
suspended /rora any parts of the machine; the common centre 
of gravity nf the sj/stem (supposing motion to take place') will 
neither ascend nor descend. 

For since the system is in equilibrium in all positions, it follows 
that no work can be done by changing the relative position of the 
parts, that ia to aay, the aggregate amount of work of all the parts 
must be equal torero, and consequentlj the common centre of 
gravity will neither ascend nor descend. 

The example given at page 125. is a good illustration of this 
general principle. 



EXERCIBES FOR THE SlDDEST. 
Centre of Gravity. 

1. If three equal heavy particles be connected so as to form a 
triangle, their centre of gravity coincides with that of the triangle. 
Eequired the proof. 

2. If G be the centre of gravity of the triangle abc, and ga, 
CB, GC be joined, then three forces which are proportional to ga, 
OB, GO, will maintain the poinre in equilihriuij^ 

3. Four bodies whose weights are 3, A, 5, and 6 lbs., are places 
at the successive angles of a square whose aide is 9 inches, show 
that the distance of the centre of gravity from the gi'eatest weight 
is^Vl30 inches. 

4. Three bodies, considered as points, are placed at the angles 
of & triangle ; their iveighta are proportional to the opposite sides 
of the triangle ; show that their centre of gravity is the centre of 
the inscribed circle. 

5. If the sides of the triangle ABC be bisected in the points D, 
B, and F, and these points be joined, then the centre of the circle 
described within the tiiangle def ia the centre of gravity of the 



h 
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three sides of the triangle abc considered as three uniform rods. 
Prove this by means of the property given in Problem 4. 

6. Two isosceles triangles, abc and abd, are deHcribed upon 
the same base ab and on the same side of it ; required the centre 
of gravity of the surface Acnn included, between the sides of the 
triangles. Ans. Distance centre of gravity from the ba8e=^^ 
(0 + 6), where a and b are put for the perpendicular heights of the 
triangles. 

7. If two circles touch each other ioterually ; find the centre 
of gravity of the surface included between the two circles. 

8. Triangles are described in a given circle upon a given chord 
as a base, the locus of their centres of gravity is an arc of a circle. 

9. A. square board is placed with one side on a, horizontal tabl^ 
how must the board be cut by a plane extending from one of ita 
upper comers to meet the base, so that it may just be upon tbe 
point of falling 7 

10. A heavy triangular plate is suspended in a horizontal 
position by three threads attached to its cor^rs ; prove that the 
threads will all have the same tension. Also show that, if the 
threads are of the same strength, the best part of the plate to put 
a heavy weight is at the centre of gravity of the plate. 

11. A regular hexagonal prism is placed upon an inclined plane 
with its end faces vertical, what must be the inclination of the plane 
so that the prism may just trundle down the plane ? Ans. 30°, 

12. A regular polygon just trundles down an inclined plane 
whose inclination is 10° ; how many sides has the polygon ? 

Atis. 18. 

13. If Q be the centre of gravity of the sector cab (see ^ff. 57^, 
Art, 108.), G, that of cde, and g that of the ring abed ; prove 
that R'^x.Gff=r^xG,ff. 

14. The distance of the centr>»f gravity of a semicircle is at 

4 r 9 

i .- from the diameter, r being the radius of the circle. 

15. Construct for the centre of gravity of two of the sides of a 
triangle. 

16. A aide and the centre of gravity of a triangle is given, to 
construct it. 

17. On a horizontal base to construct a triangle, having a given 
perpendicular height, such that the vertical line through its centre 
of gravity shall pass through one extremity of the base. 

18. One-fourth of a parallelogram is cut off by a line parallel to 
one of its diagonals. Find the centre of gravity of the remainder. 
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19. From a square Abcd, whose diagoDals intersect in n, the 
triangle anb is cut ontj find the coQtre of gravity of the re- 



vith velocities which ar^ 
n centre of gravity will re- 



titieB 

I 



20, If two bodies approach each othei 
inversely aa their weights tl 
main stationary. 

21. Two bodies a and b move in the same straight and in the 
same direction with the velocities v and r respective ; to find the 
velocity v' of their common centre of gravity. 

Z^t a, b, c, be the distances of the bodies A and B, end of their 
centre oftqgravity, measured from any fixed point in the line of 
motion, at any instant ; and let a„ b„ c^, represent the same quan- 
titieB after the bodies have moved for t seconds. 

[ow by the equality of moments, we have ^ 

(A + B)c = Afl + B6, 

and (A + B)c|=Aa|4 at,, 
.-. (A+B){c,-c) = A(«,-a) + Bfi,-A); . 
— c=(t', fl|— a=(v, and fi,— i=/t j hence by substitntion 
reduction, we get 



...(1). 



22. "When the bodies i 

, A.V — B.U 



A+B 

23. When the bodies a 
centre of gravity is equal 

24. Two ■ bodies a and 
sides of a rectangle ; required the locus of their 
gravity, when they start fr|p the same angh 
A. along the one side and b along the other. 



equal, show that the velocity of the 

the mean velocity of the two bodies. 

move uniformly along the adjacent 

centre of 
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MEGHANICAI, POWUKS. 

113. TiTG mechanical powers are certain simple machines or in 
struments commonly used for raising heavy weights ; it is custom 
apy to call the moving pressure the power, and the body which i 
moved the weight. The advantage gained is the number of times 



•^^^^^^ 


^^ 
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[Pi,T „. 


that tlie weigbt is greater than the power. There s 


re six me- 


chanicnl powers, — the Lcv^, the Wheel and Axle, the 


PuUey, the 


Inclined Plane, the Wedge, and the Screw. 




9' 




• The Lever.* 

*114. A lever is a rigid roil, moveahle about a fixed ; 




loint, called 


the fulcrum or centre of motion. In « -> c 


F B^ 


^ff. 59., F is the fulcrum or centre of i 


A 1 


motion, wis the weight or resistance L ,. 


•^ 


\ to be Thoved, ond p is the power. [^ 


Levers are divided into three, kinds t^] 




according to the relative posilions of Fiy. a 
power and weight with res|>ect to the fulcrum. 




\ 
— g- 




r 
• 


^JVff. 60. reprennta a lever of tWflrat kind ; ^fig. 61 


e Isver of 


tbeWecond kind ; a.ndfg- 62. of the third kind. 




1 The equation of equilibrium, demonstrated in Art. 


78, .ppUes 


to all these cases of the lever i thus we have 




PXAF=WXBF. ..(!}, 




and for the mechanical advantage, w^iave 






It will he observed that these equations hold true for all direc- m 


tions of the forces p and w, provided that they act parallel to each | 


other. 


■ 


ttUB. When a series of weights, Pi, Pj, &c., W„ w 


. k, an 1 


suspended from a lever, we have on the ^^ ,^ „^ 


... . 1 


principle of the equality of momenta, i i i 
Art. 81., for the condition of equili- i l j 
brium. ?, * * 


iij 


r,XA,F+P,XA,F+a«!.= Flp 


.,. wM 


W,J<B|F+W,XB,F + &C. 


■ 


^^^^^ 


1 
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Fig, G4 



Compound Lever, 

116. In fig. 64. AC, BiQ, D,R, represent a series of levers, turning 
upon the fixed centres <j£ motion 
B, Q, B. Let p be the power ap- 
plied at A, and w the weight acting 
at E. Put B for the force pro- 
duced at B or Bi, and b^ the force 
produced^ at d or d, ; then in the 
lever ac, we have 

pxac=bxbc; 

in the lever b,q, 

BXBiQ=RiXDQ; 

and in the l^fer DjE, 

H,XDiB=WXER; ^ 

multiplying these equations together, and striking out the factors 
common to both sides of the equation, we find 

PXACXBiQXDiR=WXBCXDQXER, 

and for the mechanical advantage 

W_AC2<^Bi^QXD,R . . 

P BCXDQXER^ ' * * ^ '^^ ^ 

117. !Qppp. To find the conditions of equilibrium, ^c. when the 
direction of the forces are not perpendicular to the lever. 

Let AB be the lever, c its fulcrum, SB-ftie direction of the force 
w, and T A the direction 
of P. From c let fall 
the perpendiculars cq 
and CB upon the re- 
spect^e directions of 
the forces p.and w; then 
we have by the equa- 
lity of moments 

PXCQ=WXCB ...(1). 

Let a= Z. c AQ, and /S= /. cbr ; then 

CQ=AC sin », and cr=bc sin 8 ; 
substituting these values in eq. (1), we get 

PXACsina=wxBOsin/S . . . (2). 

I 
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To find tiie pressure on the fulcrum and ita direction ; leA tliie 
directions of the pressures v \aii w intersect j, 

in D; join D and c; lima i)0 will be di- 
rection of the resultant of v and w, for it 
must be destroyed b; the reaction of Uie 
fulcrum. Put & for this resultant, then by 
Art. 6S., we have 



Fiff. 6 



f-'+w'+2p 



but ADB = I80-(=. + fl), 




■ 


, .-. K'=p2-|^»-9P W 


cosc^+s) ..(3). m 


whence the pre b, 
To find the d ti 

#=ZDCA. T k 

the resultant of d 
horizontatlj, w t 


t>o h f 1 

f h p 
h 
nd 1 


m d ermined. |H 

p the fulcrum: iff 

f h f Icrum opposite to 

g ii p asureiy, w, and r 



bnt aB the lever has no motion, these forces mutually destroy one 
another, or in this case, the difference of the resolved forces of p 
and w must be eaual to the resolved force of r ; hence we get i 

In like manner resolving the forces perpendicularly, ^e gi 
p sioEji+Q sin 0=s Bin <p ; 
hence we have by division 

"it+Qsin/J 






--■■(4)- 



which gives the inclination of the resultant. 

Similar expressions may be found when the lever i 
second kind. 



The Lever when ils weight is tahen into account, 

1I8< Here the weight of the lever acts in its centre of gn 
Let c be the centre of gravity of the lever sr {s,ae,Jiga. 60. and^ 
then we have by the equality of moments : 
For the first kind of lever (see^y. 60.), 

p X AF+wt. lever x cr=w x Br ; 
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and for the second kind of lever (see^. 61.) 

PXAP=wxBPH-wt. leverxcp. 

Put AF=a, BP=^, Bv=q, RP=r, and the weight of a unit of 
length of the lever=w; then wt. lever=wxsR=w(5'-f r), and 
CP=8F~80=3'— J(g'H-r)=^'(5'— r). Hence we find by substi- 
tuting in the preceding equations of moments ; 

pa+^w(^«-r2)=w^ . . . (1), - 

-which is the equation of equilibrium for the lever of the first kind ; 

•pa=w^-h^w (^2-r2) . . . (2), 

which is the equation for the lever of the second kind. 

In eq. (2), if p is appli^ at the ll:tremity s and the fulcrum f 
is at the extresuty b, then q=ay and r=0; and in this case we 
have 

pa=w5+^wa*, 
and P= \-^wa . . . (3).* 

119. If we suppose sb (see^^. 61.) to be a beam supported by 
props at p and a, and loaded with a weight w at b ; then the value 
of p determined from eq. (3) will give the pressure on the prop 
at A. 

To graduate the Lever of the Safety Valve, 

120. Let BB represent the lever ; b its centre of motion ; c its 
centre of gravity; v the valve; and l ^-J^ j \-^'—\ ? — /^j 

the load. '^" — ^ ' ^ ^-^^ 




For the condition of equilibriumjiwe 
have by the equality of moments 

. LXAB+wt. lever xCB 

= (pressure steam on valve— 'Wt. valve} xdb. 

* "Prop, To find a when r is a minimtan, 
T^y differentiatioii, we have 

dp wb , 

W 

2wb 






.* 



-f 
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PRINCIPLES C 



Put 



I, the lengtli of the lever; then iy= 



„ a =AB, the distance of tlie load from b; 

„ b =^T>B, the diatunce of the head of the valve froi 

„ k =:the aectioD of the valve in eq. Inchea ; 

„ p =the pressure of the steam in lbs. per sq. inch 

„ uij^the weight of the valve ; 

„ to =lhe weight of each linear inch of the lever. 
Hence we have, 

wt. lever=9iD ; pressure steam on yalve=Ap ; 
and substituting in the equa^n of moments we get for the con- 
ditions of equilibrium 

i.a+i?'w=(ip-w.,)* ■■■(!)■• 
(I). To determine the load so as to produce a given maximum 

pressure of the steam. 

In this case the load must be placed at the extremity of the 

lever, and therefore a=g, hence we have from eq. (1 ) 



(2). To determine the point A on the 
may produce any given pressure p of the 
Hence from eq. (I) we have 

( tp-..,)t-t}'» 



..(2). 

lever so that the load j 



where it is to be observed that l is given by eq. (2). 
Example. Let Bit=g:=20^ches : db = &=:2 inches 



A=6 8 



=50 lbs. the maximum pressure of the steam; iw=^Ib. ; 

toi =4 lbs. 

To find L. By formula (2) 

i.=C6 X 50-4)^-i X 20 X J 

=27-1 lbs. 

To find a or the point on the lever which will give, for example, 

a pressure 'of 30 lbs. of the steam. Here in eq. (3), we have 

L=27-l, and p=30, 

_ (G X 30-4 ) 2-^ X 20^ X j _ 1 1 ]■ 
.: a- ^^ -_ll-lin., 

which gives the distance of the point from b as required. In like 
r the point corresponding to any other pressure may be de- 



J inLcmMfaokZ. j*.ws3&, I IT 



t e a mil l ed ; bat die t^jiilaqqpe iftiQiMi if rruhsskZSLiL ':& n-icd joan 
eiegaat and expeffizzcns. 



-Xem MeikatL Y'yioL ao. 



rut TtfT 



« *-^ — = ?i 



or pncsEii^ tf^= — - lait ?= 




this equatioa becomeft 



a» be die diacuice ic ^ire Lufti zr:iii i* "r'lez. tht? rresscre is 
i«i*, and <i,^- die di^cuoaK v^en. ae iris^ir^ 3 *— 1 f, 
haTC bj eq- (4) • 



hi 



•J m 



which expresses the inieml cei ibr I-t-et cerr^irn th^ pres?:ires 
fip and («-t-l) P- B:it ihif eiiceifiic- r-eii^ inifr-en-i-en: of /«. 
shows that the interr^oa iLe le^ c-enr^:: ihr rrt5*an?s f, 2f, 
3p, &c. are equal to one asiiiher. Hivinz d-=:trniinrd the point 
on the lever corresponding to anj pr:'j[:*:«=ei pressure of the >team 
by either of the first two eqoadcns. the Luterral on the lerer cor- 
responding to anj given interval or" pressure mav be found froim 
eq. (o> 

Taking the data in the ^regoing example, let it be required to 
find the interval on the lever corresponding to every o lbs. pre^ure 
of the steam. 

Here by eq. (5), we have 

bk 
The interval of 5 lbs.= — . p 

L 

= ^r^=-^x 5=2-214 in. 
271 

Now we have already found that the load placed at the wt- 
tremity of the lever produces a pressure of 50 lbs. ; therefor^ by 
marking off 2-214 in. along the lever from its extremity, wo shall 
find the points corresponding to the pressures of 50 lbs,, 45 llvs,» 
40 lbs., 35 lbs., &c. 

1 3 ^ 
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122. To determine the true weight o^ bod; bj means of a false 

balance. 

♦ In a false balance the arms of the beam are of unequal length. 
Let a =the length of the long arm ; 
„ b= „ „ short arm ; 

„ w^the true weight of the body ; 
„ p =;tto weight of the body when placed in the scale 



the lever. 



attaclied io the long 
light when placed i; 
both cases, we 



opposite scale, 
ave hy the principle of 



multiplying these equations together 

■w'ab = ppab, 

which gire the true weight required. 

123. To find the force necessary to diaw 
small obstacle. 

Let be the centre of the wheel, p the 
obstacle, W the weight of tA carriage^ 
acting through the axis 0, op the direc- 
tion of the traction p. From f draw 
FA, FB, perpendicular to the direction of 
the forces p and w. Now, in order that 
the wheel may turn over the obstacle, it 
must turn round f as a centre of motioa ; 
hence we have, by the quality of moments. Art 117. 




Here r will be a minimum when fa is a maximum, that is, 
when FA equals fo or when op is perpendicular to fo. 

Put r=OF the radius of the wheel, and A=db theJteiglit of the 
obstacle, and (i=/.foa; then the preceding condition becomes 

__ .v-(^-i). 



VK-t)^ 



-Ti, nearly. 



I lAP. VI.] MXCHAMCAl. POWERB. 119 

because A ia small as compared with t. Hence it appears that the 
jjower necessary to draw the carriage over an obstacle (other 
things being the same) varies inversely as the square rMt of the 
mrllus of the wheel. 

124. The principle of the cquaUty of work as applied to the 

(1). Letpwbe a straight lever acted upon by the pressurei 
p and TV applied perpendicularly 
to the lever. Now when the 
lever is moved to the position 
pic, the pressure p has : 
over the arc vp, while ^ 
moved over ww; 



Fig. 6 



.*. Work of p=pxarc P^, and work of w= 
but by the principle of the lever, Art. 114., 



X arc w 10 i 



:s centre c, by the action 




that is, workof p=work of w. ■ 

(2), Let the bent lever aob turn u 
of the forces p and w applied ob- 
liquely to the armsOA and CB. 

Let CQ and cr be perpendiculars 
from the centre of motion c, upon 
the directions of the forces, and let 
the lever ACBbe moved into the 
sar to the 
! perpen- 
dicular to PA produced ; then Tfhite 
the extremity a of the arm ca describes the arc a 
will have moved, in the line of its action, through Ae. Now when 
the change of position is indefinitely small, the circular arc ao be- 
comes a straight line perpendicular to ca, and a ea is a right-angled 
triangle; moreover, if An he the apace moved over by the ex- 
tremity of the arm ca, tlie space moved over by p, in the direction 
pe of its action, will be Ae, 

Because Zcau is a right angle, theZ.ffAe is equal to the 
^ ACQ, and the triangles Aea and acq are equiangular, 

Aa_Ae _space moved by p 



1, the force p 
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In like manner we bare 

b6 space moved by w , 



space moved by p_space moved by w , 

■■ OQ CK 

now by the equality of momentB, Art. 117., we have 

^ PXCQ=WXOR; 

multiplying theae equations together 

p X space moved by p=w x apace moved by w, 
that is, work of p=work of w. 

Now as this equality will be true for any number of small 
motions that may be given in succession to the lever, provided 
only the forces are constantly in equilibrium, it follows that the 
equality will hold true for auy definite motions that may be given. 



Wheel and Axle. 

US. Thia mechanical power is only anothi 
where the power ia made to act without 
simple form, it consists of a horizontal 
axle A and large wheel n, which turn 
upon two pivots supported in gud- 
geons. ^. cord wrapping round the *j 



form of the lever. 



Fip. TO. 



axle A Bustains the weight w, i 
another cord wrapping round the 
wheel R, in a contrary direction, b 
tains the power r. These forces al- 
ways act in the direction of a tangent 
to the circle. Here the leverage of 

the power is the radius of the wheel, and the leverage of the 
weight is the radius of the axle ; hence we have 
p xrad, wheel=^wxrad. axle, 
and for the advantage gained, 

w_rad. wheel , , 

p rad. asle '■"'•■'" 
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126. This figure represents a combination of wheels and axles. 
F is a wheel, to which the power ^ 

p is applied, and bc its axle 
taming upon a common axis; 
AD another wheel, with its axle 
£ sustaining the weight w. 

Let R=the radius of the wheel 
F, and r=the radius of its axle 
BC ; B|=the radius of the wheel 
AD, and r|=the radius of its axle 
E ; Q=the force of tension pro- Fig, 71. 

duced on the cord ca; then we have for the conditions of equili- 
brium 

p X R=Q X R, and q x R|= w x Tj, 

and multiplying these equations together, 

p x R X Q X Ri=Q X r X w X ri, 

/, P X R X Ri= w X r X r, . . . (2) ; 

thus it appears that the power multiplied by the radii of the 
wheels is equal to the weight multiplied by the radii of the axles. 
127. In the compound wheel and axle, represented in ^g. 72. 
let R=the radius of the large axle a; 
r=the radius of the small axle d; 
and /=the length of the handle po. 
Now as the weight w is suspended by 
the two cords CD and ab, they will 
each have a tension of ^ w, hence we 
have by the equality of moments 

p X Z+^w X rr=^ w X R, 

• 1L=1L (i) 

p R — r ^ ^ 




Fig. 72. 



which is the expression for the advantage gained. Tliis evidently 
increases with the smallness of the difference of the radii of the 
axles. 



Cogged or Toothed Wheels. 

128. Let D be a cogged wheel turning upon the same axis as 
the wheel c ; Q another cogged wheel, acted upon by the former, 
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and turning upon the same axis as 
the axle i. From the wheel c ia 
suspended the weight p, and from 
the axle i the weight w ; then 
while F deecends, the wheel c and 
the eog D will be turned from right 
to left ; but as every tooth in the 
cog D is being turned round, a cor- 
, responding tooth in the cog Q will 
be turned in the oontrnrj direction, and thi 
coiled up upon the asle i, and the weight w 

Let R=the radius of the wheel, A ; r=the radii 
wheel D ; K|=the radius of the toothed wheel Q 
of the axle I ; then proceeding as in Art. 126., ' 
conditions of equilibrium 

and for the advantage gained, 

J=i^'... (2). 

Let «:=the number of teeth in d, and 7i,^the number in q; theft ' 
since the number of teeth in the wheels are proportional to their 

radii, we should have --=— ; hence cq. (2) becomes 



Fig. 73. 



the cord iw will be 

ill be raised. 

>f the toothed 
=^lhe radius 
have for the 



tj; theft * 
to their 

eel and I 



J = =~=...(3). 
The principle of the equality of work applied to the takeel a 

129. As an example, let us take the combination of wheels and 
axles described in Art. 128., see fig. 73. 

Let tlie axle i, with its toothed wheel q, turn round once ; then 
adopting the notation of Art. 128., we have 

,- . - -., -. ■> . , No. teeth in Q 

Wo. turns of A with its cogged wheel ~ " 



No. teeth ii 



.'. Space moved over by w=2Tr„ 
and „ „ „ byP=2^RX— . 

.". Work w=wx2!r7-|, 
and Work p=px — ~-. 
Now by multiplying eaeh side of eq. (1), Art. 128,, by —, 



1 

wo set I 
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Work p=work w. 

If the wdghu, in the foregoing problems, be moved, their com- 
mon centre of gravity vnll neither ascend hot descend. 

130. Suppose the weights to be placed so that their centres of 
gravity shall lie in. the same horizontal line, then their common 
centre of gravity wili also lie in this line. Now when they are 
moTed from this position, we have, by the equality of work just 
established, 

p X space moved over by p^w x space moved over by w ; 
bence it followa, see Art »a., that the common centre of gravity 
of the two weights, in this new position, must lie in the horizontal 
line in which they were at first placed. 

The same principle may be demonstrated for any other com- 
bination of wheels. 



The Pdlley. 

131. A pulley consists of a small wheel having a round groove 
made in its circumference for receiving a cord ; this wheel is 
placed in a frame called the block, and turns on an axis resting 
between the aides of the block. The pulley is said to be fixed or 
moveable, according as its block is fixed or moveable. There are 
Tarions combinations of pulleys ; in all of them a force called the 
power (p) is applied to the first string, and this sustains another 
force, called the weight (w), applied to the last string. 

132. In the annexed system, there are |, , 

two moveable pulleys, a and b, and one 
fixed pulley q. Here the string to which 
the power is attached passes over the fixed 
pnlley Q, then round the moveable pulley 
A, and has its extremity fined at t. Ano- 
Qier string is attached to the block of the 
pnlley A, then passes round the moveable 
pulley b, and has its extremity fixed at N, 

Here pqrat, being a continuous cord, 
will he stretched equally throughout tlie 
whole of its length ; and the cords Ait and 
BT will each have a tension of p lbs. ; and 
therefore a weight of ^plbs, must bo 
saspended from d ; in 1 
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^ 
k 



.(2). 

e should have, 



DBLN is a continuous cord, LNand bd will Lave the same tension, 
that is, each of them wiU Lave a teoaion of 2plb8. ; aad therefore 
a weight of twice Splba., or 4plbs., muat be suspended from k; 
that ia to say, in the system represented in_^^. 74., we hnvew=^4p. 
Thus it appears that every successive moveable pulley doubles the 
weight that would be sustained by the preceding pulley. If » 
therefore, be pnt for the number of moveable pulleys, we have 
W=2T . . . (1). 

133. Let us now take the weights of the pulleys into account ; 
and, for this purpose, put «)=the weight of each moveable pulley; 
then 

Weight suspended from d, or tension cord dbln=2p— ic, 

hence we have in this case, 

=2'ip-(2s-l)w7 . 
And if there were « moveable pulleys, n 

w=2T-{l+2+2a+ ... +2--'l« 
=2"p-(2'-l)w...(3). 

134. In this system (see ^.75.) a single or 
continuous cord passes round the wheels, there- 
fore every portion of the cord must have the 
same tension ; but w hangs by six cords, there- i 
fore each cord will carry one-sixth of the weight 
W, and consequently the power P must also be 
one-sixth of w ; that is, w^6p. 

For oilier systems of pulleys, see the Author' 

" Elements of Mechanism," and " Exercises o 

Mechanics." 

Fig. 7 a. 

135. To find the relation of p and w in a single moveable pul- 
ley A, when the cords AC and ab are not parallel to each other. 

Here as the cord pcab is continuous, it must have the same 
tension in every part, therefore the cords 
AC and AB must each have a tension of 
plbs., and the vertical line ak, in which 
the weight w acts, most bisect tlie angle 
CAB. Puta—/.PCA=^CAK ; then the ' 
force P, acting by AC, resolved in the ve 
tieal direction AK is equal to pcosa, ar 
the force p acting by ab, when thus r 





Fiff.76. 
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solved, will produce the same result. But w, acting vertically, 
will be equal to the sum of these resolved forces ; hence we have 

W=2PC0Sa . . . (1), 

which is the equation of equilibrium. 

The Principle of the Equality of Work applied to the Pulley. 

136. As an example, let us take the system of pulleys repre- 
sented in^^. 74. See Art. 132. 

Let w, with its pulley b, ascend A feet ; then, because of the 
double cord, ln and bd, the pulley a will ascend 2h feet, and 
therefore the cords st and ab will each be shortened 2 A feet, and 
consequently p will descend 4 A feet ; hence we have. 

Work p=px4A=4p xA ; 
Work w and the blocks=wA+irA-f m? x2A 

=(w-I-3m?)xA, 
but by eq. (2), Art. 133., 

4p=w+3tt? ; 
.% 4pxA=(w+3tf>)xA; 
that is, 

Work P=work w and the blocks. 

137. If the weights in the foregoing j^roblem he moved, their 
common centre of gravity toill neither ascend nor descend. 

We shall here show this to be true, independently of the prin- 
ciple of work. See Art. 112. 

Assume h j as the axis of moments ; put ^^ for the distance of 
w from H J, ^ for the distance of the pulley b^ a for that of a, k for 
the distance of p, and x for the distance of the common centre of 
gravity. Suppose w to be raised A feet, then b will rise A ft ; a 
will rise 2 A ft. ; and p will descend 4 A ft. Let x, be put for the 
distance of common centre of gravity in this position, and m for 
the weight of the whole mass ; then we have, by the equality of 
moments, 

X X M=W5'+w?ft+w?a+pA, 

X, xM=w(9-A)+M?(6— A)+«i?(a--2A)-fp(A-f4A) 

=W5'+i^^-ft^;a+pAH-4PxA— (w+3tf>)xA 

=xxM+0; 

/. Xi X M=x X M, or Xi=x ; 

that is to say, the distance of the centre of gravity from hj re- 
mains the same. 
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The Inclined Plane. 

138. When a heav^ body rests upon a bard horizontal sur&ca, 
the force of gravity, acting vertically iHion the body, produces a 
pressure perpendicular to the plane; in this case the nhole weight 
of the body is expended in pressing upon the surface of the plane. 
But if the plane be inclined to the horizon, tite force of gravity, 
acting vertically upon the body, will give rise to two forces, one of 
which acts perpendicular to the plane, and thereby produces a 
pressure upon it ; the other acts parallel to the plane, and tends to 
move the body down it, 

139> To determine tlie perpendicular pressure which a body 
produces on on inclined plane, and also to determine the tendency 
which the body has to descend the plane, the friction of the plane 
being neglected. 

Let a be tbc body placed on the inclined plane abo. Put 'vr=- 
the weight of the body, p=the pressure necessary , 

to keep the body from descending, B=the perpen- 
dicular pressure on the plane, a=:the inclination of 
the plane, or the angle bac. Draw the vertical 
line ac j take the units in ac equal to tiie units of 
weight W; draw ak perpendicular to ac, and ck * 

parallel to it, and complete the parallelogram of pressures nkce; 
then the vertical pressure produced by the weight of the body 
represented by ac is equivalent to the two pressures ae and ak, 
tbe pressure ae being the force which urges the body down the 
plane, and ak that which produces the perpendicular pressure on 
the plane. 

By the similar triangles aec and abg, we have 



but tc=aA=B, and a 



,w.-,..(l). 

o, hence we also have 
i- cos a . . . (2), 
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which giTe the ezpresfiioiis for the perpendicular pressure of the 
body on the plane. 



In like manner, 



ac AC 
ae""Bc' 



but ae=:py and ac=w, 



w 
p' 



AC 



length of the plane 
height of the plane 



. . . (3). 



BC 
.-. P= W . — 

AC 



__ height of the plane ... 
"" lenficth of the plane ' * * ^ ^ 



plan< 



BC 



but — =sin cu hence we also have 

AC 



p=W sin a . . . (5) ; 

eq. (3) is the expression for the advantage gained ; and (4) and 
(5) are the expressions for the tendency which the body has to 
descend the plane. 

140. To find the conditions of equilibrium when a body^ whose 
weight is w, is supported on an inclined plane by a force p whose 
direction makes a given angle )3 with the plane. 

Let ac represent the weight of the body in direction and mag- 
nitude, and av that of the pressure 
P. Draw ak perpendicular to the 
plane, and complete the parallelo- 
grams of pressures shown in the 
figure ; then by resolving the pres- 
sures, p and w, parallel and perpen- 
dicular to the plane, we have Fig. 78. 

p resolved in the direction of the plane=ar=p cos /3. 
w „ „ „ =ae=w sin a. 

p resolved perpendicular to the plane=.a*=p sin /3. 
w* „ „ „ =raA=wcosa. 

/• Perpendicular pressure on the plane =a A— a 5, 
that is, R=w cos a— p sin /3 . . . (1). 
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And when the body is in equilibrium the resolved pressures, 
ar and ae^ must destroy each other, that is, they must be equal ; 

.*. p cos /3— w sin a=0, 

w cos )3 



or -= 



. . . (2). 



p sin a 

Eliminating p from eq. (1), we have 

sin a . sin /9 

R=w cos a— w -^ i 

cos /S 

=w-^2i^> . . . (3). 
cos /S ^ ^ 

141. To find the conditions of equilibrium when a body is sup- 
ported on an inclined plane by a pushing force (p) acting hori- 
zontally. 

Let ac represent the pressure pro- 
duced by the weight of the body in 
direction and magnitude ; draw ak 
perpendicular to AC ; and complete 
the parallelogram of pressures; then 
a e will represent the pressure p ; and 
the pressures p and w, acting so that 
the body may neither move up the 
plane nor down the plane, will pro- 
duce the resultant ak perpendicular to the plane. Because the 
line ac is parallel to ab, the triangles akc and abc are similar, 
and 




Fig. 79. 



t • 



ac__AB 
ck cb' 



but ac=w, and c^=ac=p, 

base of the plane 



W AB 

* — ^= — or — ~ 
• • p c B* height of the plane 



... (1); 



, AB 

but — =cot «, 

CB ' 






w 



= COt a . . . (2). 



In like manner, 



ac 
ak 



AB 



AC 

_ . w AB base of the plane 

that IS, — ^T-z* or = p ^u 1 

R AC length of the plane 



=cos a . . . (3). 
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142. To find the conditions of equilibrium when two weights 
p and w, rest on two inclined planes, a c and B c, ^ 

having a common summit o, the weights being 
connected by a cord going over a pulley at c. 

Here the tensions of the cords, ci- and cw, 
must be equal, and consequently the tendencies 
of F and TT down their rcspectifc plunes must 
be equal ; hence we have, by cq. (4), Art. 139., 

Tendency of P down ca=p . — , 



Fig. 8 



Tendency o 



a sustained. 



... :i=t^,,.m. 

P AC ^ ' 

be weights are proportional to the length of the planes 
a which they respectively rest. 
T/ie priticiple of the equality of work applitd to the inclined 

143. First, let the cord, dw, by which the w 
be parallel to the planeAC. Now let w move 
from A to a ; then w will have moved through 
the space bc in opposition to gravity ; at the 
same time p will have descended a vertical 
space eqoal to AC ; hence therefore 
Work of w^=wxBC and work of p=pxai 

But wa have by eq. (3), Art. 139., — = -, 
or, PXAC=WXBC, 
that is, work p=work w. Fig. ai, 

144. Supposing motion to be given to the weights, fkeir common 
centre of gravis neither ascends nor descends. 

Suppose the weights to be placed so that their centres of gravity 
shall be in the same horizontal line, then their common centre of 
gravity will also lie in this line ; now when they are moved from 
this position, we have, by the equality of work jast established, 

pxvertical space moved over by p=w x vertical space moved 
overbjwi 




centre of gravity of 
ital line in which they were 
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hence it follows by Art. 90., that the 
the two weights must lie in the horizi 
at first placed. 

145. Second, suppose tlio cord dw to form 
any angle dwo (ji) with the plane, 
move over the very small space wh 
describe the arc wg, and draw wh parallel to 
AB and ink porpendiculftr to it ; then the cord 
WD will be shortened a space equal to wy, and 
p will therefore descend a space equal to w^; 
but w will ascend a vertical space equal to tuft. 

Now when wio ia indefinitely small, the arc 
lep becomes a straight line perpendicular to 
WD; hence we have 




Vertical space through which P deBcenda=W5 



Vertical space through which w ascend8=wA 



,". Workp=p cos 3 X WW, and work w=w sin axww. 
Now we have by eq. (2), Art. I40., for the equation of eqol 
brium 

PXCOS^=WXBina ; 

.*. p coa/3xww=w Bin axwuj; 
that isj work p=work w. 



The moveable Inclined Plane, ok Wedge. 

U6. Let ABC represent a moveable inclined plane, or 
sliding along the surface hr by the ^^. 

force of a, pressure p applied to the 
back BO of the wedge in a direction 
parallel to hr ; and let w be a heavy 
rod resting upon the inclined side 
AC, and constrained to move in a 
vertical direction. 

Here the weight w acts vertically, ^s- S3, 

and the power p horizontally; hence we have, by eq.{I), Art,14l 
for the conditions of equilibriunj. 
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w_AB__ length of the wed^e .. 

p ~~c B thickness oi* the wedge ' ' ' ^ ^' 
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147. K we suppose the direction, wdk, of the resistance to be 
at right angles to the inclined side ac, 
then we have, by resolving the force 
w into the horizontal direction hr, 

wcos Z.WKA=P; 
DUtCOS Z.WKA=8in Z.BAC = — ; 




Fiff. H-i. 



BC 
.*. W . — =P; 

AC 

w_AC_ length of the side 
p BC~ thickness of the back ' 



.(2). 



The Principle of Work applied to the Wedge. 

148. Here, in Jig, 83., whilst the power p moves over ba, the 
weight w moves over bc ; hence we have 

Work p=p X ab, and work w=w x bc ; 

but hj eq. (1), Art. 146., we have, for the equation of equilibrium, 

PXAB=WXCB; 

that is, work p=work w. 



The Screw. 

149- In this simple machine, the power moves in a circle whoe^e 
radius is the length of the lever, or arm of the screw, whilst the 
weight or resistance is moved in a right line, having the direction 
of the axis of the cylinder on which the threads of the screw are 
formed. A screw may be regarded as a moveable inclined plane 
formed upon the surface of the cylinder ; for if we suppose one 
revolution of the thread to be unwrapped it will form an inclined 
plane, in which the circumference of the cylinder will be the 
length of the plane, and the distance between the threads the 
height of the plane. 

Ijet cname be a spiral groove cut upon a cylinder after the 
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!r just described; CD the axis upon wUich the cylinder turns; 
AB a rod parallel to the axis ^ ^ ^ 

CD, and having a pin or tooth 
c fitting the groove of the 
screw. Now when the handle 
CP is turned in the direction 
of the arrow, the pin c, with 
its rodAB, is moved towards 
the right ; so that in one revo- Fig. 85, 

lutioQ the pin will have moved from c to n, the distance between 
the threads of the screw, and in the second revolution it will have 
moved from a to e, and so on. The rod AB will thus be moved in 
D rectilinear path, parallel to the asis c D. 

Let p^ the power applied to the lever cp; 'w=the re^tonce 
acting in the direction ab; Q=the force equivalent to f which 
must be applied at the surface of the cylinder ; r^the radiuB of 
the cylinder; a=the length of the lever cp; then we have, by 
the principle of the moveable inclined plane. Art. 146., 



Q distance between the threads 
_ circum. cylinder 

distance between the threads ' 
and by the principle of the lever, 

therefore by multiplication, we get 



p distance between the threads 

circum. described by p 

distance between the threads' 
Now, in this investigation, we have supposed the whole of the 
resistance to ba applied at one point of the thread of the screw ; 
but it is obvious, that we may suppose this resistance to be spread 
over the thread without in the least affecting the result. 



The Endless Screw, 
ISO. When the threads of a screw ore made to act upon the 
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wffth of a wheel, as in/p. 86.. tbe 
io*dliaiiism ia called tbe endless 
ao-e'w. Let a = the length of the 
te»«f A p i d = the distance be- 
Ween the threads of the screw ; 
Ku i"! = the radii of the first wheel 
and pinion ; b„ r, = tbe radii of 
tte second ; b,, rj = the radii of 
theUiird; then 

The advantage gained by the 



^The advantage gained by the 
' first wheel and pinion ^ — , 



L*. Total advantage gained o 




EXEBCISES FOR 1 



On the Mechanical Powers. 

1. A uniform lever / feet long has a weight w lbs, suspended 
from its extremity ; it is required to find the position of the ful- 
criun, when the long end of the lever balances the short end with 
the weight attached to it, supposing each unit of length of the lever 



Ans. ; 



- the short a 



tobe^lbe. -■■■ 2(^i+hi)~ 

2. A lever, I feet long, is balanced when it is placed upon a 
prop J- of its length from the thick end ; now when a weight of 
w lbs. is suspended from the small end the prop must be shifted 



J feet towards it, in order to 



equilibrium ; required the 



wraght of the lever. Ans. Jw. 

3. A lever, I feet long, is balanced on a prop by a weight of 

W lbs. ; first, when the weight is suspended from the thick end 

the prop is a feet from it ; secondly, when tlie weight ia suspended 
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from the small end the prop ia b fe«t from it ; required the weight 

of the lever. Ans. ^j '^^\ lbs. 

4. The forces p and q act at the arms a and b, reapectively, of 
a straight lever. When r and cj make angles of 30° and 90° with 



26av 



- when equiiibrii 



the lever, show that v= 

5. Supposing the beam of a false balance to be uniform, a and 

■ b the lengths of the arms, p and q the apparent weights, and w 

the true weight ; then when the weight of the beam is taken into 



6. If a be the length of the short arm, ii 
must be the length of the whole lever, whei 



Example 1., what 
equilibrium taltea 



...V^^ 



7. A beam, / feet long, and weight w lbs., is supported at its 
extremities by two propg, a and b ; a weight of w 
at a feet from a, and another weight w, at a, feet from i 
quired the pressure on each prop. 

wa + w 



Ans. Pressure on b 



N 






w(t-»)+w,(i-a,) 



8, Two given weights, P and Q, hang vertically from t\io 
points in the rim of a wheel turning on an axis ; find the position 
of the weights when equilibrium takes place, supposing the angle 
contained between the radii drawn to the points of suspension to 
be 90°, and that 6 is the angle which the radius, drawn towards 
p'g point of suspension, makes with the vertical. Ans. tan 9=—. 

9, What is the ratio between the radii of a wheel and its axle, 
when a lb. balances a cnt. ? Atis. 112 to 1. 

10, In the combination of wheels and axles represented by _^'y. 
128., if a be the advantage gained by the first wheel and axle, and 
a, the advantage gained by the second ; show that the whole 
advantage gained is a x n,. 

11, Show from eq. (I), Art. 127., that the principle of work 
applies to the compound wheel and axle. 

12, Demonstrate the principle of work (see Art. 136.) as applied 
to some other syateni of pulleys. 
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13. In the puUejB represented in,/^. 76., Art. 135., if theuords 

going round the moveable pulley, form an angle of 120°, then 

14. In the annexed system of two moveable pulleys, the cords 
at each pulley are inclined 60° to each 
other; show that w=3 p. 

Derive the same result on the principle of 
■work. K there are w such moveable pulleys, 

show that w^3'p 

15. A power of plbs., actiug parallel to 
an inclined plane, austnioa a weight of 
2r lbs.; required the inclination of the 
plane to the horizon, and the pressure oa the 
plane. Ans. Inclination=30°, and pressure Fig ^T^ 
=l-733plb8. 

16. What must be the inclination of an inclined plane so that 
the pressure upon it may be equal to one half the weight ? 

Am. 60". 

17. The base of an inclined plane is 8 feet, the l»ight 6 feet, 
and w=IOcwta. ; required p, and the pressure on the plane. 

Ans. 6 cwts., and pressure=8 cwts. 

18. A weight is supported on an inclined plane by a cord as in 
Jtg.l^., Art. 140.; when the inclination of the plane to the horizon is 

30°, and the inclination of the cord to the vertical 30°, show that 
■w=px^3. 

19. In the common vice, if a be the advantage gained by the 
lever, and a, by the screw ; show on the principle of the equality 
of work, that axa^ is the total advantage of pressure gained, 
friction being neglected. 

20. Demonstrate the formula given in Art. 130., assuming the 
principle of the equality of work to be true. 

21. Two given forces, p and Q, acting at the extremity of a rod 
moveable freely round its other end, keep it at rest. When the 
direction of one of the forces is given, show how the direction of 
the other may be found. 

22. A uniform heavy rod, weighing wlbs., is supported in a 
horizontal position by two equal strings attached to its extremities 
and to a fixed point, the rod and the strings forming an equilateral 

triangle. Bequired the tension of one of the strings. Atu. —-- . 

23. The directions of two forces, p and Q, which act on a bent 
lever and keep it at rest, make equal angles with the arms of the 
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lever, which are a and b feet respectively; required the ratio of p 

to Q. j4w*. - = j. 

24. Two weights keep a horizontal lever at rest ; the pressure 
oa the fulcrum is lOlbs., the difference of the weights is 41bBq 
and the difference of the lengths of the arms is 9 inches ; required 
the weights, and the arms of the lever. Ans. The weights Slbs. 
and Tibs. ; and the arms 6J in. and 15f in. 

25. A weight of 15 lbs. is supported on an inclined plane bj a 
power acting parallel to the plane. The pressure on the plane is 
91b3.; required the power. Ans. 121bs. 

26. A weight of wlbs. is sustained on an inclined plane bj a 
string parallel to the plane and fix.ed to the extremity of one of 
the equal arms of a horizontal lever, to the opposite CKlremity of 
which is attached a weight of Qlbs. ; required the inclination, «, 

of the plane. Ans. sin *=— . 

27. A weight of wlbs. is ampended from the block of a eingle 
moveable pulley, and the end of the cord in which the power acta 
is fastened tit the distance of b feet from the fulcrum of a hori- 
zontal lever, a feet long, of the second kind ; required the force q 
which must be applied perpendicularly at the extremity of the 

lever to sustain w. Ans. <J=-s- - 



APPUOATIONS. TENSIONS OP CORDS, ETC. THRDST OF BEAMS. 

PRBSaHRES. OP ROOFS. EQUnreBIDM op STKCCItrBBS. THEOET 
OF ARCeES. WORK Df MOVING A BODY ON AN INCLINED PLANE, 
WORK D) RAISING MATERIAL HAVING A QIVEX FORM. WORK IN 
OVERTURNING BODIES. RELATIVE TO THE ANGLE OP FRICTION. 



ISl. TENSIONS OF CORDS, eto. — THBUST OF BEAMS, eto. 
1. A platform ab, taming on a hinge at d, is supported from 



fatling by meaoa of a cbain or cord 
AD, fixed to a, book at D in the same 
vertical line with B ; a weight Q is 
placed on the platform : it is required 
to find tbe tension of the cbain, or 
the force tending to break it. 

Here tbe platform ab may be re- 
garded as a rod or lever turning on 
B as a centre of motion. The pres- 
Burefl tending to move the lever tfoumwan 
tbe weight of the lever itself acting in 
middle point c. The pressure tending to 
is the force p stretching tbe cbain ad, a 
lererage bo, tbe perpendicular let fall 
luoments B. Now as these forces are 




t are the weight Q, and 

a centre of gravity or 

love the lever upwards 

ting with tbe effective 

on A D from tbe centre of 

supposed to balance each 

other, we have, by the equality of moments, Art. \\7^ 



Tension chain or p X 



triangles, abd and aob, bo= - 

stituting these values, we have 



=wt. QXQB+wt. platformxCB. 

), Hi=the weight of th^ platform, 
,". CB— j- AB=^a, and by the similar 

ABXBD oA , , , 

— — ; hence by sub- 



•/d' + A' ' 



Or thus. 
Let 6= z. BAU, then bo=(( sin (f, and i 



: this case the equation 



To find e wlien the tension of the ojiain is given, we have 



2. To find the' pressure on tbe binge in the last problem 
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Let c be the common centre of gravity of 
the platform and the load placed upon it. 
Put w=the weight of the platform and the 
load upon it, o=ab, /»=dw, c—kc, r, ac 

Draw CO perpendicular to ab cutting ad in 
o; then as co is the direction of the pressure 
w and oD that of the forca stretching the 
chain, no will be the direction of the pressure 
Art. 68.). Take on equal to the units 



parallelog 



I of pressures i 

To find the angle abo. 
From the similar triaugleij 



then the i 
the hinge. 



on the hinge (see 
and construct the 
its in or will give 



which gives the direction of the presaui 
To find the value of or. 



ind from the similar o 



which gives the amount of pressure upon the hinge. 

3. A rope ad supports a uniform pole 0», resting oi 
at o, and carrying the weight W, suspended 
from D ; it is required to find the tension of 
the rope, &c. 

Let OP he perpendicular to ad, ob and 
DN perpendicular to an ; 

then taking o as the axis of moments, we 



tension rope x 

Put AO = i, Ol 



p=wxoN-|-wt. polexOK 

=a, e=/NOD, ^ -t^uDA 
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thea or»=a sin a, ON=a cos 0, or=^on=J a cos 0, and wt. pole 
=^ » lience we have, bj substituting these values and reducing, 

cos 6, , V ,_. 

tension rope=-. — (w-f-^w) . . . (1). 

When the rope ad is horizontal, as in fig. 91., a=0, and -^ — ^r 

*^ •'^ sin 6 

= Cot 0, in this case eq. (1) becomes ^ d 

tension rope = cot 6 (w+^w) . . . (2). 
This expression increases as 6 is decreased, 
and when is very small the tension of the 

rope becomes very great, which shows the 

danger there is in breaking the rope when the ^ R 

inclination of the pole to the horizon is small. ^*^' ^^' 

To find the thrust upon the pole, when its weight is neglected. 

Here the three forces which maintain one another in equilibrium 
are, the weight w acting in the vertical line dn, the tension of the 
cord DA, and the thrust on the pole do. Take Dn equal to the 
units in w, and construct the parallelogram of pressures Dnie; 
then the units in De will give the tension of the rope, and the 
units in Di the thrust upon the pole. 

Now from the triangle dwi, we have 

DI 8inZ.I«N COSZ.OAD 

Dn sin^Din sinZ.ODA' 
put a=Z.ODA, and /3=Z.oad, then 

w COS 3 
Di = — -. -y 

sm a, 

"which gives the thrust on the pole. 

When the cord ad is horizontal /3=0, and then 

w 



DI= 



Sin a. 



This expression is a minimum when sin a is a maximum, that 
is, when a =90° ; and as a is decreased the pressure on the pole 
is increased, which shows the danger there is in breaking the pole 
when its inclination to the horizon is small. 

4. A beam pb is suspended by two cords, fa and bh ; it is re- 
quired to find the tensions of the cords when the beam is at rest. 
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Let be the centre of gravity of the beam ; pro- 
duce the directiona of the cords until they intersect 
in K ; join kc ; then this line will be vertical, being 
in the direction of the force of gravity acting on 
the beam. Take ei equal to the unite of weight in 
the beam, and construct the parallelogram of forces 
iNKV; then the units in kn will give the tension 
of the cord af, and the units in sv that of the 
cord HB. 

Put w=Ki the wt. of the beam; a=z.ARC, and p= 
then from the triangle i 




which gives the tension of the cord af. Similarly v 
tension of the cord h b, 



5. A gate ah is supported by a pin turning in a soclset at O, 
and prevented from falling in the direction ad by a Look and loop 
at A ; it is required to determine the pressure on the pin o, &o. 

Let DO be a vertical line passing through the 
centre of gravity of the gate, and ad the hori- 
zontal direction of the force tending to draw the 
hook out of the wall. Join do, then this line will 
be the direction of the pressure on the pin (see 
Art. 68-). Take i>c=tD the units of weight in the 
gate, and construct the parallelogram of pressures; 
then the units in dq will give the pressure on the 







Now from the similar triangles b 



Fiff. 93. 

p and D<jc, we have 



Put h=OP, i — FD, 

jD= \^^+h\ and 



; the wt, of the gate; then 



which gives the pressure on the liinge. 



CHAP. TU.] APPLICATIONS. — STABILITY OP STRDCTURE. 

If e= Z.DOT, then tan 6=- . 



ISZ. STABIHTY OF STRUCTUKE. 

1. Let AC be the vertical section of a, pillar, having a squt 
base, acted upon bj a horizontal preesure p ^ 
applied at the upper edge, to determine the 
conditions of equilibrium, euppoaing the pillar 
to be overturned on the edge a. 

Let Qff be a vertical line paesiag through * 1/ u 
the centre of gravity Q ; put a=AB the side of Fij. M. 

the base, A=bc the height, and !o=the weight of each cubic foot 
of the material ; then we have, by the equality of momenta, 
PXBc=wt. pillar xAjf, 

or p X h=a'hv> X ^, 



Now as this espresaiou is independent of A, it follows that all 
square pillars standing on equal bases require the same force to 
OTerturn them, whatever may be their perpendicular heights, pro- 
vide that force is applied at the top or at the middle of the pillar. 
Hence the force of the wind, tending to overturn a structure, 
increases with the height ; because the pressure of a given wind, 
other things being the same, is applied at the middle of the pillar, 
and its force is proportional to the height of the pillar. 

2. To find the point at which the pressure p must be applied, so 
that the pillar in the last problem may be upon the point of sliding 
at the aame time that it ia upon the point of being overturned on 
the edge a, the coefficient of friction being _/l 

Let w=tbe wt. of the pillar, a=the side of the base, and x= 
the height at which p must be applied ; then a^ p must be equal 
to the resistance to fi'iction, we have 
P=/W; 
and from the equality of moments 
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3. Sup|)OBe the base of the pillar in Prob. 1., Art. 1S2., to be a 
rectangle, whose area =a, and breadth AB=«i thea we get 



Here the force necessary to oserturn the pillar increases with 
the breadth of the base when its area is constant, 

,4. Let OKHF represent a pillar acted upon by a pressure r, in 
the direction py, to determine the con- 
ditions of stability, &c., supposing the |, e rji^ 
pillar to he overturned upon the edge o. 

Take ET a vertical line, passing 
through the centre of gravity of the 
piUar, and cutting the direction of the 
force P in A; from o let fall OY perpen- 
dicular to PY. Put a = OY = RE, e^:EP, 

A=OK, fl^£EAP, and w = tlie wt. of 
the pillar ; then by the principle of the 
equality of moments, we bave 

Momt. r=p X OY, and momt. pillar 
=wxov. 

But BS^RPXCOt 6: 




Pig. 95. 



(« + e)cote, 
so=ito— K3=/i— (o-He) cot 8, 
oy=soxsin e=[A— (d + e) cot e) sin S 

=Asinfl-(a+e)cose 
,'. Momt. p=p{A sin 9— (n+e) cos 9}, 
and momt. pillar=W(t. 

Now when the moment of p is less than the moment of the 
pillar, it will stand, and vice versa ; hut if these moments are equal 
to each other, the pillar will be upon the point of overturning ; in 






e have 



i pilla. 



(1), 

is upon the point of 



«.ine-(, + ,) 
which gives the value of p when t 
being overturned on the edge O. 

The investigation may also be conducted in the following 
manner. 

Take ab equiil to the units in w, and ac equal to the units in 
p; construct the parallelogram of pressures abdc, then ad will 
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te the ftmouDt and direction of the reaultant tending to overturn 
the pillar. If ad produced intersect the base within the edge O, 
the pillar will stand ; and on the contrary if the point of inter- 
section, M, fall without the hase, the pillar will fall ; but if it 
intersect at the edge o, then the pillar wiU just be upon the point 
of overturning. 

153. MoDDLCS OF Stability. — A structure will be more or leaa 
stable, according as the point of resistance, M, is more or less dis- 
tant from the edge o. Hence the modulus of stability may b<i 
defined to be, the ratio that om bears to ov, 

1. To determine the point of resistance M. 

Let fall DH perpendicular to ev ; then by the similar triangles 
AVU and and, we have 



DK = DBXB10DBN=P Sin 0, 
A(f =AB + BN=W+P COS flj 

_ (A-ccot ejpsjpfl 



(hsiae- 



' ■■■ (2). 

Here the stability increases as the value of mv is decreased, hut 
this will take place when the value of e is increased, the other 
quantities remaining the same ; that is to say, the stability will be 
increased as the point of application of the force, p, is removed 

When MV=ov=a, the pier is upon the point of falling, and 
then this expression may be reduced to the form given in eq. {!}. 
Or thus. 

The following method of investigating this problem is highly 
instrjictive. 

As the point u lies in the line of the resultant, we may take it 
as the axis of moments (see Art 68.). Fut m=o«, and let r be 
calculated for one foot of length of the pier, then, putting to for the 
weight of each foot of the material, we have w=2ahw. Let fall 
M» perpendicular to pt, and o( perpendicular to M», then lin^ 
OY+Mt. But or has been found in Art. 152., and 

Mf =ou COS oat=m cos 6 ; hence by substitution we find 
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M»=A ain 


l-(o+.)cos 


S+mmS 






=ksine-(a+e-iH) 


tosSi 






.-. Momt. p=p X M 










=p{Ab 


me-(o+»- 


») CO. »1 . . 


(3). 




Momt. piertswt. p 


erXMV 








=2aht 


x(o-».). 








p{Asine-(« + . 


-»)«»») = 


2«J„(„-„ 


• • ■ (4)- 


wliich' 


3 the general equati 


on of stability 


Eq.(2)niiij 


be reduced 


lothe 


ame form. 








To find the height of the pier when 


it has a given slAbility, 


OM = W 










Solv 


ng eq. (4) for the value of /t, we 


find 






h-~ ^"^^ 


■ 8(o+— m) 


J. ..(5). 






p sin 


-2o»(o-™ 




When m=0, the pier la 


on the point 




then 












*=P-Z 


.0(0 + .) 
,8-2o'«,-- 


teX 





which expresses the greatest height of the pier. 

2. To find the thrust upon a shore jl when the pier is upon the 
point of being oTerturned. 

Let OK^p be the perpendicular on the shore; and Q^the 
throat upon the shore ; then we have bjr the equality of moments, 

PXOT=WXOV + QXOK; 

.*, (J=-(PXOT— wxov), 

hence we have, hy substituting the values of or and ov given in 
problem 4., Art, 152. 



Q=-[p{Astn 9-(a+e)cose}-wo] . .. (7). 

3. The stability of a wall A DP supported by buttresses of equal 
heights and bases. 

Conceive the buttresses to be reduced in height and extended 
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along the wall with the breadth, od, of their bases unchanged, 
and let OD BR be the section of the buttress 
thus formed. Put df=c, od=Ci, da=A, 
OR=DB=Ai, «=the perpendicular distance 
of the point p from or produced, w;=the wt. 
of each cubic foot of the material, 9»=:Om the 
modulus of stability, and so on to other nota- 
tion adopted in Art. 153. ; then m being a 
point in the resultant of the pressures, the o m d f 

sum of the moments, about m as an axis, of Pig, 95. 

the parts of the structure will be equal to the moment of the 
pressure p. 

The moment of p is given in eq. (3), Art. 153., where s must 
be put for 0+^. 

Moment ADF=wt. ad f x distance of its centre of gravity from 

Moment odbr=CiAi«7 (i^i — W* 
/. p{Asin 0— (5— »i)cos0} =cA«7(<7i — m-f ^c)-f CiAiw(^i — w), 

which expresses the conditions of stability. 

By making m^^O in this formula, we obtain an expression 
giving the relation of the elements when the structure is upon the 
point of being overiurned on the outer edge o. 

4. The stability of an embankment whose section has the form 
of a trapezoid acrh. 

Draw HB parallel to the vertical side rc ; let Q be the centre of 
gravity of the triangle abh, and g 
that of the rectangle br ; draw 
Q^' and Org perpendicular to AC. 
Put AC=0, HR=ft, CR=A, the 
perpendicular let fall from m on 
the direction of P=jp, w;=the wt. 
of each cubic foot of the material 
p=the pressure calculated for each ' ^^9- 97. 

foot of length of the embankment, m=AM ; hence we have 

Momt ABH=3Wt. ABHXM^ 
Momt. BR=Wt. BR X M^ 

z=bhw X {a—m—^b) ; 
and Momt. p=p .jp ; 
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/. p.jp=|.(a— 6) Aw;{f (a — 6)~w} +bhw(a—m-'lb) . . . (1), 
which gives the conditions of stability. 



R 



E 



p/ 



THE LINE OF RESISTANCE. 

154. To determine the equation of the line of resistance, 
PAMMi, of a rectangular pillar acted upon hy a pressure p, as in 
Art. 152 , Prob. 4. 

Let o V be any horizontal joint of the pillar, and m the point of 
resistance (see Art. 153.), then the value of mv 
is given in eq. (2), Art. 153. 

Put 1/ for MV, and x for A or bv ; that is let 
us take e v and e r as the axes of coordinates. 
Moreover, let w=the weight of each unit of 
surface of the pillar*; then w=2awx; substi- 
tuting these values, we get 

a?sinO— CCOS0 ,,. 
V-=P.-r 7- . . . (1) 

^ 2 aw x-\-T cos 6 ^ ^ 

which is the equation of a hyperbola. Fig, 98. 

If x=.0, y= --e=EP, that is to say, the curve passes through p 

cos G 
the point where the pressure is applied. If y=0: x=e. — — = 

sin 6 

ea, that is to say, the curve passes through a the point where the 

direction of the pressure p cuts the vertical through the centre of 

gravity of the pillar. 

If p be applied perpendicularly to the side of the pillar, 6=90°, 

and then eq. (1) becomes 



c 


i 


B 


{' 


V F 



M, 



y = 



2aw 



= a constant. 



in this case, therefore, the locus is a straight line parallel to e v j 
and consequently the modulus of stability of the pillar would be 
the same whatever might be its height. 

The mass rof would slip upon the joint of, if the angle v^hich 
the resultant pressure, am, makes with the vertical, is greater than 
the angle of friction. In stone and brick structure this is a con- 
dition which very rarely takes place. 



♦ If the length of the pillar be 1 foot, then w will represent the weight of 
each cubic foot. 
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THEORY OF ARCHES. 

155. The highest stone in an arch is called the key-stone, and 
those which rest upon the ahutments or piers are called the spring- 
ers. An arch is usually included between two curves called the 
intrados and extrados. Experience has shown that arches almost 
always give way by certain portions rotating or turning round 
upon the inner edge of the joints*, and not by slipping, as some 
authors have assumed in their investigations. We shall therefore 
only consider the conditions of equilibrium in reference to the 
former assumption. 

Line of Resistance in the Arch. Point op 

Rupture. 

Let ABCD represent any arched structure ; p a pressure ap- 
plied at the joint dc ; Be, f/, &c., 
the joints of the arch stones ; Ri «i 
the direction of the resultant of 
the pressure p and the weight of 
the mass ed acting through its 
centre of gravity; R2O2 t^*^* ^^ 
the pressure p and the weight of 
the mass fd; ^^a^ that of the 
pressure p and the weight of the 
mass 03 D ; and so on : then the 
curve passing through the points ^*9- 99. 

^9 «u fi^2» ^3> ^^'9 ^s the line of resistance. If this curve lies 
entirely within the face of the arch stones the structure will stand, 
and on the contrary it will fall if the curve of resistance cuts the 
intrados or extrados ; but if the curve of resistance touches the 
intrados, as represented at (23, then the structure will be upon the 
point of turning on a^, and this point is called the point of rupture, 
or the place where the arch first yields under the circumstances 
of pressure. Hence it appears that the rupture of an arch takes 
place at the point where the line of resistance touches the intrados, 
or, what amounts to the same thing, where the resultant of the 
pressure p and the weight of the mass, acting through its centre 
of gravity, touches the intrados. 

* Arches which fall by rotation on the exterior edges may be regarded as ex- 
ceptional cases. 

L 2 
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n arch are taken away, the crown almoat 



When the centres of a 
ioyariably sinks ; 
the joint at the crown to open at 
its lower edge, and at tiie same 
time a certain portion, dvI'N, 
of the arch to turn upon d as a 
centre, thereby producing a rup- 
ture, or opening, in tlie exterior F''g- loo- 
edge at ihia point. The same effect will take place in the other 
half of the arch. These two equal portions thus tending to 
break away from the general mass, exert a horizontal pressure p 
along the line PC, and thereby cause the walla of the struc- 
ture to turn on their outer edges. The arch will undergo a rup- 
ture at that point where the portion, dvpn, so breaking away, 
will produce the greatest horizontal thrust ; For this point must, 
obviously, be the yielding part of the arch. 



Approximate Metuows foh finding the Point op Ruptdre 
IN AN Aech. 

156. JfD be the point of rupture ; dtpn the portion broken from 
the semi-arch (see^ffs. 100. and 101.) ; PC a horizontal line being the 
direction of the pressure p; do parallel to PC or perpendicular to 
PK; Bfi a Tcrtieal line, passing through the centre of gravity of 
the mass dvpn, and intersecting PC in the point b ; then bd will 
be the direction of the resultant of the pressure p and the weight 
of the mass dp, and therefore by Art. ISB., bd will touch the in- 
trados ; this property forms the basis of the first method here 
given for finding the point of rupture. 

Again we have by the equality of moments (aee^j. 100.) 



■■■-= »; ■■■'"- 

now, Art. 155., for the point of rupture this value of p is greater 
than any other value of p derived for any other point in the arcb. 
It is obvious that the expression of eq. (1) realty does admit of a 
maximum value ; for whilst the factors of the numerator are in- 
creased the denominator is at the same time increased, and so on 
conversely ; so that a point in the arch may be found where this 
fraction is greater than it is for any other point. This principle 
is employed in the second method here given for finding the 
pnint of rupture. - 
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•■ KUPTCae IN AN AKCH. 



Firtl Method. 

1ST. Having drawn the arch apon a scale of about an inch to a 
foot; ASSDHE D to be the point of rupture ; find dg hj eq. (1), 
Art. 104^ or more accnratelj by eq. (4), Art, 106. ; draw the verti- 
cal GB, which will be the direction in which the weight of the mass 
sets, cutting the direction in which p acts in the point b ; join bd ; 
then if bd touches the curve in the point d, this will be the point 
of rupture; but if the lincBP does not form a tangent to the curve 
the point d is not the point of rapture, and some other point must 
be assumed, higher or lower, according as b ia to the right or left 
of the point where a tangent to d would cut PC, and the whole work 
must then be gone over again. The following observations enable 
tis to assume d, in the first operation, within a few degrees of the 
true point of rupture. 




In circular arches with parallel extrados, the depth of the arch 
stones has always a relation to the span of the arch : thus the ratio 
of the radius of the exterior circle to that of the interior circle will 
generally lie between 1-5 and 11, and the angle of rupture be- 
tween 66° and 52°; hence the limits of rupture, in such cases, may 
be taken between these angles. In arches with horizontal extrados, 
.the angle of rupture is never less than 52° and rarely exceeds 66° ; 
ao that we may generally assume that the rupture of arches takes 
place between the angles of 52° and GG', measured from the crown. 
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158. To find the horizontal thrust of the arch. Take Bii equal 
to the units of weight id the ruptured portion dvpk, and com- 
plete the parallelogram of pressures Buic; then the units in bo 
trill give the units of pressure in the hoiizontiLl thrust P. 

If w=the weight of each unit of surface in the arch, then 
wt DVPN=«'xareanvPN, 

159. In the following example the line of ruptnre is assumed to 
lie in the vertical dt, whereas it more strictly lies in the line dm( 
(Bce^y.SS.); but when the depth of the arch stones is comparntivelj 
small, the error involved in this assumption is very inconsiderable. 
However, it should he observed that the centre of gravity of the 
mass -an tB.fi may be found by eq. (6), Art. 107. 

Example. Let hdn be a semi -circular arch, whose radius kh 
=KN=8 feet; the radius ep of the extrados 9^ feet; and the 
thickness np at the crown 9 inches; and the weight of each foot 
of surface in the arch=200 lbs. ; required the point of rupture, 
and horizontal thrust. 

On K as a centre, with the radius kh=8, sweep the semi-arch 
hdn; mark off kp=-75, the height of the crown; take pe=9-5, 
and on E as a centre, with the radius ef, sweep the line of the ex- 
trados pvz. 

Assume the rupture to take place at d, at the distance of 5S° 
from the crown. Mow, in order to ascertain whether or not this 
is the point of rupture, we proceed as follows : 

Draw DQ and pc parallel to UK ; divide dq into six equal parts, 
viz., Da— a6 = 6(;=crf— Ac. ; from the points n, a, b, c, &c., draw 
DT, ah, bi, ck, &c., parallel to qp, cutting the arch in Tiv,fh, gi, 
jk, 8ic. 

From the scale we find, dq=6'73, 

.*. Da, or a of the formula,=a6=&e.=4 of 673=M2; 

Dv or Qq of the formula=l"6; pn or a(,='75 ; /"A or ai^l-2-, 
giov a2=^\;jkaT a^=-%&; /morO(=-76; np or a^=:-75. 

Hence we have by the general formula. Art. 104,, eq. (I), lor 
finding the centre of gravity of the arch dypn ; 
DG=M2{l-6+ (3x6-1) -75 4-6(1-2 -|- 2 x 1 + 3 x-85 -f 4 x -76 
-1-5 X -75)! -=-3 {1-6-t- ■75+2(1-2 -H 1-1- -85 + -76 + -75); 
= l-12{l-6 + 12-75 + 75-84)-^3 [1-6 -I- -75+9-12} 
= 101-0128-=-34-41:=2-9-(-. 

Now mark oiF dg— 2*9, and draw ob parallel to Qi", cutting 
PC in b; join bd, and if this line form a tangent to the curve at D, 
then this will be the point of rupture. 
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In the present case bd is very nearly the tangent to the point 
By therefore d is very nearly the point of rupture. Hence we 
have /.DKN=58° nearly for the distance of the point of rupture 
from the crown of the arch. 

The yalae of do might have been determined with greater accu- 
racy by eq. (6), Art. 107. ; and in order to render the work pro- 
gressive without any erasures, the artifice adopted in Art. 161. 
might readily be employed. 

For the horizontal thrust we have 

Wt. DVPN=200xarea dvpn 

=200x2{ao+06+2(ai-ha2 + «3 + «4 + «6)} 

= 100xM2{l-6-f75-|-2(l-2-|-l-f85-h-76-h-75)} 

= 1284 lbs. 

From any convenient scale take Bt7=1284, and complete the 
parallelogram of pressures Bt7ic; then the units in bg=800 
nearly, that is, the horizontal thrust of the ruptured portion dvpn 
will be 800 lbs. nearly. 



Second Method. 

160. It has been shown that the rupture of an arch takes place 
at that point where the horizontal thrust (eq. (1), Art. 156.) is a 
maximum, that is, where (see^^. 100). 

wt. massDPXDG areaDVPNXDG. 
, or IS a maximum. 

BG BG 

But area dvpnxdg is the moment of the ruptured surface, 
and BG is the distance of the point of rupture from the crown or 
horizontal line in which the thrust acts ; therefore, rupture takes 
place at that point where the moment of the ruptured surface^ 
divided hy the distance of the point from the crown, is a maximum. 

In fig. 102., let NDm be the intrados \ vnr the extrados of the 
arch stones; po the line of horizontal thrust, intersecting the 
vertical dv produced in a ; j>n and mr joints of the arch stones ; 
nt and rs verticals. Now if d be the point of rupture, the line of 
rupture will be jynt, and putting q for the moment of the ruptured 
surface dw^rn, and h for j>a the leverage of p, we have to 
determine 

Q 

£ a maximum. 

L 4 
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Fig. 102. 



161. In order to apply this principle, so as to give a progressive 
character to the calculation ; assume the points d and m in the 
intrados, so as to lie without the limits of rupture (see Art. 157.) ; 
draw the vertical lines do, 



mky cutting the line of 
the horizontal thrust in 
the points a and k ; di- 
vide a k into m equal parts 
in the points b, c, &c. ; 
draw the verticals ^1, 
c2, &c. ; put m' for the 
moment of the surface 
D VRN about D, a' its area ; 
m/ for the moment of 
Urn about 1, Aj for the 
area IIvd; and so on, 

M^' for the moment of wwrn about w, a^ for the area mm yd ; 
d=ab=bc=kc,; Cq—VY; ei = ll ; ^2=22 ; . . . ; e„=wm ; Aq 
=Da ; 7*1 = 16; h2^=^2c ; , , , ; h^=^mk. 

Now it will be observed that m' is given in eq. (4)^ Art. 106. 
We now proceed to determine a value for m„+/ in terms of m„', so 
that we may be enabled to derive successively the values of m/, 
M2^ &c., in such a way that the calculation for any one moment 
may form a step to the calculation of the one next succeeding. 

By eq. (3), Art. 106 , we get 

' d^ 

When m=0, Ao=0, and Mo'=m', 

/. M/=M' + A'<f+-g(^i+2eo) . . . (2). 
Now A^=rf(|eo-f Ci+ . . . +e^ i+iO» 
therefore by substitution in eq. (I) and reducing, we get 
M^+/=M/-f A'rf+e^2|ie^^ej4.. . .-fe^+i— ^(e^-f 5e„+0}- • • (3). 
Let v^^,z=A'di-d^^e,+e,+ . . . +e^^,^i{e^ + 5e^^,)} . . . (4), 



M, 



^+/ = M^'-f D. 



m+l9 



but T)„,+ i=l>,n + d^ K+l — 'K^m + ^^m+l) + H^m-l + Oe„,)} 



J 



CHAP. Vn.] POINT OP RUPTURE IN AN ARCH. 153 

"wbich exhibits the law by which m^+i is derived from m^' as ex- 
pressed in eq. (5). 

162. Now by eq. (2), and making m=l, 2, 3, &c., successively 
in eq. (6), we get 

d^ 

Mi'=M'+A'<f4--g(ei+2eo) 

d^ 

. M2'=M/+D,-f--(c2 + 4ei-f ^o) 

d^ 

M3' = M2'+ D2+ g^(^3 + 4e2-hei) 
= M2'-hD3 

<&c.=&c. 

163. If d be very small, we may suppose, without materially 
vitiating the result, that, in the expression for Mg', ^0=^2=61; in 
the expression for Mj^, ^1= 63=63; and so on; in this case we 
therefore have 

M/=M'-f-Pi 

M2' = M/ + Di-hC?2ei 

=:M/ + D2 
M3'=M2' + D2-fc/2cjj 

= M2' + D3 
&C. = &C. 

164. Let Q^=the moment of the whole ruptured surface n wr*R; 
h=^mk the leverage of p; 5'^=tbe moment of mrsm; s^z=rs; 
and jo^=the distance between mm and rs ; then we have (see eq. 
(5), Art- 107.) 

=M^'-^-%„, + 20...(7). 
Making w=0, 1, 2, &c. successively in eq. (7), we get 
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. Having found convenient expressions for the moments q, 
&<!., we proceed next to calculate in succeseiun the values 



9 Si «? &c 

A' A," a; ' 
until we arrive at that particular value which is greater than the 
one which precedes it, as well as that which follows it ; then the 
point on the arch corresponding to this maximum condition gives 
us the point of rupture. 

Let K be pnt for the maximum value thus found, and let w be 
put for the weight of each unit of surface in the arch ; then 
X moment surface 



theh 



>ntal thrust, P= 



distance from c 
miL... (8). 



To determine the conditions of stability of ike Pier of 



106. Let PND be the semi-arch; OPHRthepierj ovavertical 
passing through the centre of gravity of 
the pier ofhr; ^e a vertical passing 
through the centre of gravity of the 
aemi-arch dhpn ; m the point of resist- 
ance; put p=the horizontal thrust ob- 
tained from eq. (8), Art. 165. ; w=the 
weight of the pier; Wi^^the weight of 
the semi-arch dhpn; ^=vk ; A=pj 
the height of the line of horizontal 
thrust J a;^Mv; a=0Vi m=o>i the 
distance of the point of resistance from 
the outer edge of the pier. By the equality of momenta, taking u 
as the centre, we get 



Fig. 103. 



• (1). 
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\ 



which gives the distance of the point of resistance from the point 
V. Or, putting a— m for a?, we get 



m=a 



. . . (2). 



W-j-Wi 

If the section of the pier be rectangular, then ov=:vf, and in 
this case let ft=OR, and «7=the weight of each unit of section of 
the pier; then w=2abWf and eq. (2) becomes 

m = a — jr — I — ; . . . (6), 

To determine the breadth of the pier, so as to have a given 
value of m, we must substitute a+FK for ^ in eq. (3), and then 
solve the resulting quadratic equation for the value of a. 

If the pier be upon the point of overturning on its edge o, then 
f»=0, and then eq. (3) becomes 

2a^bw-\'aWi=ph—Wig , . . (4). 



PRESSURES OF ROOFS. 



167. To find the thrust on the rafters of a roof without a tie 
beam. 

Let AC and ab be the rafters of the roof resting upon the side 
walls c and b. Suppose 2 w to be ^ 

the weight of roof supported by the 
rafters AC and ab ; then, as the 
weight on each rafter may be con- 
ceived to be collected in two equal 
weights at the extremities, ^w will 
act vertically upon each wall, and w 
will act vertically at a. Let ac=ab 
=Z, CL=LB=ft, and al=^. Take AO=the units of weight in 
w, and construct the parallelogram of pressures A egg, then the 
units in ae=ag will be the thrust on the rafters. Draw ed per- 
pendicular to AL, then AD=DO=^w, and by the similar triangles 
CLA and EDA, we haye ^ i [ M C. ' • 




ACXAD wl ,-v 

AE= = ^-- -(l). 



...s ^ 



AL 2e 

which gives the thrust upon each rafter. 

168. To determine the amount and direction of the pressure of 
the roof, tending to overturn the side walls. 






V ^. *4 
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It has been shown, that besides the thrust upon the rafter just 
found, there is a vertical pressure upon each wall equal to ^w. 
Take cn equal to the units in this vertical pressure; also cf 
equal to ae, the thrust upon the rafter ; and construct the parallelo- 
gram of pressures cnpf ; then cp will give the amount and 
direction of the pressure of the roof tending to overturn the 
wall. 

Produce pf until it intersects cb in k ; then 

CP2=:Pk2-1-CK2 . . . (1). 

Now because the triangles cfk and ead are equal in all 

respects, fk=ad = ^w; but pf=cn=^w: therefore pk=pf ; 

and pk=2pp=w. Again, from the similar triangles cfk and 

CAL, we have 

CLXFK bw ,-,. 

CK= =-^r- . . . (2) ; 

AL '2e ^ ^ 

m 

substituting the values of pk and ck in eq. (1), and extracting 
the square root, we find 



=a/ 



6^W2 W 
r2 



CP=/\/ w'+-4^=2i^4e2 + 6*. . . (3), 

which gives the pressure on the wall.* 
Let a=/.PCN, then 

cot cc= — =-j- . . . (4) 
CK ^ ^ 

which gives the inclination of the pressure. 

The thrust c f upon the rafter, being resolved into c k and f k, 

gives 2c K for the force tending to stretch the tie beam cb, there- 

bw 
fore, from eq. (2), we find this force to be — . 



* To find the inclination of the roof when the pressure c p upon the walls is 
a minimum, the span remaining the same. 

Let M?=the weight on each foot of length of the rafter; then w—lw, and 
eq. (3) becomes 



2e ' 2e , 

b* 
.*. 4e^ + — + 562 = a minimum; 
er 



nence we have by differentiating, &c., 



c 1 1 

, = -— , that is, tan acb = — ^= tan 35° 16 ; 

o V2 V2 
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WORK m BAISmG MATERIAL HAVING A GIVEN FORM. 

169. It has been shown, Art. 110., that the work in raising anj 
structure, or material, having a given form, is equal to the weight 
of the whole material in lbs. multiplied by the space in feet 
through which the centre of gravity is raised. 

1. To find the work in raising the material in a rectangular 
wall. 

Let o=the length, A=the thickness, c=:the height, w=the 
weight of a cubic foot of the material, and u=the work ; then 

Wt. wall=a^cw;, 

space through which the centre of gravity of the structure is 
raised =^c, 

/, Work or xj^^abcw x^c=^abc^w. 

2. To find the work in raising the material of the shaft of 
a pit. 

Let dz=zthe diameter of the pit, a=its depth, and w=the wt. of 
a cubic foot of the material ; then 

Wt. of the material =^7r^ a i£?, 
.% Workorv=^Trd^awxj^=^tra^d^w. 

3. To find the work in raising a rope from a pit or well. 

Let a=the length of rope, c=its circumference, w=the weight 
of 1 foot length of rope 1 inch in circumference. 

Now since the areas of circles are to each other as the squares 
of their like dimensions, 

/. Wt. of 1 ft. of rope=c2M?, 

/. Wt. whole rope=Bk«? x a, 

.*. Work in raising the rope=cVa x ^, 

Required the work, u, when w lbs. of coals are raised by the 
rope. Here we have 

u=work in raising rope-f work in raising coals, 

=:^a^c^w-\-wa=a(^ac^w-j-w). 

4. To find the work in raising water into a cistern from a well. 
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Let ABCD be a cylindrical cistern, hnr the level of the water 
in the well, which we shall first consider to re- 
main unchanged, G the centre of gravity of the 
water in the cistern. 

Let o=AD, the depth of the water in the cis- 
tern, ^=its diameter, e=RB, the distance be- 
tween the bottom of the cistern and the level of 
the water in the well. 

Wt. water raised = 62*5 x^J^Trrf'a, 

/. Work =wt. water XNG 

= 7'Sl257rad%2e-\-a). 

• 

Now let us suppose e f to be the level of the water at first in 
the well, HR the level when the cistern is filled, and that no water 
flows into the well during the process of pumping. Let g be the 
centre of gravity of the water hrfe. Put rfj for the diameter of 
the well ; then 

Volume water raised =:j7r a df*, 

.\ HE = 



Fig. 104* 



,\ G^=RB— ^HE+^AD 

ad^ 



=e- 



+i«, 



2di^ '^ 
/. Work=wt. water XG^ 



62-5, ,2 r 



ad^ 



2d^^ 



+ i 



a \, 



If di-=.d, then this expressi^ becomes, 

Work = — T—ir a d^ e. 



WORK IN MOVING A BODY ON AN INCLINED PLANE. 

170. To determine the work in moving a body up an inclined 
plane by a pressure acting parallel to the plane, the coefficient of 
friction being f. 
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Bjeq. (1), Art U9, 



Pressure on the plane=w • 



AB 



• • 



AB * 

/. Resistance of friction =/. w . — , 

-' AC 

AB 

Work due to friction=/. w . — x AC=/. w . ab. 

•^ AC •^ 



• • 



Work due to gravity =w x bc, 
Total work=/. w . AB-f- w . bc . . . (1). 
If the body descend the plane, then we obviously have 
Total work=/. w . ab— w . bc ... (2). 

Now expression (1) is independent of the length of the plane, it 
being, in fact, the work expended in moving the body over the 
horizontal distance ab, added to the work due to gravity in ele- 
vating the body through the vertical space bc. As a curved 
surface may be regarded as being made up of an infinite number 
of straight planes, therefore the work upon the whole curve will 
be equal to the work done upon the horizontal projection of the 
curve, added to the woA done in opposition to gravity. The total 
work is, obviously, independent of the nature of the curve. Thus 
the worh done in moving a body from a to Q on the irregular curve 
ADC is equal to the worh of friction done upon the horizontal plane 
ab added to the worh due to gravity in moving (he body through 
the vertical line bc* 

Or we have from eq. (1), 

Work in moving a body up the curved surface adc, 
=w(bc+/. AB)=w(BC-htan , ab). 

In order to give a geometrical interpretation to this result, draw 
CH parallel to ab, and ah to bc; also 
draw CK making the angle hck equal 
to 0, the angle of friction ; then 
HK=tan . AB, and therefore we get 




Work in moving a body up the curved 

surface, ADC=w(BC-fHK)=WXAK, 

Fig. 105. 

That is to say, the work in moving a body up any curved 

SUHFACE, ADC, IS EQUAL TO THE WORK IN RAISING THE BODY 
THROUGH THE VERTICAL HEIGHT AK, IN OPPOSITION TO GRAVITY. 



* See the Author's " Exercises on Mechanics," &c., p. 130. 
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171. When the inclination of the plane is small, AC is very . 
nearly equal to ab, and therefore in eq. (1) or (2) we take the 
length of the plane, AC, in the place of its base ab. The problems 
given at page 19., Art. 11., of the Author's "Exercises on Me- 
chanics," &c., are solved upon this principle. 

172. If the body be upon the point of descending by its own 
weight, the work requisite to move the body down the plane must 
be equal to nothing, hence eq. (2) becomes, 

/. w . AB— w . BC=0, 
/. BC 

that is, the inclination of the plane will be equal to the limiting 
angle of resistance, see Art. 88. 

173. Let p=the pressure acting parallel to the plane, then we 
have. 

Work in moving the body through the length of the plane 

= PXAC. 

Hence we have from eqs. (1) and (2), 

PXAC=/. W . AB + W . BC, 

^ AB . BO 

.*. P=/ . w . — + w . , 

•^ AC~ AC 

==/. w . COS a + w . sin a, 

=w{/. COS a + sin a} . . . (1), 

which is the value of p in order to move the body up or down the 
plane, as the case may be. 

In order to eliminate yi we have by Art. 88., 

/=tan 0=. 5, 

•^ cos e' 

where is put for the angle of friction. 
Substituting in eq. (1), we have 

{sin 6 cos a+cos sin al 
cosl J' 

cos ^ "^ 

174. Prob. To find the inclination of an inclined plane, wh^"« 
the traction up the plane is p, and the traction down the plai 
is JO. 

Here by eq. (1), Art. 173 , we have 

p=w{/. cos a-f sin a}, 

p=zw{f, cos a— sin a}, 



■w 
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heaee, we have, by addition, 

T-\-p=2fw cos «, 

irliich gives the inclination of the plane as required. 



WORK m OVERTURNING BODIES. 

To find the work expended in overturning a right cone, 
AJ»^ see^g. 59., page 108. 

I*ut R=A D, the radius of the base ; 

A=DV, the perpendicular height ; 

117= no. lbs. weight of each cubic foot of the material ; 

and. u=the work necessary to overturn the body ; 

then we have by eq. (1), Art 111., 



wHere w=wt. of thecone=^7rR2Aw7; a;=AD=R; andy=D^=JA, 
(see .Axt. 95.) ; 

If the height of the cone be equal to its diameter, that is, if 
^ = 2 E, then this expression becomes 

U = ^ TT R*f^( ^5 — 1 ). 

^^^. To find the work in overturning a right cylinder, the 
rad.iiis of the base being r, the perpendicular height A, and the 
^^igl:it of each cubic foot of the material w, 

Irx this case, W=7rr2 Aw, ic=r, and y= JA, 



^^luen A is very small as compared with r, then we have very 

u=7r7^ At^=weight x r, 

whioli expresses the work in raising a thin board from a horizontal 
position to a vertical one, r being the distance of the centre of 
g^a-vity from the edge upon which the board is turned. 

^^^. To show that in similar solids the work necessary to over- 

^^Trx them varies as the fourth power of the ratio of their linear 

^iJaensions. 

M 



I 
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Let T be the linear ratio of two Btmtlar eolids, D and iT|.beiiu 
the work done upon each ; then we have from the general equ^ 
tion, 

and by anbsf ituting rx for x, ry for y, i^W for w, 
c,=r'w(Vr''a;^ + rV— '■y) 




RELATIVE TO THE ANOUE OF FRICTION. 

178. Let AB be a pole resting upon the ground at A, and sup- 
ported by the cord, bg, acting parallel to 
the ground ; it is required to determine 
the position of the pole when it is upon 
the point of slipping. 

Suppose AB to be ihe position of the 
pole when it is about to slip ; g its centre 
of gravity; i>cia e. vertical line passing 
through G, and intersecting the cord bc * " 

in a; AC a vertical lines then ba will -^V- loe, 

be the direction of the pressure on the ground, and aa the pole is 
about to slip, the angle oac will be equal to the angle of friction. 

Put w=the weight of the pole; p=the tension of the cord 
BC; 6=the angle of friction aAC; ic=/.bac, the inclination of 

the pole to the vertical ; a a= - of a b. 

From the parallelogram of pressures aeri, we have 

— =tan/.cor, 

but cr=at=p, ea=w, and Acar=Z.aAC=0, 



In order to determine another expression for the relation of 
p to "W, conceive the pole to be a lever turning upon a as a centre, 
then we have by the equality of moments 



I 

i 
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1 

but AC=AB COS cc, and ad=ag sin «=- ab sin » ; 

n 

1 

/. PXAB COSa=WX'- ABSma: 

n 

p 1 sin a 1 

/. — =-• =— tan a. 

w n cos a n 

We have now by equality, 

' tan«=rtan 0; 
n 

•*• tan 0^=71 . tan 0, 
which determines the position of the pole. 

C fl C B 

But tan 0= — and tan «= — ; 

AC AC 

CB Cff 

/. — =^n . — ; 

AC AC 

/. CB=n . ca. 

From this equality we may readily derive an easy geometrical 
construction. 

179. In order to derive a more general formula, let /3=the 
angle abc, which the cord makes with the pole. 

From the parallelogram of pressures (see last figure), we have 

ai sin ^ari 



ri sin /_rai* 



but ai=p, ri=ca=w, Z.art=ZaAC=0, and Z.rai=:/iABC 
-hZBAa=)S-ha-0, 






p sin0 



w'"sin(/3-ha-0) 
Again we have by the equality of moments. Art. 117., 

p X AB sin /3=w X AG sin a ; 

p AG sin a. 

• ^^ __^___ 

w AB smp 

__ 1 sin a 
"~w ' sin/3 

Hence we have by equality, 

1 sin a__ sin0 
»* sin )3 "" sin (/3 + »—(!>) 

H 2 



. . . (1). 
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From this equation « may be determined. 

When /3=90— a, this equality becomes the same as that given 
in the preceding problem. 

180. A given pole, ab, ^ests with its foot on the horizontal 
plane ak, and with its upper extremity b against an inclined wall 
KB; it is required to find its position when bordering on a state 
of motion, having given the place of its centre of gravity Q, and 
the coefficients of friction of the two surfaces. 

Let AB be the position of the pole when in a state bordering on 
motion; Z.aAC=0, the angle of 
friction for the surface a k ; 
Z. a BE =01, the angle of friction 
for the surface kb; Zkab=«, 
the inclination of the pole ; 
Z.AKB=0, the inclination of 
the two surfaces to each other ; 

and AG=-- of AB. 
n 

Now, as the pole is about to 

slip at A as well as at b, the 
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forces in equilibrium are, — the weight of the pole, w, acting in 
the vertical line Ga, the resistance of the ground, acting ia the 
line A a, and the resistance of the wall, r, acting in the line bo. 
Hence we have from the parallelogram of pressures oicr, 



cr_sin /_car 
ac sin /.era 



but «c=w, cr=ai=:R,^car=/laAC=0, 
Z.cra= Z.ABa + Z^BAa 



=«+0— 9O-|-0i-h9O--e>— a 

=0 + 01-0; 
hence we have by substitution, 

R _ sin 
w~sin (0 + 01-0)* 

Taking a as the centre of motion, we now have by the equality 
of moments, 

RXAB sin Z.ABa = WXAG COS Z.BAK; 
, ^_^ COS « COS a 

w'^n * sin(a+04-0i~9O)""wc6s (a-f 0-f 0i)* 
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cos a 



sin 6 



. . . (1) 



n cos(a+0-|-0,) sin (0 + 01— 0) 

From which equation the value of cc may be determined as re- 
quired. 

When the wall bk is vertical, 0=90, and then (eq. 1) becomes 

cos » sin 6 



Now ~ 



n sin (a -h 0i) cos (di — d)' 

cos » cos a 



sin (« -f Oi) sin a cos O^ + cos a sin 8^ 

1 
~tan a cos 01 -h sin O^ * 

1 n sin 

* * tan a cos 01-f-sin 0i~"cos (0i— 6) * 

. tan.:- <^Qs(0i~e) sin 01 
n Sin cos 0i cos 6i 



_ 1 — (n— 1) tan 6 tan 0i ... 



which gives the position of the pole as required. 

If y=tan 0, the coefficient of friction of the ground; and 
/J = tan 01, the coefficient of friction of the wall; then eq. (2) 
becomes 

_l-(n-l)//. 



tan a,=- 



nf 



. . . (3). 



To find the relation o/Ttow, when the body is upon the point 
of being moved up or down an inclined plane. 



ft-A* 





Fig. 108. Fiff. 109. 

^81. Let a be the body on the inclined plane abc; tap the 

M 3 
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direction of the pressure p ; a c a vertical line in the direction of 
the pressure of the weight w; ar the direction of the resultant of 
these two pressures when the body is in a state bordering upon 
motion ; then the body will be upon the point of moving up the 
plane or down the plane according as this resultant lies to the left 
or to the right of the line ak drawn perpendicular to the plane. 

Put « = Z. B AC, the inclination of the plane ; 

/3= /I cap, the direction of p with respect to the plane ; 

d=Z.rak, the angle of friction. 

Let ac=the units in w; atsthe units in p; and acri the 
parallelogram of pressures. 

Hence we have from the triangle rac, 

re sin Z.rac 
ac"~sin /,arc^ 

but rc=ai=P, and oc=w; 

p sin Z.rac 






(1). 



W sm Z^arc 
Now in Jig. 108., 

Z_rac=Z. rak-\- Z_kac=:d-^ecf 

Z.arc=zZ.rai=Z.kai-^/irak 

=9O-f/3-0. 

Substituting in eq. (1), we find 

p _ sin(e-f-a) _ 8in(a + 0) . 

w"sin (9O-h/3-0)~cos(/3-0) " ' ' ^ ^' 

which is the required relation when the body is about to move up 
the plane. 

Now, in Jig. 109., 

Z^rae= Z^kac— /^rak^sioc'^Q^ 

/Larc= /!_rai=:90-\-(i'\-e. j 
Substituting in eq. (1), we find 

P _ sin (oc-O) _ sin (a — 8) 

w sin (90 +/3 + 0)""cos (/3 -f 0) * * * ^ ^' 

which is the required relation when the body is about to move 
down the plane.) 

Hence we have generally, 

p_ sin(a+ e) 
w"'cos(/3T0)'*'^ ''' 
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where the upper sign is to be taken when the body is upon the 
point of moving up the plane, and the lower sign when it is u|x>n 
the point of moving down the plane. 

No motion can take place so long as the relation of p to w lies 
between these two values. 

Or thus, 

Liet ae represent the weight of 
the body indirection and magnitude, 
and a v that of the pressure p. Draw 
ak perpendicular to the plane, and 
complete the parallelogram of pres- 
sures shown in the figure ; then, by 
resolving the pressures, p and w, ^'^* ^^^' 

parallel and perpendicular to the plane, we get, as in Art. 140 , 
/• Perpendicular pressure on the plane=a^ -a^ 

=w cos a— p sin/3. 

•*• Resistance of friction = perpendicular pressure x coef. friction 

=/(w cos a — p sin /3). 

Pressure tending to move the body up or down the plane 

=: + (ar— ac) = + (p co8/3— w sin a), 

where the upper sign is taken when the body is about to move up 
the plane, and the lower sign when it is about to move down the 
plane. 

Now, when the body is upon the point of moving, the pressure 
tending to give motion must be equal to the resistance of friction. 

/. p cos /3— w sin a= +/ [w cos a — p sin /3} ; 

P__sina + /C0Sa . 

•*• w""c^±/sin/3 ' • • ^^^' 

where the signs are to be taken as before explained. 

By substituting tan for /^ this expression may be reduced to 
the same form as given in eq. (4). 

If the direction of the force p be parallel to the plane, /3=:0, and 
then the relation given in eq. (5) becomes the same as that of 
eq. (1), Art 173., 

When the plane is horizontal, 
as in^. Ill, a=0, and then 
eq. (4) becomes 

p sin e .^. 




w COS (/3 - 0) 



Fig, 111. 
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When the plane is perfectly smooth, the coefficient of friction, ^ 
as well as the angle of friction, is nothing; that is, 0=0 ; and 
this case eq. (4) becomes the same as eq. (2), Art. 140. 

182. Let the pressure p be applied so 
as to pitsh the body up the plane, as re- 
presented in y£g. 112., where the same 
letters of reference and symbols are used 
as in^^. 108., /3 in this case being put for 
the angle Pao of^^^. 112. 

From the triangle art, we have 

Fig, 112. 

at _ sin Z. ari_ sin (a + 0) 
ri^'sin Z_rai^sm(fi—d—90y 

. P_ sin(a + e) f^. 

which is essentially the same expression as eq. (2), where there is 
a pulling pressure ; for it will be observed that /3— is greater 
than 90°, and its cosine is consequently negative.^ 

If p acts horizontally, then /3=Z.Pac=180— «, and — cos(/3— 0) 
= — cos (180— a-h©) =co8 (a + 0) ; in this, therefore, eq. (7) 

p sin(a-f-0) ^ , ^. ,^. 
-= — ^-4^ = tan (a + 0) . . . (8). 

W COS(a-h0) V ' >' V / 

If the plane be perfectly smooth, then 0=0, and eq. (8) be- 
comes the same as eq. (2) Art. 141. 



Least traction on the plane, 

183. From eq. (2), Art. 181., we have 

__ sin (cfc+O) 
^"■y • cos(/5-0)' 

which is an expression for the traction requisite for drawing the 
weight w up the inclined plane abc (see^^. 108.), the direction 
of the traction forming any angle /3 with the direction of the 
plane. Now, as a and Q are supposed to be constant in the pre- 
sent investigation, this expression will be a minimum when 
cos (J^—Q) is a maximum ; but this will obviously be a maximum 
when /3- 0=0, or when /3=0 ; that is to say, the force of traction 
will be a minimum when the angle of traction is equal to the 
angle of friction. 



\ ^'^ 
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In the case of least traction, therefore, we have the following 
relation hetween p and w : 

p = W sin (a -h 0) . . . (9). 

And when the body is moved on the horizontal plane, as in 
^. 111., we have 

p=:W sin ... (10); 

where it is to be observed that is the angle of traction, as well 
as the angle of friction. 

To determine the work requisite to move a body up an inclined 
plane when the moving pressure p is applied at any given angle. 

184. Let AD be the direction of the pressure p, 
tending to move the body up the inclined plane 
ABC. Draw CD perpendicular to ad ; and put Uj 
=the work in moving the body up the plane ac; 
then, by Art. 70., 

Ui=P X AD=P X AC cos /3 ; 

but by eq. (5), Art. 181., Fig, lis. 

P= /3 . /» • /3 • (w sin a+y W cos «) ; 

cos/3+/sinp ^ "^ '^ 

cos/3 , • . ^ x 

• • ^'= 008/3+/ sin |3 • ("^ ^^^ "° »+-^^ ^ ^° ''°' *) 

= l.f/tan/3 • (^XCB4-/WXAB) . . . (1). 

Now, tl\p quantity within the brackets is equal to the work it 
moving the body up the plane by a pressure acting parallel to the 
plane (see eq. (1), Art. 170.). Putting Qi=the work due to fric- 
tion done on AB^ and 5r,=the work due to gravity through bc, the 
preceding equality becomes 

Now, this expression is independent of the inclination of the 
plane ; hence it follows, reasoning in the same manner as in Art. 
170., that the work done in moving a body from iLtoc (see/ig. 105.) 
on the irregular curve A DC, by a pressure having a constant in^ 
clination to the plane, is equal to the work of friction done upon 
the horizontal plane ab, added to the work due to gravity in 
moving the body through the vertical line bc, multiplied by the 

)■ 

f 
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185. The value of u^ in eq. (1) is maximum when tan /3 is a 
minimum, or when j3=0; that is to say, the work is a maximum 
when the direction of traction is parallel to the plane. Moreover, 
as /3 is increased, limited, of course, hj the value )3=90— a, the 
work is decreased. Hence it follows that the minimum traction 
does not necessarily give the minimum worh. 

When /3— 0, we have for the worh of the minimum traction^ 

=cos *0 . (Qi +qi) . . . (3). 

186. To find the angle of traction, /3, when the work up an in- 
cline is given. 

From eq. (2), Art. 184., we find 

Qi + 5'i-Ui 



tan/3: 



/Ui 



(4). 



187. Prob. A uniform beam, ab, rests on a given cylinder ; to 
find the weighty w, which must be suspended from the extremity A, 
so that the beam may just be upon the point of sliding off the 
cylinder. 

Let c be the centre of the cylinder ; g 
the centre of gravity of the beam ; a the 
point of contact when it is about to slip ; 
n the highest point of the cylinder, or the 
point with which G was in contact before 
the weight was suspended. 

Put W7=the weight of the beam; i=AG 
=^AB; r=ca, the radius of the cylinder; 
6= the angle of friction. Draw the verti- 
cal lines ar, Gc, &c., and produce ca to 
h; then ar will be the direction of the 
resultant of the two parallel pressures, w 
and w, and the angle rah will be the angle of friction when the 
beam is about to slip. Now, because ar and en are parallel, we 
have 

Z.acn=z.raA=0. 

Taking the moments about a as a centre, we have 

wxAa=trxGa, 

.% w(aG— Ga)=tt7XGa; 




Fig, 114. 
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but AG=6, and Ga=arc an:=^r6y 

toxrO 



• • 



w= 



which is the expression required. 

188. Prob. A given cylinder, abd, whose weight is W, rests 
between two inclined planes am and bm; a weight p is suspended 
by a cord pd coiling round the cylinder ; it is required to deter- 
mine p, so that the cylinder may be upon the revolving. 

Let a. and /3 be the inclination 
of the planes am and bm re- 
spectively ; r=c a=cb=cd the 
radius of the cylinder; d= Z c ao 
= Z CBO, the angle of friction. 

Here the body is acted upon 
by the two vertical pressures 
w and p ; these pressures must 
produce a vertical pressure nb 
equal to the sum of these, pass- 
ing through the point o; for the 
resultant in the direction nb, 
when resolved in the directions 
oa and ob, must just cause the 
cylinder to slip at A and b at the 
same moment. 

By the equality of moments, Art. 80., 

PXDC=BXNC, or 

PXr=(p4-w)xco sin CON. 

Here we must substitute known values for CO and sin con. 

Let fall CK and CQ perpendiculars on AO and bo produced ; 
then the triangles cok and coq are identical, and Zcoa= 

Z.COQ. 

Because the sum of the angles oam and obm is equal to two 
right angles, Z a o b r= » -|- )3. 

Hence we have 




Fig. 115. 



ZAOB + 2 ZCOQ=180°, 






.*• ZCOQ or angle coa=90° 

Znoq=ZROb=/3-0, 
Zcon=Zcoq+Znoq 



+/3 
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=90o_f+^+j3_e=90+^^-fl. 

From the triangle aoc^ 

CO sincAO sin 



AC sin COA /»-|-/3' 

cos ' '^ 



m 



sin 



COS 



m 



Substituting these values in the foregoing equation of momen 
we get 

/ \ sinO /i3— » A 
Pxr=(p + w)r. . cos (^ 0j, 



• p=« 



w sin cos (^—^ dj 



cos (^) -Bine cos (fc^-e)' 

which is the expression required. 

If «=ft then 

w sin cos 



p= 



cos o&— sin 6 COS0 
_ w sin 20 
""2cosa — sin 20' 

In this equality p will be a minimum when the denominator is 
a maximum, or when ce=0; that is to say, p will be a minimum 
when the planes become horizontal. 



CHAP. VIII. 

FRICTION AND OTHER RESISTANCES OP MACHINES BORDERINO ON 

A STATE OP MOTION. 

FRICTION ON AN AXIS. 

189. To determine the conditions of the state bordering on 
motion, when a body movable upon an axis, is acted upon by 
pressures in the same plane. 
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X/et c be the centre of the axis turning in a circular bearing t d, 
and bt the direction of the resultant of the 
pressures ; then, when the axis is about to slip 
or to turn round, the angle rtc must be equal 
to tlie angle of friction a. 

17o find the work, u, in n revolutions of the 



Fig, 116. 




X^et r=GTy the radius of the axis ; then, 

Circumference axis=2rff' ; 
Perpendicular pressure on the bearing, or in the direction ct: 

RX €OS^CTB=B COS ec; 



sin a 



.*. resistance of friction =b cos a xf='R cos « x =b sin a ; 

•^ cos X 

/, U=B sin ax2r«Tr . . .(1). 

But; when » is small, which it usually is in practice, we have very 
nearly sin (»=tan »=.fy hence eq. (1) becomes very nearly 

t7=/Rx2rn^ . . , (2). 

Example. A water wheel, weighing 10,000 lbs., turns upon an 
an axis or gudgeon whose radius is '25 ft. ; it is required to find 
th.^ work consumed by friction per minute, when the wheel makes 
4 jrevolutions per min. and the coefficient of friction upon the axis 
is -075. 

Eere B=the weight of the wheel =10,000, r="25, n=4, and 
/= -075 ; therefore by eq. (2), 

u=-075 X 10,000 X 2 X -25 X 4 X 3-1416 
=4712, or about | of a horse power. 



The Lever when the Forces act perpendicular to it. 

190. Let POQ be a lever having the circular axis ot, turning 
'Within a circular bearing, and main- 
tained in equilibrium by the perpen- 
dicular pressures p and q. The 
resultant of these pressures must be 

^vertical force r inclined to ot at 

the angle of friction. Taking t, 

therefore, as the centre of motion or 

fulcrum, we have by the equality of 

moments for the state bordering on 

motion in the direction of p. 




PXPI=QXQI 



Ftp. 117 
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put PO=a, QO=ft, r=OT, and «=Z.0TR ; then 

Pi=po— I0=o— r sin a, 
and Qi=QO+io=ftH-r sin « ; 

/, p(o— r sin a)=Q(6-f r sin a) . . . (1) ; 

6-f^sina ... 

/. P=Q . ; — . . . (2), 

a— r sm a ^ ^ 

which is the equation for the state bordering on motion when p is 
about to preponderate. 

Now, when Q is about to preponderate the resultant, b, will cut 
the axis to the right of o, and then we obviously have, 

ft— r sin a ,-. 

P = Q , ; ; — . . , (3). 

o + r sm a ^ ^ 

For all values of p which lie between those given in eq. (2) 
and eq. (3), the lever will remain in equilibrium ; these values 
give the limits between which motion does not take place. 

In like manner, when p acts on the same side of the axis as q, 
p acting upwards and Q downwards, we get, 

ft+r sin « ,,. 

P=Q . -=7 — -. — . . .. (4). 

Where the + or — sign is taken according as p or q is about 
<) to preponderate. 

Q Example I, In a lever poq of the first kind, P0=14in., 

I \-^ Q0=12in., OT=3in., Q=r51bs., and a =30°, required p when it 
is about to preponderate. 

Here by eq. (2), we have 

P=5xJ|±J^=5-41bs. 
14-3x^ 

Example 2. Required the value of p, when Q is about to pre- 
ponderate. 

Here by eq. (3), we have 

_ 12-3xi oiiu 
^=^ X TXTo — ?=3-4 lbs. 
14 + 3x^ 

Therefore, for all values of p between 3*4 lbs. and 5*4 lbs. the lever 
will remain in equilibrium. 

The Wheel and Axle when the Forces act vertically. 
191. Let OP be the radius of the wheel, and OQ the radius of 



<0 
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the axle ; put w for the weight of the wheel and axle, then this 
weight will act through the centre o ; now taking t, the actual 
fulcrumy as the centre of moments, we have from^^. 117., 

PXPI=QXQI + WXOI, 

/, p(a— r ain «)r=Q(ft+r sin a)-|-wr sin « . . . (1), 

which is the equation for the state bordering on motion, when p is 
about to preponderate. 

If the pressures p and q act upwards whilst the weight w of the 
wheel and axle acts downwards, then it is obvious that the moment 
of w must have a contrary sign to that of q ; in this case, there- 
fore, the sign of w in eq. (1) must be taken minus. 

When Q is about to preponderate, we find as in the case of the 
lever eq. (3) Art. 190. 

p(a-|-r sin a)=Q(6— r sin a)— wr sin a . . . (2). 

It will be observed, that when p and w act on opposite sides of 
the axis, the resultant B meets the axis on the same side as the 
preponderating force. 

If p acts on the same side as q, p upwards and q downwards, 
then when p is about to preponderate, we have 

p(o-f r sin a) = Q(6-|-r sin a)-|-wr sin a . . . (3), 

and when Q is about to preponderate, we have, 

p(a— r sin a)=Q(6 - r sin a)— wr sin a . . . (4). 

Comparing eq. (3) with eq. (1), it will be readily seen that it is 
most advantageous to apply p after the manner described in 
eq. (3). 

Example 1. In a wheel and axle, represented in Jig, 117., 
where the power and weight both act vertically downwards, op= 
a=24in., OQ = 6=3 in., OT=r=l in., a=30°; Q=400 lbs. weight 
of the wheel and axle=w=401bs. ; required p when it is about to 
preponderate. 

Here by eq. (1), we get 

-p(24-lx^)=400(3+lxi)+40xlxi; .'. p= 60-4 lbs. 

Example 2. Required p, in the last example, when q is about 
to preponderate. 

Here by eq. (2), we have 

p(24 + lxi)=400(3-lx^)-40xlx|5 .% P=401bs. 

Hence the limits between which equilibrium is possible are 40 
and 60 lbs. 
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Example 3. Required the pressure p, in Example 1, when it 
acts on the same side of the axis as Q. 

When p is about to preponderate, we have from eq. (3), 

p(24+^)=400(34-^)4-40xi; /. p= 58 lbs. nearly. 

This is less than the value found in example 1. 



The Lever when the Forces act obliquely. 

192. Given p to determine Q when the lever is about to move 
in the direction of the force p. 

First by construction. 

Let PQ represent the lever; OT=r the radius of the axis; the 
arms of the lever, 0P=a, and 0Q=6; PC and QC the directions of 
the pressures p and q respectively; ct the resultant of these 
pressures cutting the axis at t, and forming with OT the angle of 
friction otc equal to a. 



' K 




Q 



Fig. 118. 

Take po=«, oq=5 ; with the radius OT = r, describe the circle 
representing the axis; draw PC and qp making the angles qpg 
and PQC equal to the angles at which the forces p and q respec- 
tively act ; join co. 

Now upon CO as a chord we have to describe a circle which 
shall contain the angle 0TC=a, or the given angle of friction. 
Draw OB making the angle C0B=a, the angle of friction; draw 
OD perpendicular to ob; from c draw CD making the angle ocd 
equal to the angle cod; then these two lines will intersect in a 
point D, which is the centre of the circle required. (See the 
Author's Geometry and Mensuration, p. ^^.^ Art. 60., Cor. 3.) 
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With D aa a centre and radius equal to dc or do, describe the 
circle KCOT intersecting the axis of the lever in the point t ; join 
Ct; then ^OTC= Z,C0B^3, tlie angle of friction ; iind CTwiU be 
the direction of the resultant of the two forces p and q when the 
lever is in the state bordering on motion. 

To determine the pressure q : from any convenient scale, fnie 
C^=^lhe units of pressure in P ; and construct the parallelogram of 
pressures Cprq ; then the units in cy will give the units of pres- 
sure of Q. 

193. In the foregoing construction we have supposed that the 
forces act on different sides of the 
axis ; in this case the resultant meets 
the asis on the same side as the pre- 
ponderating force P ; but when the 
forces act on the same side of the asis, 
as in^^. 1 19., the resultant TCr must 
cut the axis at t on the side opposite 
to the preponderating force r ; with 
this difference, the construction in t 
latter case is precisely the same as 
the former, 

194. Second by calculation. Con- 
ceive perpendiculars to be let fall from ^^' ^'^' 
o on the direction of the forces p, (J, 

and R ; put p, q, and A, for these perpendiculars respectively ; and 
<p for the angle pCQ in^^. IIS., or for Pcy in/fy. 119.; then, for 
both cases, we have by the equality of moraenls, taking the direc- 
tion of the force b to arise from the reaction of the axis, 

Vp — <iq = Rh. 

This holds true, for both c.ises, when p preponderates ; but if p 
be upon the point of yielding, or what is the same thing, if Q be 
about to preponderate, then the resultant will, in both oases, lie on 
the other side of o ; so that the equation of equilibrium now 
becomes, 

rp-Q<7=— rS. 
Now if we r^;ard k as positive or negative, according as p is about 
to preponderate or to yield, then we have generally. 




vp-<iq- 



=eA. 



From the parallelogram of pressures Cqrp, i 
hare (Art. 68.) 

r«=p»+2pqcob^+<1'. 



r 



. pmLosoPOY. [rAKT ii. 
Squaring iind substitutiiig tbe vulue of R^, we get 
(pp-Qj)^=AVpH2pQcoaf+<j»), 
and by reduiition we get 

solving this quadratic for the value of -, we obtain 



p^-k* 



•OX 



where for the sake of conciseneas k^ is put forp' + 2p(^cos^ + g'*. 
Here again we observe that the sign of A determines wbetber the 
+ or — value is to be taken in the expression. 

In order to obtain an approximate expression, divide the nurue- 
rat<ir and denominator by p^, and neglect the terms involving 



0' 



i being veiy small ; then 






•(2), 



where the 

ponderate 

When p 



+ or — sign is taken according as p ia about to pre- 
yr to yield. 

is about to preponderate, it will be a minimum when k 

^ is a miniraum, or when ^=180° ; and this 

the same 



= -/j^ + 2pq 

condition will be fulfilled when the forces P and Q act 

side of the axis and parallel to each other. 

Whenp=y, the wheel and axle becomes a single pulley, and ii 
this case eq, (2), Art, 197., becomes 



. K J^Q . 



■ {3> 



2p-(l4-eos^), 



which is the relation bordering on a state of 
motion when p is about to preponderate. 



^t^L 



\*-^ 
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Wheel and Axle, when its Weight is taken into 

Account. 

195. Let the tliyee pressures p, Pi, P2, act as in Jig, 120., where Pa 
acting vertically, may represent 
the weight of the wheel and 
axle. 

Let ^2= ^ PAO, the angle 
-which p makes with the ver- 
tical; ^3 = ZPii>o, the angle 
which Pi makes with the ver- 
tical; ^1=^2+^8= ZpcPi, the 
angle which p and p^ make with 
each other; also let a=OP, the 
radius of the wheel; ai=OPi, 
the radius of the axle ; r=o*T, 
the radius of the axis ; a = Z o t r, 
the angle of friction, or the 
angle which the resultant B makes with the radius of the axis 
when the machine is bordering upon motion by the preponderance 
of p ; /. r sin «=the perpendicular on r. 

By eq. (7), Art. 65., 

B»=P«4-Pi«4-P2*-|-2pPi COS^i+2pP2COS02 + 2PiP2COS03. 

' Moreover taking o as the centre of moments, we have 




Fig. 120. 



P . a— Pi . ai=R . r sin a, 
.% p2a2_2pPiaai+Pi2aj2=R2 . r^sin^a, 

substituting the value of^R^ and reducing, we get 

2 ^ Pigoi +r2 sin^ « ( Pi cos 0i +P2 cos ^.2) 

P — ^ • ^ o o — '• — o 

_ r«singa(Pia-fP2« + 2PtP2Cosy3)-Pi2qi2 

This equation may be solved as a quadratic for the value of p, 
which Professor Moseley has done in his "Engineering,'* p. 191. ; 
but the result may be simplified by making the following assump- 
tion. 

When a machine works with its greatest efficiency, the useful 
pressure Pj will be a certain constant quantity which will have a 
fixed ratio to the weight Pg of the wheel work ; let us therefore 

N 2 
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suppose that Pj is the nth. part of Pj, that is, let P2=»Pi. Making 
this substitution in eq. (1), then dividing by Pj^, and for the sake 
of abbreviation putting 

A=aai + r^sin*a(cos 0i-|-wcos^2)> 
B=a*— r^sin^a, 
and c=r^sin^a(l + w2 + 2wcos ^a)— Oi* ; 
hence we get 

VPi/ b Pi b 

/. ■^=-(A+ a/b.c+a2) . . . (2), 

Pi B 

which is the general relation of the pressures in the wheel axle 
when bordering on a state of motion. 

If /i=0, this expression becomes the same as that given in eq. 
(2), Art. 194. 

Let Pi act vertically, as in^^. 121., then ^i=02> ^^^ ^3=0 ; in 
this case 

A=a fli -f r^ sin* a cos 01 (1 + w) ; 

andc=r2sin2a(l-|-w)2— ai». 

substituting in eq. (2), and omitting the terms 

which contain powers of r above the first, as Fi^. 121. 

being very small, we get 




=5Li-^!L?!5^ A/a^(l-hw)2 + OiH2aaiCOS0i(l+n) . . . (3). 



p 

Pj a a' 

Or by an obvious abbreviation, this equality may be written 



Pi a « 



2 



If p acts on the same side as Pj and in a direction contrary to 
it, as shown in^^^r. 122., then cos ^j becomes minus, 
for in this case 0i is an angle greater than 90°. 

If p acts horizontally, then 0i=9O°, and eq. (3) 
becomes 



_"i 



^'\-^Slna^/a^{l + ny+a^^ ... (4). 



a a 




If a 1=0, in eq. (4), the machine becomes a single ^^ff' 122. 
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puUey, where the forces act as in Jig. 123., and then we get 



r 




Fig, 123. 



— = 1+- 8in«V(I+w)2Tr . . . (5). 
Pi a ^ 

Now >/(l + «)» + l= a/2 {1 + w(l ^\n)} * 

= V2(l+iw), 
omitting the terms which contain the powers 
of n above the first Substituting this in eq. 
(5), we get 

substituting the value of n, that is, n=— , and reducing, we get 

/, . A/2'.rsin«\ , r sin « 

Values op / or tan «, according to the Experiments 

OF MORIN. 

Iron on Oak - - - - - - '62 

Cast Iron on Oak - - - - - - '49 

Oak on Oak (fibres parallel) - - - - '48 

Ditto ditto, greased - - - - - -10 

Cast Iron on Cast Iron - - - - - -15 

Wrought Iron on Wrought Iron - - - - "14 

Brass on Iron - - - - - - "16 

Brass on Brass - - - - - - '20 

Wrought Iron on Cast Iron - - - "19 

Cast lion on Elm - - - - - - '19 

Soft Limestone on the same - - - - '64 

Hard Limestone on the same - - - - '38 

Leather Belts on Wooden Pulleys - - - - '47 

Leather Belts on Cast Iron Pulleys - - - - -28 

Cast Iron on Cast Iron greased - - - - '10 

Brass on Iron greased - - - - - '08 

Fivots or Axes of Wrought or Cast Iron on Brass or Cast 

Iron pillows, 

— — constantly supplied with oil - - - - '05 

— — greased from time to time - - - - '08 

without any application, or dry - - - '15 

A more extensive table will be found in Moseley's " Engineer- 
ing," page 149. 

N 3 
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RIGIDITY OF COEDS. 
196. Two weights p and Q, attaclied to a stiff cord going over a 
wheel, will balance each other wheu their weights are equal, but 
in order that p should preponderate, it should exceed q by a pressure 
requisite to overcome not only the iriction on .the axis, but also the 
rigidity of the cord, or that force which is required to bend the 
cord over the curved surface of the wheel. From a series of ex- 
periments, Coulomb found that this force of rigidity acted so as to 
increase Q by the quantity d+e . Q, where d and e are constants 
which he determined by experiment for ropea of various circum- 
ferences, &c. This law applies to cords bent upon wheels of equal 
radii ; but when the radii are different the quantity D + e . Q varies 
inversely as the radii, so that if K be the radius of a wheel we have 

in general '-^—q) for the quantity by which Q is inoreaBed, 

Hence it appears that a weight Q acting by a stiff cord goingover 
a wheel whose radius is e produces a force represented by 



when it is in a sfate bordering on motion. 

When Q is largo, which it ia always in practice, then we have 

very nearly g= — —, and therefore the total resistance produced 

by the weight Q in tliis case will be expressed by 

According to Morin the formula for the resistance due to the 
rigidity of new while ropes is 

9=^(-0002 + -0O017n + -OO0243Q), 

and for tarred ropes 

y=^(-001 + ■000232m + -00028Q), 

where d— the diameter of the wheel in feet, w=the number of 
threads in the rope. 

The values of the constants d and e are given, in a few cases, 
in the following Table, for different dimensions of the cords. A 
more extended Table is given in Moseley's " Engineering," 
pi^e 158. 
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Table, Rigidity of Ropes, 

197. Values of the constants d and e, according to the experi- 
ments of Ck>ulomb. The radius of the wheel being taken 1 foot. 

No. 1. New dry cords. Rigidity varies as the square of the 
circumference. 



Oircmnferexice of Rope 
in Inches. 


Value of D in lbs. 


Value of £ in lbs. 


1 
2 
4 
8 


•1315 

•5261 

2-1044 

8-4137 


•00575 
•02303 
•07317 
•36849 



No. 2. New ropes dipped in water. 



Circumference of Rope 
in Inches. 


Value of D in lbs. 


Value of E in lbs. 


1 
2 
4 
8 


•2630 

1^0522 

4^2089 

16-8356 


•00575 
•02303 
•07317 
•36849 



Example 1. A dry white rope, 2 inch circumference, passes 
over a wheel 2 feet in diameter, from which is suspended a weight 
of 1000 lbs. ; required the power, p, which must be applied at the 
other extremity of the rope in order to raise the weight, the fric- 
tion on the axis of the wheel being neglected. 

Here q=1000, r=J of 2=1, d=-526, e=^02303, hence we 
have by the first formula 

p= lOOO + -526 + -02303 x 1000= 1023-5 lbs., 
and by the second formula 

p= 1000(1 + -02303)= 1023 lbs. 

Example 2. Required the same as in the last example, when 
the radius of the wheel is 3 in., q=4000 lbs., and circum. 
rope=4 in. 

By the first formula 

p=4000-h4(2-1044 + -07317 x 4000)=5179 lbs., 

N 4 
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By tlie second formula 

p=4000Cl+4x-O73l7)=51701ba. 

The wheel and axle, uAing the rigidity of the ropes inta 1 
couttt. 

198. Here in eq. (1), Art 191^ we have to subsdM 
Q + - — ^—^ for Q, where b is the radius of the axle ; hence 4 



p(a-r sin «)=^a+^±|^) (i+r sin «)+w 
) 6D+(D+ftw)r 



and hy reduction, we get 

,_„ (»+■)(' 



H"- 



•) 



•(1X1 



If D be neglected, then 

Q(ft+B)(ft + r sin a) + bwr Bin a 
fi (a— r sin os) * 

which is the equation for the state bordering on modoa ; where 
the minus sign of w is taken when the pressures p and q act 
upwards. 

IBA. Proceeding in Uie same manner with eqs. (2), (3), &c., 
of Art. 1M>, wo obtain the equation for the state bordering on 
motion, when the pressures do not act verticallj. 

For example, we have from eq, (6), Art, 195., by putting for p, 
its value Pi f 1 + - J + -, and reducing 



<-'-±^%^-)--«(-^-.)- 



. (2). 



M 



which is the equation for the single pulley when the pressures 
as represented in ^ff. 123., and p, is small as compared with 
Knr the sake of abbreviation, we may write this equation as 

I'uUuws 1 — 

p=e,p, + ... ...(3). 

Umimph 1. In the wheel and axle represented in _fiff. 117^ let 
^«,iW, « = li ft., l>=i ft., »-=aV f^ sin »^-08, ,-. r an 
*^,^x'<W"'00a3, w=100, circumference cord=2 in. supposed 
Iff *» *i7 >»>'J "9w [ required i- when it is about to preponderate. 
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. Here the value of p is given in eq. (1) Art. 198. From the 
Table, Art. 197., we find d=-526, e= -02303, 

400(j-h-02303)(i+'0033)+i x '526+^526+^ x 100)'0033 
•*• ^"" i(li--0033) 

=74-5 lbs. 
If D and w be neglected in eq. (1), we have 

400a -02303) g-h -0033) _ 
^- i(lJ-.0033) -74^ IDS. 

When all the resistances are neglected, we have 

^ 6Q_ ix400 _.^,. 
p= — = ^— 71 — =66*6 lbs. 
a • 1^ 

Hence it appears that the useless resistances of this machine 
chiefly depend upon the friction on the axis, and the coefficient £ 
of the rigidity of the cord. 

Example 2. In the wheel and axle represented mjig, 121., and 
eq. (3), Art. 195., let ^i=60° the angle which the direction of p 
makes with the vertical, the weight q=400 lbs., a=l^, Ui or 
5=^ Pg or w=100 lbs., and so on, as in the foregoing ex- 
amples. 

Here by expression (1), Art. 196., we have 

,D+B.Q .^,.526 +-02303x400 ^^^ 

Pi=Q+ ^=400+ r =439; 

R i 

.% «= — =j^=*228 ; and cos ^i=^ ; hence we have by sub- 
Pj ^dy 

stitution in eq. (3), Art. 195., 

p=439 { i +121:52??. a/K1 -h -228)2 -h^ +| x i(l +-228) } 

= 74-35 lbs. 
which is the value of p when bordering on motion. 

If D be neglected, we find Pi=437, &c., and p=74 lbs., which 
is nearly the same as the value before determined. 

If all the prejudicial resistances are neglected, then 

p=Q X -^=400 X ^=m*^ lbs. 
a ® 
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COLLIBION OR UtPAOT OP BODIES. 

100. Is treating of the collision of bodies there are two caaea to 
be considered, — (1) that of ioeUstic bodies, (2) that of elastic 
bodies. 

An elastic boij is susceptible of compression, and regains ita 
figure after the compressing force has ceased ; but an inelastic 
body does not regain its 6gure. Glass, ivory, &c., are highly 
elastic substances, whereas soft putty aud clay are almost perfectly 
inelastic. 



Inelastic Bodies. 

To find the motion of two inelastic bodiet afier impinging 
directly vpon each other. 

201. Let M and u, be the quantities of matter in the two bodies, 
T and Vi their Telocilies before impact. Suppose the bodies to be 
moving in the same direction, and let m overtake u, ; then m will 
continue to impart motion to a^ until they have the same velocity, 
and they will then move on uniformly together with this common 
velocity. Let f =this common velocity after impact. 

By the law of action and reaction. Art. 20., the momentum 
gained by Mi will be equal to the momentum lost by m ; but we 
have 

Momentum gained by M[=Mi(ii— Vj), 



MV + M,W = ]iIV + M|< 



■ m. 
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tliat is, the momentum after impact is equal to the momentum 
before impact. From this equality, we get 

«=?^I±HiIi . . . (2). 

-which gives the velocity after impact. 

Or putting w and Wi in the place of the masses m and m, 
respectively, eqs. (1) and (2) become, 

wt7-f Wir=wv-|-WiVi ... (3), 

m 

From eq. (4) we get 
Momentum gained by Wi, or lost by w=Wit?— WjVi 

W + Wj ^ ' 

If the bodies are moving in opposite directions^ we have merely 
to write — Vi for Vj in these expressions. 

202. There is a loss of work by the impact of two inelastic 
bodies* 

Work before impact =:-^ — H — —^ ; 

Work after impact= ^^ V^^' ^^-^t^Lli? 

^ 2g 2^(w + Wi)' 

by substituting the value of »• given in eq. (4); 

.-. Work xo,i^in.\iLgl-(:^f^ 

2g 2g 2^(w+Wi) 



=2^1?^)<^-^')^- ••(«)• 



This work lost is that which is expended in producing the 
compression of the bodies, for as the bodies are supposed to be 
inelastic, the work of compression is not reproduced by the resti- 
tution of the bodies to their original form. 

Wi 

If Wi be very great as compared with w, then — — *— = 1 very 

W + Wi 

nearly, and in this case eq. (5) becomes 

Work lost=^ (v-Vi)^ . . . (7). 
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203. If the velocities of the bodies be given, ajtd also Ike snm of 
their weights, the work lost will be a maximum when the weights 
of t/ie bodies are equal. 

For tlie work lost will he b. maximum wljen tlie product 
of the two weights is a maKimmn, the sum of the weights being 
constant. In this case, therefore, we have from eq. (6), by 

Work Iost=^(v-Ti)2 . . . (8). 



Elastic Bodie3. 

204. When two elastic bodies impinge upon each other, there 
are two forces called into action, viz., the foree of compression and 
the force of restitution. At the instant of the greatest compression 
the bodies move togetlier aa in the case of inelastic bodies ; hat 
A:'om the force of restitution, or that tendency which elastic bodies 
have to regain their original form, the one body is thrown forward 
with the same momentum that the other body is thrown bock. 
"When the force of restitution is equal to the force of compression 
the bodies ore said to be perfectly elastic ; and on the other hand 
when the force of restitution is less than that of compression, the 
bodies are said to he imperfectly elastic. Now it has been found 
that the force of restitution, in the same bodies, has a constant 
ratio to the force of compression, whatever may be their velo- 
cities : thus if e represent this ratio, E the momentum gained by 
Wi, or lost by w, from compression, then en will be the momentum 
gained by Wi, or lost by w, from restitution. 

To find the velocities of two elastic bodies after impact. 

ZOS. Lot w, Wi be the weights of the bodies, t and v, their 
velocities before impact, v and v, their velocities after impact ; 

Momentum gained by v 



r lost by w after 


impact 




.» = (1+.)B, 






pact, or Wiri = 


iv,v,+(l + 


)«. 


, or w.=w 


v-(l+c)n 





.-. ».=V, + (l + a)-, 
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«id,r=v-(l+e)?; 

but B 18 given in eq. (5\ therefore bj sabstitotion and redaction, 
get 



nrhicb are the velocities required. When the bodies are moving 
in contrary directions^ we hare merelj to write— Vi for v, in these 
expressions. 

206. When e=. 1, the bodies are perfectly elastic. 

207- K Wi is a fixed obstacle, then T|=:0, and - — - — =1 ; in 

this case eq. (10) becomes 

f7=— ev . . . (11), 

that isy w would rebound firam the obstacles with a velocity equal 
to e times that with which it approached. 

208. To find the relative velocities of the bodies after impact. 

Subtracting eq. (10) from (9), and reducing, we get 

t?i— r=c(r— Tj) . . . (12), 

that is to say, the relative velocities of the bodies after impact have 
the constant ratio e to their relative velocities before impact. 

Newton discovered this law by experiment, and subsequent ex- 
perimentalists have found it to be very nearly correct. The 
foregoing investigation shows, that this experimental law may be 
explained by the hypothesis that the force of restitution has a con- 
stant ratio to the force of compression. 

209. To determine the worky u, lost by the impact of two im- 
perfectly elastic bodies. 

Hence we have by Art. 47., 

Work before impact =-Tr — h- A > 

2g ^ 2g ' 

Work after impact=-3r — 4-— i— ^> 

^ 2g ^ 2g 

.*. Work lost, or m=7^(wv2+WiVi2— wt?^— WitJj^); 
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substituting the value 
reducing, we get 



HiLOSOriir. fpAi 
Q eqs. (9) and (10), a 



_(1- 



!')-WWl(v- 



0, tliis expression becomes the Bame ae that given ii 



When 

eq. (6). 

Wlien the elasticity of tlie bod; 



that is to say, theke is no wokk lost bt tub 
rERFECTLt ELASTIC BODIES. The accumulated i 
the one body is taken up by the other. 



IMPACT OF TWO 

ork yielded by 



210. If a 



IjirACT UPON Fixed Planes. 
[uely, 



. the direction 




1 elastic body a impi 
*B, upon a smootli plane hr, the body will be reflected 
oblique direction bc. If be be drawn perpen- 
dicular to HB, then the angle abe is called the 
angle of incidence, and the angle edc t])e anffk 
ofnjh^on. 

Let i';=the velocity of the body before impact, 
)i[=the velocity after impact, e=the modulus of 
elasticity, ai^^ABE, S^^^ebc; let ab repre- ^'s- 124. 
sent V ; draw ae parallel to iir ; then from the parallelogram of 
motion, u is compounded of a velocity 11 n in the direction of tbe 
plane and be perpendicular to it. But nB=AB sin 3=11 sin a, 
and BB=tT C09 B, but after impact this latter motion, from the re- 
action of tlie plane, becomes ev cos a. Now take bb=^bh= 
V sin a, BD=eD cos a, and construct the parallelogram bhcd, then 
BC will represent the velocily of reflexi 

.■. «, = BC=v'br'+b. 






=i>^/ein'«+e^eos=»...(l). 
If e=l, that is, if the body is perfectly elastic, then "i=», and 
; that is to say, ike angle of reflexion is egual to the angle 



of incidence. 

If the body ia non-elastic, e=0, .*. bd 
is to say, a, non-elastic body, after inipa 
■with the velocity 11 sin tt. 



=0, and v, = v sin a, tliat 
t, slides along tie plane 
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EXEBCISES FOB THE STUDENT. 

1* Two inelastic bodies weighing 2 lbs. and 4 lbs., and moving 
in the same direction, with the velocities of 6 and 9 feet re- 
spectively, impinge upon each other, required their velocity after 
impact. Ans. 8 ft. 

2, Required the work lost by impact, in the last example. See 

Art. 202. Ans. ^^. 

Or thus without the formula. 

Work before tmpact=^^^3^^+^3^=^x 1188 
Work after impact =^-^^g|Y =y^ x 1152, 
/. Work lo8t==^ (1188-1152)=^^ 



193^ ^""193 

3. Required the same as in the last example, when the weights 
of the bodies are 40 and 60 lbs. and the velocities 16 and 26 feet. 

Ans. 37*3. 

4. Two ivory balls, of 4 and 6 lbs. weight, impinge upon each 
other when moving in the same direction with the velocities of 
9 and 10 ft. ; required their velocities after impact, allowing the 
modulus of elasticity for ivory to be '8. See eqs. (9) and (10). 

Ans. 10-08 and 9*28. 

5. Show, by a particular example, that when the bodies are 
perfectly elastic there is no work lost by impact. 

6. Two perfectly elastic balls, weighing 1 and 3 lbs., meet 
directly with equal velocities ; show that the heavier ball will re- 
main at rest after impact. 

7. If two balls of the same substance impinge directly, show 
that the velocity of their centre of gravity is the same after impact 
that it was before impact. 

In addition to the notation of Art. 204., let v^, Vi^ = the velo- 
cities of the centre of gravity before and after impact ; then by 
eq. (1), Problem 21, Art. 112., we have 

yi = — *— \ and Vi * = '—^ ; 

w-l-Wi * W + Wi 

substituting the values of v and Vj, given in eqs. (9) and (10), in 
this latter equation, we get 
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8, Determine the motion of the centre of gravity before i 
after impact, when the bodies, in the last example, move in c< 
tTOry direction*. 



Whek a body is projected obliquely to the horizon, the path 
which the body pursues ia a curve called the parabola. By the 
second law of motion, gravity produces its full effect upon the 
body independently of its motion of projection ; so that the actual 
path pursued by the boJy is compounded of the motion of pro- 
jection and the motion resulting from the action of gravity. 

To determine the path of a hodi/ under the ac^on of gravity, 
when projected with a given relociti/ and in a given direction. 

211. Let the body be projected in the direction at with the 
given velocity v, and let ( be 
the time which the body would 
take in describing the space 
AT, if gravity were not acting. 
Now if T p be the space through 
which the body falls in the 
time t ; then p will be the actual 
place of the body. 

Now AT is the space which 
is described in the time t, with 
the uniform velocity v; and pt 
19 the space which the body 
falls in the time t; hence we 
have 

AT=rf, and pT=Jji-; 
by eliminating /, we get 
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AT*= .FT. 



Let h be the height from wMch the body most fall in order to 
acquire the Telogity v, then bj eq. (5^ Art 26, h=.^- hence 
we h&ve, by gnbslitntton, 

AT'=4fi.PT . . . (1); 

now this is the eqaation to the parabola, where at is a taagent to 
the curve at a, pt is parallel to the axis cd, and A is the disUnce 
of the directrix from a, or the distance of the focua from A; thus 
if 8 be the focua then &s=A; ifDV:=DS, and yb is perpendicular 
to CT then tr is the directrix, and ar=^a3^A. 

ToJtJtd the equation tf the pryectile icheu referred lo redan- 
gtlar coordinates. 

212- Let a = ^BAT the angle of projection ; 
*=AH ; andy^PN; then 

AT=AH sec a = : 

COS a 

PT=TN — PN=iC tan a—y; 

substituting these values in eq. (1), we get 

— j-=4A (x tan a— u). 
coa*n ^ "" 

.: ^=a; tan a— ^ 



■(2). 



4 A coa'o 
To find the horisotUal range ab. 

213. Make j=0 in eq. (2) ; then the corresponding values of x 
will apply to the points a and b. 



whence we ohtiun for the roots of this equation, 

T=0, which applies to the point a j 



=2Asin2a 



.(3). 



which ia the value of ab, the horizontal range, 

214. When the velocity v of projection is given, this expresnion 
for the horizontal range will be a maximum, when stn 2n is a 
maximura, or when 2a=90°, or a=45°, that is to say, a body 
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WILL KE CAItSTED 1 



< THE r.SZATEST aORtZOITFAL 



rr la ptmjjectbd at as asijlr op -W to the ao&izoa'. 

2U. Moreover, since ain 2(45°+9)=sia 2(45— e)j if we p«t 
either 4.5 + fl or 45— fl for a in eq, (3) we shaR have tlie same re- 
snh i hence ie appears the horizotical range is the same fhe amj 
two projectiles, when the devftdon of one is 33 much abore 4o° u 
thftt of the other is below iL 



TofiTtd the total time ofjTight on a korizontal plat 
2U. Draw tha Tertical line bk intersecting at prodaced ii 
Let x=the total time of flight ; then 

AK=rj^ aadBK=*'x|i 



.(4). 



To find the greatest height. 
217- It is ob»iou9 that the greatest height maat be eqnal to the 
Hpace through which the body will fall during one half of its time 
of flight; hence we have, by eq. (4), 



the greatest height= f -j '* 



■ ■ (5). ^^ 
n inclined 



Tijind the point s where the projectile vnll strike a 
plane a e paxning through, A, the point ^projection. 

218. Let the perpendicular ef=j/, af=x, and Z.fae=^; 
then 

y=a;tan/3; 
but the value of y Js given in eq, (2) ; hence we have by equality 



atari^=a!tan«- 



4Aci 



PKOJECTILKS, 

4Acos-«(tana-tanf3> 



Now the distance ar=x 



=4*. 



°(— /!) 






.(6). 



7"Ae velocity of a projectile at any point ofitgpatk is that which 
icould be acquired in falling freely from the directrix. 

219. It haa been shown. Art 211>, that the velocity of projection 
is equal to the velocity which would be acquired in falling through 
A, the distance of the point of projection from the directrix of the 
parabola described. Now this must hold true for any point in the 
parabola, for we may obviously suppose the body to be projected, 
at any point of its path, with the velocity and direction which it 
has at that particular poinL 

To find the direction in which a body must be projected from a 
given point A, vnlh a given velocity, in order to hit a given 
mark e. 

220. Here the value of a must be found from eq. (6). 

Now, 2 cosoi sin{oi— /3)=sin (2a— /3)— ain/J ; hence we have 
from eq. (6), putting b for ae, 



k 



B=2J. 



in (2.-/3)- 



n/3 



From this equation 201— /3 may be found, and therefore a, 
the angle of projection bat. 



^^i; Prove, 
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the greatest height_ 
horizontal range 



2. When the angle, b, of projection is equal to 15°, the hori- 
zontal range ia equal to li. 

3. When the angle of projection is constant, the horizontal 
range, as well aa the greatest height, variea aa the square of the 
velocity of projection. 
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4. Show thai a in eq. (7) has two values, and that they are 
equally inclined to a line bisecting the angle which ae makes with 
the verticaL 



J 



CHAP. XL 
Honon OF Bodies ok an ZNCLmsD Pi.uie. 



To find the relations of time, space, and velocity, when a body 
fnlU by lie force of gravity doton an inclined plane abC, tAe 
friction being neglected. 

aai. Let tr=the weight of the body ; 01= Zb AC the inclination 
of the plane; s=ac the length of the plane ; p^ 
the pressure tending to move the body down the 
plane; ^[=tlie accelerating force which urges the - 
body down the plane; ri=the velocity of projec- 
tion up or down the plane, as the case may be ; 
e=the velocity thus acquired in moving through 
the space s. 

From eq. (5), Art. 139. we have 



and from eq. (I), Art. 27. 



Now, since the accelerating force g, ia a uniform force, the 
equntions (2), (3), and (5), given in Art. 27. will hold true in the 
present case, hence we obtain, by substitnting the value of j„ 



s=<ij, + Jp(SBin» . 



and so on to any other forms of expression. 
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It will be observed that the + or — sign in these formulas ia 
to be taken according ^ the body is projected down or up the 

222. When the bodj simply descends the plane by the force of 
grayity, V|=0, and then these expresaions become 



"=»"'"■ 


• w 


L .=i5C8m. 


. . . (6) 


■ 


.(7). 


From eq. (7), we get 




.'=2 J. Bin.. 


. . (8). 


Tojind the velocity acquired in desceadinii 


223. By trigonometry, we have 




SSinz=ACXsiE 


« = BC, 


Iwtituting in eq. (8), we get 





ri inclined plan 



bat by eq. (6^ Art. 26., this is the velocity which the body would 
acquire by falling freely through the vertical space bc ; hence it 
follows, that the velocity acquired in falling down an inclined 
plane, without friclion, ia the tame as would be acquired infalUng 
fredy through the perpendicular height of the plane. 

Or thus, on the principle of accumulated worh. 

Work done by gravity on the body=wXBc; but we have by 
«q. (I), Art. 47. 

Work accumulated in the body=— = — ; now this accumulated 
2ff 

work ia due to the action of gravity alon^ 



.-. v=-/2gxBc. 
which is the same reaulc as before found. 

fFhen a body descends any arc of a smooth curve, the velocity 
acquired at any point is that which is due to the vertical height 
JaBea through. 
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■ Let us ilrat suppose that the bodj folk down a eucceeaioQ 1 
rf smooth planes ab, bc, OD, &c<i with- 
lut losing any port of ita acquived 
Telocity in passing from one plane to 
another ; then the velocity acquired at ' 

■ny point ia due to the vertical height ■ ^ / 

&lleQ through. Thus the velocity at b ,^ 

wiil be due to the vertical height a6 ; ^..^ 

the velocity acquired down bo will be 

due to the vertical height 6c; ho that "*■ ^^' 

the whole velocity at c will be due to the whole vertical height 

Ac ; and 90 on. 

Now when the number of planes ia indefinitely inei-eased, they 

[form a continuous curve, in which case no part of the acquired 

■■Telocity is lost in passing from one part to another. Hence the 

P velocity of the body, at any point of the curve, is that which is 

due to vertical height fallen through. 

To find the times down any inclined planes when the height wfl 
the same. 

. From eq, (6), Art. 221., we have, hy substituting — f(» 



Now when BC is constant t varies as ac, that is to say, the timet 
"e proportional to the length. 
7b »how that the times of a body falling down the chords c 
'; AC and kc, drawn from the extremttiei of the vertia 
are the same. 
. Let the body descend the plane ac; 
from o draw CD perpendicular to ak; then 
AD will be the perpendicular height of the 
, plane, and hence we find from eq<(l), Art.225., 



I W from the property of the circle, - 




GHAF. XI.] 



I itl DfCLimiD PLANE. 



.-. ts 



V2AK 



w 



tut this also expresses the time in falling freely down tlie diameter 
AK, therefore the time down any chord is the same as that down 
the diameter, and the time down any chords drawn from a muHt 
be the same. The same may be shown to hold for all chorda 
drawn from k, as for exaniple kc, kc,, &c. 

ff^n hodiesfaU down any arcs, Acc, ofacircle (eee fig. 127.) 
ihe velocities acquired at the lowest point A are proportiotial to the 
ckordi, AC, of the arcs. 

227. Let if=the velocity acquired ia falling down the arc Cba, 
then, by Art. 223<, 

ii»=2yXAD 



I to th 



Now since Ak ia constant, it follows that the velocity ia pro- 
portional to the length of the chord. 

If tbe arcs are smaU, the velocities are very nearly proportional 
to the lengths of tbe area. 



Exercises. 



1. What velocity would a body acquire in falling down a smooth 
plane whose perpendicular height is 3 feet F (See Art. 223<) 

Am. -/I93 = 13-8ft. 

2. Id what time would a body fall down a smooth plane whose 
length is 8 fl. and perpendicular height 4 ft. ? 

Here in cq. (6), Art. 221., we have s ^ 8, g = Z2^, sina = '=^i 

and 



32J X y 



I Bee. nearly. 



3. What space would the body in the last example move over 
in order to acquire a velocity of 10 ft, per second? ^w*. 3-I+ft. 

4. What velocity will a body gain per second in faUing down an 
inclined plane whose inclination is 45"? Ans.gy/T 

5. What must be the inclination of an iucliocd plane, so that a 
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body falling down it mny acquire a Telocity of ^ ft. in every 

second ? Arts. 30". 

6. Divide the length of a given iDclined plane into two parts, 
ao that the times of descent down each of them may be the same. 

Am. The parts will be in the ratio of 1 to 3. 

7. P foiling down the inclined plane AO draws W up the in- 
clined plane do by means of a cord going over „ 
a pulley c at the common vertex of the two 
planes ; it is required to find the velocity, v, 
acquired by p after descending h feet on the 
plane. 

I^t ii(=the inclination of the piano ac, and 
/3^the inclination of DC ; then 

Vertical space moved over by p=A si 



,*, Work due to gravity =rA sin i 
Work accumulated in p and w= 
-•- — ^ '=vha\att,~yfk\ 



-wA sin ^. 




w Bin/J> 



If tt=/3=90°, this expression becomes the same as that given ii 
Prob. (6), Art. 49. 

Having found the velocity we may readily find the time. 
For the space A will be described with 

hence we hafe 

^_ A_2A 



» velocity ^ 



8, An inclined plane has a rise of 5 in 100, through what space 
s must ft body p fall down it to acquire the velocity g ? Required 
also the time. 

Work accumulated in p= ^„ -=^ . p j 



Vertical space falleu=Yj 
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.•. Work due togravitj=r-7jLX8xpj 
5 g 

.■. 8 = 10^. 

Moreover, /=y-= ^^20 eeconda. 

a? 9 

9. If a body be projected obliquely on an inclined plane, the 
path of the body is a parabola. 



GeHEHAI. PKOrOSlTIONS " RELATIVK TO THE MOTION OP A BODI 

OS AM Inclinbd Plane, tde Feiction heino given. 

228. A body is moved np or down an inclined plane adc (eee 
_/^. 77.) by a pressure r acting parallel to the plane ; required the 
accumulated work and tlie relations of the various elements, as in 
probleiDS 1 1 and 12., Art. 49. 

Now we have in this general problem, as well as in all cases of 
machinery, 

"Work due to p=work due to friction + work due to gravity 
-f-work accumulated in the moss. 

Let 8=AC, the space moved over by p; I^]=the velocity of the 
body at first, and v the velocity after it has moved over a ft. ; 
ti|=the work due to friction; na=the work due to gravity; 
«=tlie work acctimulated or the work gained or lost ; then 

p. 8=ni + Da+w. . .(I); 
where the body is supposed to be moving in the direction of p, 
and the + or — sign b taken according as the pressure p acts up 
or down the plane- 
By eqs. (I) and (2), Art. 17a, 

i;, + U3=/. w . Aii+w . BC 

= S1H(/C08H + Bina). 

Substituting in eq. (I ), we get 



„(^ 



i)- 



s{p— tr(/coaa+sin(t)} . - . (2), 



* Fint given b; tbe Author in the " Uocbonicit' Magulno." 
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from which equation any one of tho clementa may be found when 
all the others aro given. Let us derive this result by another 
process. 

229. By eq.(l), Art. 173., 

The moving pressure, p=p — M(_/"cosa+Binoi) . . . (3). 

By substituting this value of p in eqs. (6), (7), and (9), Art. 
27.; we obtain from (6) the relation between the velocity and 
time, from (7) the relatioo between the epace and time, and from 
(9) the equahty (2) just found. 



When toe Boot la acted upon bt the Force of Geavity 

ALOITE. 

230. If p=0, and the body be projected down the plane; then 
eqa. (3) and (2) become 

p=«.(ain«-/cos»)...(4). 



i 



— 2^=sCain«-/co9«) 

= B0-/. AB. . .(5). 

And when the body ia projected np the plane, 
p= -a (sin «-f/cOB a) . . . (6) 

— 5 =a (sin a+f coa a) 

=BC+/- AB . . . (7). 

The value of ^ in eq. (6) ia alwaya a retarding pressure, whereaa 
in eq. (4) it will l>e an accelerating preasure when ain » ia greater 
than /coa a. 

231. Eqs. (4) and (6) may be written in one expression, thus 

p=-»«(/coH» + sin«)...(8); 

and, in like manner, putting 9 for the angle of IrictJon, eqs. (5) 
and (7) may be written 

~^=-s(/cos-+.sin.) ... (9) 

= — (+BO + tan fl . ab), 

where the + or — sign is taken according as the body moves up 
or down the plane. 



xxAT.co.} Monov av ah ivglinxd tlamk. ' 903 

133. Eqs. (8) and (9) may be put in a more concise fom ; for 

we htTe 

^ , . sind cosa+co8 sinoi 
/ eoB a±tm .= ^^ 

^ Bin(fl±a) 
CM0 

substitating this in eqs. (8) and (9), we get 

2^ cos 6 ^ -^ 

To find the relation cf Space and Velocity. 

233. From eq. (11) we get 

-. ^^^1* cos 6 .-V 

®" 27" • Bin (6+*) • ' ' ^^^' 

When the bodj&Df down the inclined plane bj its own weight, 
«7i=:0, and the minus sign of « is taken, in iMs case eq. (1) 
becomes 

^^ cofl6 . . 

From this equality, we get 

^ COS 6 ^ ^ 

To find the accelerating Force g^. 

234. From eq. (1)^ Art 27., and eq. (10), Art. 232., we get 

^-£.^=_€^^(«±f)...(i). 

^^ W ^ COS 6 ^ ^ 

Or from eq. (1), Art. 27., and eq. (8), Art. 231., we get 
^i=£ . ^=— ^(/cosa+sin a) . . . (2). 

jTo find the relations of space and time^ when a body falls 
down the inclined plane AC. (See^^. 129.) 

235. Here, we have ac=^^ x§. 



Vnm eq. (9\ we get 



■ «r ^prca >■ e^ (I) ud (2), Art. 
t CMC Uk minas dgns i 






«!<——/<» 



» - 


■ (.-.) 


9 


«u« 


/l^C 


«»« 



-^/W^ 



...(3). 



I Attass. 

iffUe &tt^ irp ny et t n l ip (*« pfaMC mA lie («Idc%, v, 1o,/&mI 

Uk CMC, ^sfw-bcA if mflcOTM to «rtMc«^ Kit 

236. la this cue, we Iutc froo eq. (1]^ Art. S9^ 



?!=- 



cosfl 



•(1) 



_5, s' am (»+-)• 
where - b the time in which the taodoa would be destroyed if 

graviij were acting freeljr on the bodjr. 

This expression also gives the time in which the bodj would 
acquire the given Telociljr r by descending the plane. 

337, If the body be projected oo the horixootal plane, then 
a=0, and eq. (1) becomes 



1—5 1 

nfl-ff"/' 



. (1). 



M 



In order to gire a geometrical form to this result ; take tfie 
units in the vertical ak {mo Jig. 130.) equal to the units of seconds 
required for a falling body to acquire the velocity r ; draw k c cut- 
ting the horizontal plane in c and making the angle akc equal to 
the complement of the angle of friction; then the units in ao 
will give the unita of seconds before the body stops. 



■.uO 



HOTIOK Olf Air raCLINED FIANE. 



To find tlie velocity gained or hit by a body moving on an iw- 
clined plane, abc, whose coefficient of friction it given. 

238. Here the velocity gained or lost may be found from eq. 
(9), Art. 331. 

In order to give a geometrical interpretation 
to this result ; draw ch paiallel to ab, and ah 
to BC; also draw CE and ck^, making the 
angles ncK and nCK,, respectively, equal 
to 0, the angle of friction ; thenHKornKi = 
tanfl. 

liCt the body be projected down the plane ; 
tbeu 

"' ~ -tan a. An 




=BC— H 
=AS . . 



! that is to say, the velocity gained by the body in descending from 
C to Jl is equal to the velocity which it would acquire in falling 
freely ihrmigh ak. See eq. (7), Art. 26. 

Let the body be projected up the plane ; then 



=AK, ... (2). 

that is to say, the velocity lost by the body in ascending from a to 
c M eqtuzl to the velocity which it would lose in ascending freely 
trough AK,. 

Cor. 1. When the angle of friction is equal to 0, then the velo- 
city gained or lost is simply due to ad, the vertical height of the 
plane, which is a well known dynamical theorem. See Art. 223. 

Cor. 2, If the inclination of the plane be equal to the angle of 
friction ; then nK— BC, and ak=0, and therefore, in this ease, the 
body will move uniformly down the plane with the velocity of 
projection. 

To Jind fJte point to which a body will ascend an inclined plane, 
a'bc, when the velocity of projection is given, 

239. Take the vertical ak, to represent the height from which 
B bpdy mnal fall in order to acquire the given velocity of projac- 
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tioni draw k,o, cutting the plane in C, and making the angl^^ 

AK]C equal to tliG complement of tike angle of friction ; tbea c wtl^^ | 

be the point to which the body will ascend. 

For in this case, from eq. (2), we have 

v=0, and ^=AK.. 

■Zg 

Con. 1. — When the plane Ac w horixonlal. 

Take the vertical ak to represent the height from which 
body muflt fall to acquire the velocity 
which it has at A; draw kc, cutting 
the horizontal plane in c, and making 
the angle akc equal to the complement 
of the angle of friction ; then c will be rijr.iso. 

the point at which the body will come to a state of rest. 



ch the j 



er, on the 




To find the distance, aq, icMch a body leUl move 
korizonal plane Ai) after descending the inelined plat 

240. Draw CK, as in Art. 238>, making the angle hce eqaal to 
the angle of friction; produce 
CE until it intersects ad in 
Q ; then AQ will he the space 
which the body will move 
over before it cornea to a state 
of rest, 

ForAK will be the vertical Fig. isi. 

height due to the velocity acquired in falling down ac, and since 
/.AQa = iHCK, therefore by Cor. 1, Art. 239., q will be the point 
at which the body will come to a state of rest. 

To find the locus of the planes of equal velocities. 

241. Lot the vertical ak represent the height from wMch a 
body must fall to acquire the 
given velocityi draw KCC, 
making, with the horizontal 
line CH, the angle K on equal 
to the angle of friction ; lien 
KCC|, &c, will he the locus 
of the exfremities of the 
planes ac, ac„ 8cc,, of equal 

velocities, that is to say, the ^'9- 132. 

velocities acquired by a body descending these planes will be eqnal 
to the velocity acquired by a body in falling freely through ak. 




r AK mOLINED PLANE. 
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JVom C| draw o. Hi parallel to c n ; then by Art. 238. the velocity 
Slewed in descending the pLine ac,, or the plane ac, is equal to 
llie Felocity which would be acquired in falling freely through ak; 
lnd the eame may be shown to hold true for any other plane 

dnvnirom a to meet the straight line £CC|< 

To find the locus of the planes of eqtial times of descent, the 

coefficient of friction being given. 
242. Let AC, ACi, &c., be the planes down which a body will 

descend in equal times. Take the 

vertical ak (=2*) to represent 
the apace through which the body 
will fall in the given time t ; 
let AB=:a:, BC=y, being the ci 
dinatea of C : then we have from / 
eq. (1), Art. 335., 



= r^xKACd 



— / . AG COS «) 




= l>x|(BO-/.iB). 

Kow AK ia the apace through 
which the body will fall 

from the right-angled triaaglt 
hence we find by substitution 

ab2 + bc'=ak(bo— /. 
.*. 3?+y--^2ay^2fc 
subatitating y + a for y, and x—fa for x, i 
first powers of x and y, we get 

^+y^=a^+f^a-i, 
which 13 the equation of a circle whose radius is eqnal to 

Let o be the centre of the circle ; draw the vertical <i03 and let 
fall OE perpendicular to ak ; then 
OA^=aV/'a» 



Fig. 133, 

the time t, therefore ak=(*x^; and 
;Ie ABCj we also have ac'=ab' + bc'i 



order to eliminate the 



.-. OK=AE fanfl; 
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.'. Z.KAO = e. 

Hence it follows that the locm of the planes of egval times o^^ 
descent is an arc of a circle whose chord is ak, making with th^ 
radius OA on angle kao equal to the angle of friction. 

In like manner it may be shown that kc, kc,, &c., are planes 
of equal times of descent. 

Cor. ]. If tlie planes be perfectly smootli, then 6=0, and ak 
becomes the diameter of the circle, which is a well known dyna- 
mical theorem. ' (See Art. aas.) 

Tojiad the plane, AC, o/" quickest descent, which can be drawn 
from a given poijil a to meet a given 
plane bd. 

243. Let AB be a horizontal line. 
From A draw aq, malting the angle baq 
equal to the angle of friction; from 
Q take QC equal to QA; and join ac; 
then AC will be the plane of quickest 
descent. 

Draw CO perpendicular to bd, and 
Ao to AQi then o will be eeatre of 
a circle, ack, touching the lines bd 
and AQ in the points o and a. Draw 
the vertical A K, and join ad, cutting the 
circle in Cj ; then /.oaci=Zkab, and 
.■. iKAO=^BAQ=the angle of fric- 
tion ; hence it follows. Art. 242 , that 
the times of descent down the chords 

AC, ACj, 8cc,, will be equal ; therefore the time of descent down ac 
nast be less than it will be down ad, or any other line that r 
be drawn from a to meet the given plane bd. 

Cob. I. If the plane be perfectly Bmooth, then <)b=0, and there- 
fore,^BAc=Z.BCA. _^ 

Con. 2. If the plane bd be vertical, and the 
angle of frirtion equal to nothing, then the plane 
AC will make with the horizon an angle of 45°, 
In order, therefore, to secure the most rapid 
descent of water, &c., from roofs, &c., the pitch 
should exceed 45". 

CoK. 3. In the foregoing investigation, the 
given point, a, ia assumed to be at the foot of the 
plane ; but if the given point be assumed to be at the top of the 
plane, then the line aq is drawn as in^fig. 135. 




F!g. 135. 
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EXBBOISES AND PRACTICAL APPLICATIONS. 

1. Required the solution of Problem 13., Art.49.y by the fore- 
going formulsB. 

Making V|=0 . in eq. (9), Art. 231., and observing that the body 
moves down the plane, we get 

5-=BC— /. AB, 
2g. 

Now as the inclination of the plane is small, we take the length 
of the plane in the place of its base, that is, we may put AC in the 
place of AB {oeefy. 9.). In this formula, we have 

BC=A, AC or AB=s, *^^/=2^;o» 



If the time, ^, in descending the plane be required, we have 



s _2s 



substituting the value of t>, we get 



t=. ^^ . . . (2). 



V^^^-in 



120^^ 



s 



2. To solve Problem 16., Art 49., by the foregoing formulae. 
In this case, we have from eq. (9), Art. 231., 



«» 



2^=BC+/.AB. 

Here AB=a?, ^c=i7yj>/=9oIo' ^®°^® ^^ equation becomes 

^1*— ^* I P^ 



2g 100 2240^ 
1120t?,* 



. • 



aj= 



p 
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In this case we have for the time before the train comes to a 
state of rest 

X 2aj 

_ 2240 r, 



by substituting the value of x. 



CHAP. xn. 

MOTION OF DOTATION. WOBK IN A BOTATING BODY. CENTRE 
OF GYRATION. MOMENT OF INERTIA, &C. 

244. Prob. Two bodies tTj and «, (whose volumes are supposed 
to be very small) are connected by a rod, which is made to revolve 
upon a centre c, the distance of 

Wj from the axis is rj ft., and that • 1,.' * 

of «r, is rj ft. ; if a point in the rod, 

at 1 foot from the axis, has a velocity of v ft. per second ; it is 
required to determine the work, Uy accumulated in the bodies, and 
also the point, k, in the rod where we may suppose the weight of 
the two bodies collected, so that the work may not be altered. 

Velocity Wi=vri, and velocity W7,=r>jp 
/, Work ace. in Wi=:^- — ~ i, 

and work ace. in ti;,*:r^ — | > 

=2^(«'in'+«^s^,")... (1). 

Let mi be put for the volume of w^, and m, for that of ta^ ; 
«i7=the weight of each unit of volume ; then fVi=miWy and «r, 
r=m^w. By substituting these values in eq.(l), we get 

««= 2^('Wi'-i'+»t,r,«) . . . (2). 
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Here the expreteion within the brackets is thb sum of thb 

VOLUME OF EACH BODY MULTIPLIED INTO THE SQUARE OF THB 

DISTANCE FBOM THE AXIS ; this expression is called the moment 
OF inebtia of the bodies, their densities being the same> and it is 
nsuallj represented by the symbol I. 

Put ^kCk, the distance of the point k from the axis of motion ; 
m=the stun of the volumes of the bodies ; then 

Velocity K^vk, and ti>i+tr,=mw ; 
.\ Work ace. in the bodies collected in the point K, or 

2g 2g ^ ^' 

but this is equal to the work expressed in eq. (2), 



• • 






Now the point k is called the centre op gyration of the 
bodies, and the value of A K or A just determined, is the distance 
of the centre of gyration from the axis of rotation, 

245. Generally let iTi, w^ w^ &c, be the weights of any number 
of bodies, at the distances rj, r^ r,, &c., from the axis of rotation ; 
k the distance of the centre of gyration of the bodies from the 
axis of rotation ; i the moment of inertia ; and so on, to the other 
symbols ; then proceeding exactly as in the foregoing investiga- 
tion, we get 

r2 
«=2^(«^in' + w?«^jH&c.). . . (5), 

w = ^ (mjr,* H- iwjr,* 4- &c. ) 

= 2^ • ^ • • • (^>' 
where i is put for the moment of inertia, m^r^-^-m^r^-^-hQ, 

u=^- . k%Wi-\-W2-^&c.) ... (7) 

mW^^m^r^ -\- m^rl ■\-h,(^.'=^\ , . . (8) 

p 2 



r 
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246< When the centre of gyration in a rotating body is known, 
we can then readily find the accumulated work by eq, (7). But 
to find this point generally requires the aid of the integral cal- 
culus. The distance of the centre of gyration from the axis, in a 
lev of the moat useful cases is as follows : in a circular wheel of 
uniform thickness, it is equal to the radius of the wheel x V^i ia 
a rod revolving about its extremity, it is equal to the length of the 
rodx V^i and when it revolves ahout its centre, it is equal to the 
length X v't'i ! """I '" ^ plane ring, like the rim of a fly wheel, it 
is equal to the square root of one half of the sum of the squares of 
the radii forming the ring. See the Author's Treatise on " The 
Principles of the Differential and Integral Calculus," p. 237. 

247. Pros, Given the moment of inertia, i, of any system of 
bodies m,, ni„ &c., about an axis ca passing through the centre 
of gravity, to find the moment of inertia, i,, about any axis ab 
parallel to the axis CG. 

Let the distances of the bodies, m^, m^, &c. 
from the axis cg be r„ r„ fee., and from the axi 
AB be B], B^ &c. ; then 

i=m,r,' + '%r!,'-|-&C. 
ii=»iiB|'+«»,Ri* + &c. . . . (9). 

Conceive a plane to be drawn through theparal- ^^" '^'' 

lel axes cg and ab ; and also another plane, ni|ACN, to be drawn, 
through the body ra,, perpendicular to these axes. Let 7n,N be 
perpendicular to ac produced, and put c»i,=ri, a»1]=k„ ac=o, 
and CK=^i ; then we have, by geometry, 

A»li* = C»i,* + AC' + 2AC . Cn; 

that is, B,'=r|'.+ti' + 2a^|. 

In like manner we get K,'=r,'+a' + 2«j»j, Bj'=r,'+a'+2o/i„ 
and so on. Hence we get by substituting in eq.(9), 

= »i,r,*+ra,r,'+&e.+o'(m,+ra,+&c.) 
+2o(m,;?i+m,;>,+&c.). 
But because CG passes through the centre of gravity of the sys- 
tem, we have. Art. 89., »i|;)i+m,;ij+&c,=0; putting, therefore, 
m,+im,+&c^»j the whole volume of the bodies, we get 

I,=I+a'm...(10); 
that is to say, the moment of inertia about ant axis ab, la 

EQUAL TO THE MOMENT OF INERTIA ABOUT A PARALLEL ASIB, CG, 



CHAP. xn-J 



OF BfBRTIA. 
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PASSINC THBOtTGH THE CENTRE OF GRAVITY, TOGETHEB WITH 
THE MOMENT OP INERTIA OP ALL THE BODIES, COLLECTED IN TIIEIR 
COMMON CENTRE OF QKAVITY, ABOUT AB. 

248. If k be put for the railiua of gyration corresponding to the 
axis CG, and A, for thut of the axis ab; then we have i = mA', and 
i,=»iA,' ; and by substituting these values in eq. (10), and dtriding 
by m, we gel 

V=A'+a"...(lI). 

From the preceding equality we get 

but for the same body k must be constant, 

.*, A,'— n'=a constant ; 
that is to say, the square of the badios op qtration, ebtihated 

FOR ANT AXIS, MINUS TnE SqCARB OF THE DISTANCE OF THAT AXIS 
FROM THE CENTRE OP GRAVITT, IS ALWAYS A CONSTANT QDANTITT. 

Ex. 1. Wten a uniform bar, I feet long, revolves round ite 
middle point, the distance of the centre of gyration from this 
„ when the rod 
revolves ixmnd an axis at the distance of a feet from the centre. 

Here by eq. (U), we have 

If the rod revolves round its extremity, then «=i^ and .•. ki^ 

S- 

V3' _ 

If a=^ thenSi=/v'j-|. 

Ex. 2. Required the radius of gyration of au eccentric wheel, 
whose radius is r, and distance of the asis from the centre a. 
In this case, A=rx v's, see Art. 246. ; 



= ^i('^+ 
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If tlie axis is placed at the edge of the wbeel, tlien a=r, aad 

249, Gifen ihp radii of gyration of the parts of a body to find 
the rai}»i8 of gyration of the whole body. 

In eq. (8), Art. 245., aubBtituting A, for r,, Aj for t^ and so on, 

ff.A'=m,-ii' + m,V+&c (12), 

where h is the radius of gyration of the whole moss m, ki that of 
m,, and ao on. If the body be of uniform tliickness and the plane 
of rotation corresponds with the eurface of the boily, as in the 
ease of a flat wheel, then the surfaces of the parts may be taken aa 
the volumes. 



Tofiiid the Radius of Gyration of a Fly W7.ee/. 

aSO. Given the radiua of gyration of a circular wheel of uni- 
form thickness, revolving on its centre, to find 
that of a circular ring. 

Let ii=the radius of the outer circle ab; 
r^tho railiua of thu imioi- circle cd ; A and A, 
being put for the radii of gyration of these 
circles respectively; and Aj for that of the 
circular ring; then we have, by eq. (12), 



^g. 138. 



mh^= 



i,A,'+™ 



= 'rv?; ffli=ai 



where we have, in tliia case, w^area <. 

cir. ci>=7rr'; and n»2=area cir. ring=ir(u*— »'") ; 

have given, A=itv/J, and Aj ssrv'J; lience we get, by eubali- 

tutiuu and an easy rt:ductiou, 



If R, =the mean radius, and e=:the depth of the rim, then e= . 
Ki-I--, and r=K, — -; substituting in eq. (13), we get 

A,= ,'V+F---(I4), 

For most practical purposes, this gives a sufliciently exact 
ajiproximation for the radius of gyration of a fly wheel. 

We shall now take into account the eli'ect of the arms or spokes 
of the wheel, 
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Let n=tlie number of spokes, 6= the area of each spoke; 
then we have, as before, 

m A^ = 971 1 ^ 1^ -)- ^a ^a^ 

where, in this case, m|=surface of the arms=n6, »i2= surface 
cir. ring=x(R^— r^), 97i=8urface whole wheel=7r(B2— r2)+»ft, ki 

=radius gyration of. each 8poke=— ;^, ^2=radius gyration of cir. 

ring= a/^b^+i^), and h the radius of gyration of the whole fly 
wheel ; hence we get, by substitution, 

{x(Ba-r2)-hn6}A2=i.«6ra+ i.7r(R4-r4) . . . (15), 

w^hence h is readily determined. 

The right hand side of this equality expresses the moment of 
inertia, i, of the wheel, which being substituted in eq. (6), Art. 245., 
w^ill give the* accumulated work, observing, in this case, that w 
expresses the weight of a unit of surface. 

251. A hodi/y whose weight is w^ is moved in a vertical ptane, 
Tound a fixed centre c, by the force of gravity ; to find the 
angular velocity^ v, acquired by the body in falling from th4 
position CK to CK|. 

Let G be the centre of gravity of the body, and k its centre of 
gyration. Describe the arcs gGj and kk^ ; and 
let fall the perpendiculars on and Gi»i on the // 

vertical line CD. Put 0=Z.k:cd, and 0,= Z. q/j 

Ki CD ; then by Art. 76* /^t^ 

Work accumulated=w x nm=w x cg (cos 0, /\A^ ' 
— cos 6) ; and by Art. 246., we have also v^ /" 

Tir *.!• 1 X J wx(v . ck)2 "^^ 

Work accumulated=: ^^ ^ 5 

^9 Fig. 139. 



« • 



^^ ^rrW* X CG(cOS di —COS 0), 



•• "" CK 



which gives the angular velocity v, as required. 

If CK falls to the vertical position od, then 0i=O; in this case 
eq. (16) becomes 

v2=-^ — — (1— COS0) 



CK^ 



* 

_ 4gr. CGsin-j^g .,^ 



P 4 
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If CK falla from the horizontftl position to llie vertical cn, then 
6=90°, aod 81=0; in this case eq, (16) becomes 
., _2o. CG ,,„^ 



MOTION OF MACHINES WHEN THE FRICTION IH KBGLECTED. 

Work accumulated in the Parts of Machine*- 

252. Prob. — The weights Wj, Wj, &c., forming parts of the 
same machine, move with the velocities i'„ v,^, &c., what must be 
the weight, w, which shall have the same velocity v, as the 
moving power, and shall have the same accumulated work as Ij 
given weights. 

Here we have, by Art. 47., 



•"=,-,(- 



f8,o.)..,(l). 



If the velocity of the moving power varies, then since all the 
parts are connected by pieces of mechanism, the velocities of the 
weights will vary in the same ratio : thus let v become ev, then Vj 
will become ev„ and so on ; in this case, therefore, we get as 
before 

"'=T^y KCe^O' + w,(er,)H&c.} ; 

which is the same result as when the initial velocity wa^fl 
thereby showing that the weight to does not depend upon T 
VELOCITY of the moving power. 

The velocities of the weights here mentioned are, of c 
velocities of their respective centres of gyration. 



WORK ACaUMtJLi.TED IN U&CUJStS. i 

853. Now, iu most machines, t',, v^ &c., are alwaya Bome *> 
slant ratio of *; putting, therefore, r, =<?,«, i'5=eju, and so 
and making these eubstitutioDs ia eq. ( 1), Art. 252., we get 



V+w 



j' + &C. . 



.(I). 



^^HBIGHT OF E4CH PAKT IN MOTION MULTIPLIED INTO THE SQDABE 
OF ITS VELOCITY E4TI0 TO THAT OF THE MOVINQ PKESaOKE. 

To express the moment of inertia of a system of bodies having 
different centres of rotation. 

254. In addition to the notation of the preceding formula, let 
m be put for the volnme of w, m| for that of w,, m^ for that of tc,, 
and 80 on ; also let w' be put fur the weight of a unit of volume; 
then w=mw', iOi=m,io', M'j=m2«^, and bo on. SubstJtutiDg 
these values in eq. (1), Art. 253., dividing by w', and multiplying 

where a is put for the distance at which the moving pressure acta 
from the centre of motion ; but tna^=i, the moment of inertia of 
the whole system ; 

,% i=a\m,e,^+m^e^^ + &c.) . . . (1). 

Ex. The great beam of a steam engine, of uniform section, gives 
motion to a single crank and fly wheel ; a set of wheels is con- 
nected with the axis of the fly, so aa to make 10 revolutions 
whilst the fly makes I. It is required to determine the weight w, 
which shall have the same motion as the piston with the same 
dynamical effect as the various parts of the engine ; allowing — 
the length of the beam to be 20 ft., its weight 400 lbs., and its 

radius of gyration — ; the weight of the fly-wheel 2000 lbs., and 

its rad, of gy. 6 ft. ; the weight of the wheels 100 lbs., and their 
rad. of gy. 1 ft. ; and the length of the stroke of the piston 5 ft. 
Taking the velocity of the piston=5 ft., 



.*. velocity 4001ba= 



10 V3""v3' 



Kow since the fly-wheel makes one-half of a revolution, and there- 
wheels make 5 revolutions, we have 

Velocity 2000 lbs.=^ circum. described 
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Vulocity J001l)s,=5 circum. dtjBcribed 



[^Aitr 1 



licnee we get, by eq. (1), Art. 252. 
400 . 3H16» 



25 



(2000 X 36+ 1 0000) =32500 lbs. nearly. 



id w are connected by wheel-work Cuming o 
required 



Tieo weights P 
horizontal axes; 
lo determine the motion of 
when the inertia of the ma 
chinery is taken into account, 

%5S. Let t>=the velocity of 
p after descending tbe space s ; 
e^the velocity ratio of p to "w, 
tbat is, let ee=lbe correspond- 
ing velocity of w; i«=tbe weight 
of the wbeel-work calculated, 
Art.SSZ^to buve the same velocity as p, 

Now whilst p descends s ft., w ascends e 

,', Work done by gravity=p . 

Work ace. in p— -5 — , 




but the work done by gravity is acciimulBted i 
to all tbe parts ; 



the motion given 



r'(P-'iv) ^ 



(Di 



whence the velocity, c, of the weight p, is determined. 

Here the force producing motion ia obviously a uniform acce- 
lerating force : hence the relations given in Art. 27. will apply to 
tliis cnse. 

Now by eq. (5), Art. 27., wo have v^=2g,s ; 
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therefore^ by equality and diyision, we get 

^'""p + e^w+ti; •••^'^^ 
-which is the expression for the force accelerating p. 

This value of ^i substituted in the relation 8=:fi x ^ gives 

fi gjp-ew) . . 

which expresses the relation of time and space. 

We may arrive at this result without first finding the value of 
ffil for 

«=r- . i, or «*=-7 . fi. 
2 4 

Now, by substituting the value of «* given in eq. (1), and re- 
ducing, we readily find eq. (3). 

256. If p be produced by a simple pressure, or by a pulling 
force, such as that produced by animal power, then the inertia 
of P is 0, and in this case eq. (2) becomes, 

257. If the wheel work be a simple pulley (such as that repre- 
sented in ^, 12.), whose weight is tVi, radius r, and radius of 
gyration k ; th^ by eq. (1), Art. 252., 

to X r^=fri X k^=fOi x ^r^ 

and .% w=^Wi j 

moreover we have e= 1 ; hence, we have, by substitution in eq. (2), 

^i-p+^^^^ • • • V5> 

If tr be neglected, then, 

_ ^(p~w) . 

^'i— ^qr^ • • • (6> 



In eq. (2), if p is simply opposed by the inertia of the 
machinery, then w=0, and 

••• ^>=?& • • • (7)- 

. 259. When the machinery turns on one axis, and w=0, then 
eq. (1) becomes, 

2 2^5P 

p+w. 
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or patting w, for tlie actual weigbt of tbe machinery, k for its 
centre of gyration, and r for the radius of the wheel to which p is 

attached, we have, wr'ssw,*', and w=— ^; hence, by Bubstita> 



tingi 



1 the foregoing, we get, 



Suppose the string by which p hanga to be cut, after p has de- 
scended • feet ; how many revolutions would the wheel make per 
second. 



by substituting the value of v given in eq. (8). 



MODULUS OF MACHINES. Etc., WHEN THE MOTION IS 

EQUABLE. 



4 



260. When all the parts of a machine attain a state of uniform 
motion, the work of the moving pressure is equal to the useful 
work done, added to the work expended on the prejudicial resist- 
ances ; and, therefore, the pressures or forces, which are called 
into action, admit of being expressed by certain general conditions 
of relation. When all the resistances, which the moving pressure 
has to overcome, are all supposed to be referred to the moving 
point of the machine, they may be divided into three kinds : first, 
the prejudicial resistance which is simply due to the parts or 
pieces of the machine when unloaded, and which is therefore in- 
dependent of that load ; seuond, the resistance of the useful load 
itself; and third, the additional prejudicial resistance which is 
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dnced by tho useful load itself, and which may be taken as a 
certain proportional part of the load. Thus, let p=ithe moving 
pressure; L=the useful load referred to the point where the mov- 
ing pressure is applied ; f^ . L=the resistance of friction, &e., 
arising from the useful load;/2=tlie resistance of friction, &c., 
arising from the motion of the unloaded machine, so that, since /, 
and f^ proceed from the action of the same causes, when fx 
TanisheB^j also vanishes; then, 

or, p=(l+/,)n- +/»■■■ 0), 
This formula is especially applicable to the steam engine. Sea 
the Author's " Exercises in Mechanics," &c., page 41. 

Now, let 3=the apace moved over by p ; ij=the actual pressure 



or weight of the useful load moving over the space s 
velocity ratio of p to q ; then, we have, 

L . 3 = Q , *, .*. L=-.Q=/.Q, 



. the 



substituting this in eq. (I), we get, 

p=(i+/.yQ+/,...(2)- 

Again, multiplying each side of eq. (1) by a, we get, 

P.S=(l+-/,)L.S+/2-3. 

Irat P . 8=C, the work of the moving pressure ; l . S=Ci, the work 
done npon load or the useful work of the machine ; 

.-. i,=(l+/,)'J.+/. . s . . . (3), 
which is the general equation for the work of an engine when the 
moving pressure and the resistances are in equilibrium. 

Comparing eq. (3) with eq. (2), in order to discover the law by 
which the one is derived from the other, we find that the Coeffi- 
cient OF tTi 13 DEEIVBD FKOM THE COEFFICIENT OF Q BY DIVIDING 
W, THE VF.LOCITT RATIO OF THE MOVING POINT AND WORKING POINT 
OF THE MACHINE, AND TflE LAST TEKM OF EQ. (3) IS DERIVED FROH 
THE CORKESPONDING TERM OF EQ. (2) BY MULTIPI,TINO BY 8, THE 
SPACE THKOPGH WHICH THE MOVINQ PEESStlKE 13 SUPPOSED TO 
ACT. 

261. The equality assumed in eq. (1) may be proved generally 
in the following manner : — 

The formula of relation between p and l, in order to be general, 
must embrace the different states of the engine with respect to 
the load with which it may be supposed to work [ that is to say, 



p 
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the conetanta in the formula must hold true when Q=0, and also 
when the prejudlciiLl reaistances are equal to O. Now when <}=0, 
the moving pressure must simplj be equal to t)ie resistance of titc 
Qnluadeil engine, referred to the moving point; and when the 
prejudicial resiatanccB are equal to 0, the moving preaaure must 
be cqnal to the useful load referred to the moving point of the 
engine; hence we are at Ubnrty to assume p^l +,/", t, +yj, 

262. The formulin (2) and (3) hold true when the variadons of 
pressure are periodic. For if s and * be the spaces through which 
the pressures are periodic, we may assume p to he the mean pres- 
nare acting through the apace s, q the mean load acting through 
the Apace s, and f^ the mean TesislauceB of the unloaded eogtns 
acting through s. 

S63. Now let iii=the modulus of the engine ; then we have, by 
Art. 32 , 



M , D=ii„ and , 



but from cq. (3), Art 260., 



,(4)i 



which ia the general expression for the modulus of an engine 
where it must be obaerved/, and^ depend upon the nature of the 
prejudicial resistances of the particular machine. 



I 

Sine; I 



Modulus of a Compound Machine. 

264. Suppose B machine to be composed of n parts, which trans- 
mit work the one to the other ; let ffli, m„ j%, . . ., wi„ represent the 
moduli of the parts, n,, u,, . . ., tj„, the useful work transmitted by 
the respective parts the one to the other, d the work at first ag^_ 
plied, and m the modulus of the whole machine ; then 



e get by multiplication. 
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that is to say, the modulus of a compound machinb is equal 

TO THE CONTINUED PRODUCT OF THE MODULI OP THE PABTS. 

265. Again, let p^CiPi + ^i, Pi=«2P2 + ^2> F2=^3P3+^3> re- 
present, according to Art. 260*, the relations of the pressures in 
the consecutive parts of a machine. Eliminating the quantities 
p, and Pg, by multiplying the second equation by e„ the third by 
€16^ adding the resulting equations, and then striking out the 
terms common to both sides^ we obtain 

P=^l^2^8F3H~^l"f'^2^1 "I" ^3 ^1^2* 

Or generally if there are n such parts, we obviously have 

P=«,C2 ••• ««F«^<?1 + «?2^1-|-^3^1^2+ • • • +^«^1^2 ••• ^»-l ••• (1)? 

which gives the relation between the first and last pressure wlien 
the machine is bordering on motion. 

Let ^1 be the velocity ratio of p to P4, 02 that of Pi to P2, &c., 
and a„ that of p^, to p^ ; then the velocity ratio of p to p^ will be 
0^02*. . a^; hence we have, from eqs. (2) and (3), Art. 260., 

"i 

C*|C»2 • • • o 

which is the equation of useful work. 
And from eq. (4), Art. 263^, we have 

_ glg2 " ■ gn(P~(gl+g2g]+ " ■ ^1.^1^2 ' ' ' ^n-l)} ^ /3\ 



M = 



C\ Ca ... Cm IT 



which is the expression for the modulus. 

266. If all the parts composing the machine are in all respects 
the same, then ie,r=«2=^»=^ (suppose); Ci=£?2=&c.=c (sup- 
pose) ; and flf,=a2=&c.- a ; then eq. (2), Art. 265., becomes, put- 
ting Uj fOT u,. 



e~ 



c* c*— 1 

=-- Uj-f . cs . . . (1). 



By a similar reduction eq. (3), Art. 265., becomes 



MODULUS OF A MACHINE WHEN THE MOTION IS ACCELE- 
RATED OR RETARDED. 

- 267. When the work applied at the moving point of a machine 
is greater than the work of the resistances, this excess of work 
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g069 to accelerate the motion of the various parts of the machine i 
and then the work a[)plied is equal to the work done upon tlie 
resistances, added to the work accumulated in the parts of the 
machine ; on the contrary, when the work applied is less than the 
work of the resistanceB, this deficiency of work is supplied by 
the work accumulated in the parts of the machine ; hence the mo- 
tion is retarded ; and then the work applied is less than the work 
done upon tl)e resistances by the accumuluted work lost by the 
various parts in motion. Thus putting u for the accumulated 
work gained or lost, as the case may be, by the various parts 
motion, tj for the work applied, and so on, aa in Art 260. ; then 
Work applied = work of the resistances+acc. work gained 

But by eq. (3), Art. 260 , 

Work of the resistanceB=(l+/|)Di+/'jS, 
.-. u=(l+/:)0,+/,3+«...Cl). 

Kow let w be put for the weight of the whole mass in motion, 
referred to the moving point of the machine, as explained in 
Art. 263., V for the velocity of the moving point at the commence- 
ment, and e, for its velocity after it has moved over the space S ; 
then by eq- (1), Art. 49 , 



en I 

lost. J 



Making this substitution in eq. (1), v 
n=(l+y;)u,+/,s+^ 



■■ (2)i 



* 



s readily 



whence the modulus, or the relation between o and u,, 
determined. 

In most cases of machinery, as the velocity of the machine in- 
creases, the work done upon the resistances also increases, and 
approaches nearer and nearer to an equality with the work ap- 
plied ; when this limit is attained, the work ceases to be accumu- 
lated in the parts of the machine, and it then moves with its 
maximum or uniform velocity. In this case, therefore, v=i'„ and 
the foregoing equality becomes the same aa eq. (3), Art 260. 
Moreover, if the motion of the machine be periodical, that is to 
say, if it passes from »i to c again at stated intervals, then eq. (3), 
Art. 260 , will also express the relation of work between the inter- 
val of time which the machine takes in passing from the girea 
velocity v to the some velocity again. 




Velocity of a machine moviiifj with a variable motion. 

Modulus of equable motion. 
. From eq. (2), Art. 267^ v 

w-(i+/;k-/.s}+^'...(i). 

where w is determined by eq. (1), Art. 353, viz., 
10=^1 e,»+w,e,'+&c. . . . (2), 
I*t e be tbe velocity ratio of p to p„ then p=p . s, and 
ii=Piea. Substituting these values in eq. (1), and reducing, 
veget 



-(l+/,)^P.-/^+«'' 



.(3). 



From this equation the velocity »„ of the moving pressure p, ia 
determined aller passing through the space s, the velocity v at the 
commencement being given as well as the useful pressure p, and 
the constants of friction/ and/,. 

269. Now supposing the prejudicial resistances,/ and/„ to re- 
main constant^ it will be observed that r^ becomes more equable 
according as tc, expressed in eq. (2), is increased. Hence this 
value of w may be regarded as the coefficient of equable 
MOTION. This term was first introduced by Professor Moseley, in 
hie work on Engineering, page 167 ; but the coefficient is here 
expressed in a form somewhat different to that given by this dis- 
tinguished mathematician. 



The Wheel and Axle. 

•70. Let p and cj be the weights bringing by cords from the 
vrheel and axle (eee^ff. 117.), then the velocity of p to Q or / ia 
equal to — . 

Comparing eq. (1), Art. 198., with eq. (2), Art. 260., we have 
- _ fiD+ (D +6w)rsin» 
■'''" fi(a-rsinB) •••^^J> 

and d+ZOr' or Cl+/)*=f^±^M±Iii^- 

_ a(b + i.)(b + : 
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Theae values of /, and 1 +/ Bubstltuted in eq. (3), Art. 260., 
tyill give the relation of work ; and substituted in eq. (4), Art. 
263., will give tlie modulus. 

271. When the rigidity of the ropes is neglected, r and e, in 
the foregoing formula!, are taken equal to 0. This case may be 
readily investigated without the aid of the general formula of 
Art. 260. 

By an easy reduction of eq. (I), Art. I9I., we get 
F.a=Q.6+(p+Q+w)f-sin. « ... (1) 
where the sign of w is + or — , according as the pressures p and Q 
act downwards or upwards; and P-t-Q+wia equal to the resultant, 
B, of all the pressures. 

Now if s be the arc which the extremity of the wheel describes, 

that is, the space througii which p moves ; then — or s will be 
the arc which the axle describes, that is, the space through which 
Q moves ; and — or Sj will be the space described by the rubbing- 
point of the axis. Hence, multiplying eq. (I) by s, and dividing 
by a, we get 

p . s=Q . -^-(-(p+Q+w) sin « . " . . . (2), 

=Q.s+CP + q±w)sin».ii ... (2), 

but p . s=u, Q . s=Ui, 

.-. u= Ui + (P + Q+w) ain o . Ji ... (3). 

In this equation the work of friction upon the asis is expressed 

by 

tra={p+q+w) , ... (4). 

Now as the angle of f t " q (2), is always very snuill 

when a metal axis tur p a n t 1 bearing, we have very 
nearly sin oi=tan «— y 1 q (3) becomes 

D=i;i+( +Q+ )f ... (5). 

Example 1. In the wheel and axle represented in Jig. 117., let 
p=800 lbs., n=5, i=], r=-rV sin a=-08, .*. r sin o=-008, 
w=^600, circum. cord=4 in. ; required the modulus of the 
machine. 

By eqa. (1) and (2), Art. 270., we have 

^_ Ix2-l + (2'l + lx600)-008 . 
J^~ 5=^008 -^ ^^* 
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Substitating these values in eq. (4), Art« 263., we have 

_ 800~1'383 _ 
^-" 1-082 x800~'^^^" 

Neglecting d in eq- (1), Art. 270., we find/2=*l nearly, and 
M=-922 as before. Thus it appears, see Art. 196., that for heavy 
weights the modulus is scarcely affected by the constant, d, of 
rigidity. 

Example 2. Itequired the modulus of the machine of Example 
2., Art. 199. 

Here we have found the effective pressure, q, to be 400 lbs., 
when the power, p, applied is 74*35 lbs. ; but we have 

Work of Q QXOi 400x1 

M ^x^ — 1_ i» = = P,A og — 7^ = '9 nearly. 

Work of P P X rt 74-35 x 6 ^ 

272. When the pressures do not act parallel to each other, 
eq. (2), Art. '194., gives the approximate relation between p and 
Q in a state bordering on motion. See also Art. 260. In this 

case the velocity ratio of p to Q is /=- ; hence we have by eq. 

(3), Art 260., 



p/'g , r sin a \ 



_/- r sin a \ ,-. 

= (l±-^ .KJtT, ...(1), 

which is the equation of useful work of the wheel and axle, when 
the pressures act obliquely, the weight of the wheel and axle, and 
the rigidity of the ropes, being neglected. 

In order to introduce an allowance for the rigidity of the ropes, 
it is only necessary to substitute the value of Q, given in Art. 196., 
in eq. (2), Art. 194., and then to proceed as above. 

When the weight of the wheels is taken into account. 

273. In this case we have from eq. (3), 

a 
Art 195., by multiplying each side by — and 

observing that — '- — = — , 



^=^'0+^)"-(^>' 




Fig, 141. 
Q 2 



F 
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where J=7- 8ina{a*(l +»i)2+ff,^ + 2«a, cob ^, (1 + b)) * ; 
which is the equation of work, when the pressures act aa in Jig. 
141., where cos ^, becomes minus when p ttcts on the same side 
with P|, and in a direction contrary to it. The rigidity of the 
Topee may be tal;en into account after tlie manner just explained. 
If p acts parallel to p„ then ^,=0, and eq.(l) becomes 



''=">['+'^{''f' + "^±«'5] ■ 



■(2), 



where the — or + sign of a^ is taken accord- 
ing as F acta on the same side with or opposite 
Bide to F|. 

In the case of a single pulley, represented in 
fig. 142., we get from eq. (2), Art. 199., by 
multiplying each side by B, substituting c for 
F , B, and i;, for r, . s, 



TJ=(H-: 



E+V'2. 






Fig. 142, 

,)...(3), 



where an allowance is made for the rigidity of the ropes. 



The Wheel and Axle ^vhen the Motion la vabublk. 

274. Let F and q be weights hanging by cords from the wheel 
and axle (see Jig. 70.). The general expression of work ia given 
in eq. (2), Art, 267. In addition to the notation of Art. 26S., let 
to, he put for the weight of the wheel. A, for the distance of its 
centre of gyration from the axis, w^ for the weight of the axle, 
and h^ for the distance of its centre of gyration from the axis ; 
then, in order to obtain the value of the coefficient of equable 
motion, w, expressed by eq. (2), Art. 268., we have 

Velo. ratio ip, or 6,:=—; velo. ratio le, or e^-=.— ; 



Velo, ratio Q=-, and velo. ratio ?=-; hence eq. (2), Art. 268., 
in this case becomes 

"-.©■-■a'-©""©' 

= -a("'i*i'+«'.*!'+Q6HPa') ... (1), 
which is the coefficient of equable motion. This substituted in 
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eq. (2% Art 207., gives the equation of work ; and substitated in 
eq. (3), Art 268., we get the yelocitj of p; where it will be ob- 
served that tfaeyalaes of 1 +/i and/a are given in eqs. (1) and (2), 
Art 270. 

1£ the wheel and axle be solid, then by Art 246., Ai=a>v/i> 
^3^& v^^y and hence eq. (1) becomes 

w=-,(triXfl^xJ+i(7aX^»xi+QiHPo2) 



=P+J«^,+ (-)'(Q+it(7a) . . . (2). 



Let the wheel and axle become a single pullej, whose weight is 
w, then b=:a ; moreover, let the rigidity of the cord be neglected, 
that is, let d=0, and e=0; then we have, from eq. (2), 

w=p-f Q+ Jw ; 

from eqs. (1) and (2), Art 270., 

J. rsin«.w , , , /. a + rsina 

/a= : — 9 and 1+/I= ; — ; 

•^ a — rsmcfr "^ a— ram a, 

substituting these values in eq. (2), Art. 267., and (3), Art. 268., 
we get 

a+rsin« .rsina.w.s,, , ,, .Vj^— t?* ,.>. 
u= : — Ui+ : +(p+Q+lw) -^ . . . (3) ; 

- 2flr8 r a-|-rsina rsina. wl , „ ..^ 

v^= , ^, ■ — "J p ; — Q ; \ -|-t?2 ... (4) ; 

P+Q+^w I a— rsma a— rsina J ^ ^ 

which are the equations relative to the single pulley. 

K the friction of the axis be neglected, a=:0, and then eq. (4) 
becomes 

2ys(P-Q) , 3) 

P+Q+^W ^ ^ 

when v=0, and w=0, this becomes the same as the expression 
given in Prob. 6., page 61. 

The Pulley when the Cords are parallel to each other. 

275. The wheel and axle becomes a pulley when the radius of 
the axle is taken equal to that of the wheel. Taking ^=a, and 
therefore r'= 1, in the different formulae relative to the wheel and 
axle, we have, by eq. (2), Art. 260., 

p=(1+/0Q+/,...(1); 

Q 3 



r 
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and by eqs. (1) and (2), Art. 270., we have 



1+/^ 






(2): 



«(«. 



n„) 



...(3). 



I- (1), 



The voluea, given in eqs. (2) and (3), Bubatituted i 
gives the relation of the preasurea p and q in the state bordering 
on motion. Moreover, these valuea substituted in eq. (3), Art, 
MO., gives tlie relation of work ; and eabstituted in eq. (4), Art. 
263., gives the expression for the modulus. 

When the pressures act downwards, the + sign of eq. (2) is 
taken i but when they act upwards the — sign is taken ; let 
c, he put for the value of ^i in the former case, and c for its 
Tfllue in the latter case ; also let e be put for the value of 1 +^1, 
given in eq. (3), which, it will be observed, is independent of the 
directions of the cords. Making these substitulions in eq.(l), we 
have 



:eQ+< 



for the state borderin 
wards ; and 



... (4) 
L when the pressur 



when the pressures act upwards. 



To find the modulus, ^c. of a sf/.Uein of pulleys having one 
moveable pulley and one fixed pulley, such as represented in 

fig.1^ 

276. Let Qi be put for the tension of the cord ah, j, for that of 
HT, and let P, be put for the tension of the cord db ; then we 
have, from eqs. (4) and (5), Art. 275., 

P=ei3i+Cu and Q[=cy,+c ; 
and since the cords ab and'sT together sustain the weight p, as 
well as the weight w of the puUey d, 

.". Qi+J, = P,+-W. 

Eliminating q, and y, from these three equations, we readily 
obtain 

^-JL „ ,.^AV + C,(l+.) + e. ,,, 
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Now the velocity ratio of p and Pi is - ; hence we have, by the 

principle demonstrated in Art. 260., 

2^ - «2w+c,(l-|-e)-|-cc ... 

• ^^TVe'^'^ r+T^ — .s...(2), 

which is the relation of work. 



To find the modtduB Sfc, of n moveable pulleys. 

277. Let ns now conside* the case of n moveable pulleys and 
one fixed pulley, as represented in fig. 74. Let the tensions of 
the cords ab and st, going over the first moveable pulley, be Qj 
and qi ; and of the cords bd and ln, going over the second move- 
able pxdley, Q2 and q^ ; and so on ; and let p^ be the weight 
attached to the nth moveable pulley. In order to simplify the 
investigation, let all the pulleys be of equal weight and size, and 
all the cords of the same rigidity ; then the constants in the equa« 
tion of pressures fo];^ll the moveable pulleys will be the same. 

Qi=«fi'i+^> andQ^+S'i=<i2+w; 
eliminating q^, we get 

or, for the sake of abbreviation, 

Now as the successive pulleys are equal to one another, &c., we 
also have 

q,=:Aq,+;», Q5=Aq44-w, and so on, q„=Ap„+»i. 

Now from these n equations we can eliminate q,, Q3, &c., in the 
following manner : Multiply the second by h, the third by h\ and 
so on ; add the resulting equations and strike out the terms common 
to both sides of the resulting equation ; then we get 

Qi=A"p^+w8-h»iA-h»iA2-f. . . . -fwiA**-^, 

=A"p„+w(l+^+AH . . . +^"-0 

substituting the values of h and m, and reducing, 

Q 4 
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C- 



which applies to the moveable pullers ; but wc have for the fixed 
therefore by aubstitutioQ, we get 



"<ray--(-+'){'-(ri)"}^ 



■(4). 



which gives the relation of the weights p anJ p^ bordering on 
ft stato of motion. It will be observed that the value of e is gtvea 
in expression (3), Art. 27S., and that of c and c^ in (2). 

The velocity ratio of p and p, is g-,* hence we have by the prin- 
ciple demonstrated in Art. 260., 

''=2-'(r5i)""''+"<"'+'){'-(rr.)"}+"'' ■ • ■ <=>' 

which is the relation of useful work. 

In a siuiiliir monner any other system of pulleys may be treated. 



The Single Pui-LEr, i 



I NOT PARALLEL ■; 



378. In this case the velocity ratio t' is unity, and hence the 
work is at once found by multiplying each side of eq. (3), Art. 199., 
by 3, the space moved over by either of the pressures. 



JVhmi a cordpasses horizontally over apulhff. 

279. Let w=the weight of the pulley; Z=the length of the 
rope supported by the pulley; and w,^the weight of each unit of 
the rope. 

In eq. (2), Art. 271., make b=a, and put K for the sum of the 
pressures on the ans, then we have 

P . S=Q . B + Rfiin a. — . 

Bot in this case the pressure b is simply pro- 
duced by the weight of the wheel added to the 
weight of the cord, that is, K=\r-i-lto, ; more- 
over for the rigidity of the cord we have to sub- '*''*'■ '^^' 

stitute (I-I--)q-I-- for Q. Making these substitutions, and ob- 
serving that p ■ 8=u, and Q . s=iT|, we get, 
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u=:f l+5jUi+ {(w-f /trj)r sin «+d}^ • • • 0) ; 

which is the relation of the useful work done to the work applied, 
taking ail the resistances into account. 

Dividing by s we get. 



-(•-I) 



Q+ {(yr-^lw)r sin a+D}- . . . (2), 




what gives the relation of pressures when bordering on motion in 
the direction of p. 



When a cordpcuses horizontally over n pulleys* 

L Let us now suppose that there are n such pulleys, sustain- 
ing each the same length 

of rope. Putting Pi for - c*^ ^ ' ^^^ Pg p* 

Qin eq. (2\ Art. 279., and 
symbolising the coeffi- 
cients as in Art. 277., we Fig. 144. 
have 

p=€Pi + c, Pi=ep,+c, p,=eP3+c, and so on; 

where it will be observed, that the coefficients in each equation 
are the same, because the pulleys are all supposed to be of the 
same size, &c. Hence, eq. (2), Art. 266., becomes, the velocity 
ratio, a being unity, 

which is an expression for the modulus of the n pulleys. 
Now 6=1+-, and 

^=^l+5y=l+n.?+ &C., 

=:l+f» • ^ omitting the terms involving the powers of 

- above the first. 
a 

SabstttntiDg in eq. (I) and reducing, we get 
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Again, by eq. (I), Art. 266., we get 

u=e"u, + ^jcs. .. (3), 

Gubatituting the values of e and e* as above, this equality becomes 

c=(n-'^)u, + «c:a...(:4), 

which ia the equation of useful work. 

JVhen a cord paaaei horizuntaUy aitd then vertically over a 
single puliey. 

281. Multiplying each side of eq. (3), Art. 
199., by B, observing that in this case p. s=c, 
and P, . s=u„ 

which is the equation of useful work, the ^'3- '^5. 

motion being in the direction of p. 

When a cord passes horhontally over any 7tumber of pulleyi 
and then verlically over a wheel. 

282. Here, supposing u,' to be the useful work produced at tha 
vertical rope after having left the last wheel ; and Ui the work at 
the horizontal rope before passing over the last wheel ; then we 
get from eq. (1), Art. 281., 

Ui=e|C|'+CiS, 
but the relation between u, the work applied at the cord before 
passing over the first pulley, and u, is given in eq. (3), Art. 280. ; 
hence by eleminating U| between these two equations, we get 
_ , , , c(e"-l) , 



^+e"c,S 



■{I), 



which is tlie equation of useful work. This result may he sim- 
plified by proceeding as in Art. 277. 

Maxiuuh Efficienct of tde WnEBx and Axle, and the 

POLLET. 

283. To determine the conditions of maximum efficiency of l&e 
wheel and axle when the forces act as represented in Jig. 120., the 
rigidity of the ropes being neglected. 

The machine will obviously be most efficient when the value of 
C, given in eq. (1), Art. 273., is a minimum, the value of d, being 
constant. 



CHAP. Xir. j ' KAXDCIIM EFFICIEKCX OF THE PULLET. 235 

There are three cases of maximum condition : first, when ^i, 
the direction of P|, varies, all the other elements being constant. 
Second, when the distance a, at which p acts from the centre of 
motion, Taries. Third, when the weight P2 of the machinery and 
a the radius of the wheel vary, this weight being assumed to . be 
in the ratio of the square of the radius of the wheel. 

Case 1. The value of u in eq. (1), Art. 273., will be a mini- 
mum when cos ^ is minus, that is, when p acts on the same side 
with p„ as represented in^. 122. 

Again, u will further be a minimum, when cos <f>^ is a maxi- 
mum, that is, when cos ^i= 1, or when p acts parallel to P^. 

Case 2. When a varies ; Oj Pj, p,, w=-, u„ &c. being constant. 

Here u will be a minimum, when , or 

T Sin ot ^ 

{o«(l + «)2-fOi2-f2aai cos ^^(l + w)}^, is a min., 



aa^ 



a^ 2a, cos 0,(1 +n) , 
or, -i-f — ^ ^ \ is a mm. 

Differentiating with respect to o, &c., see the Author's ** Cal- 
culus," p. 57., we get, 



cos 0i(lH-ny 
substituting the value of w, we get 



Pi«, 



COS0i(Pi-fP2) ^ ^ 

Now, when p acts on the same side with Pp and in a direction 
contrary to it, as in^^^r. 122., cos 0i becomes minus, and then this 
value of a becomes positive, which gives the distance at which p 
must act in order to work with the greatest efficiency. 

If p acts parallel to Pj and on the same side of the axis, then 
^j=:0, and eq. (1) becomes 

a=^^ . . . (2). 

Pi + Pa ^ ' 

Case 3. When p, and a vary ; the constants being, the velocity 
ratio.—, Pi, III, &c. 

Here u will be a minimum when the first expression of Case 2. 
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is a minimam, or, by reducing and neglecting the constant faclore, 
when 

-{l^sCI+iy+l+S. jC08#,(l+«)J,iBainin. 

Let tr=the wdght of the wbeel and axle when t&e radius of 

the wheel id unity; thenp,=ioa^, and w=— = . Substituting 

in the foregoing eipreasion, and patting —=r„ we get, 

M'''('+Tr)'+'+'''™*('+'^')}'''"^ ■ 

Differentiating with respect to the variable a, putting the result 
equal to zero, &c., we get 

wa'=^ViH2r,cos^,+ l)^ . . . (1), 

which 19 the expression for Pj the weight of the machinery. 
Hence it follows that to attain a maximum condition 

cfficiAicy the weight pj of the machinery must exceed P| the pres- 
sure at the working point 

From eq. (1) we obtain 



which is the expression for the radius of the wheeL 
If Pacts horizontally 0, =90, and then eq. (1) becomes 



If p acts parallel to p, and on the same side of the axis, cos 
^,= — 1, and then eq. (1) becomes 

>-.=);; ('.-!)■■ -(4). 
If in eq. (I), «!=«, or ri=l, then eq. (1) becomes 
Pa=p|-/2x ■%^1-l-coa^i . . . (5) 
which is the relation for a single puUey when p acts obliquely. 
If ^1=90'', then eq. (1) becomes 
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Pa=Pi^2...(6), 

wtiioh 19 the relation for a single pulley when p acts horizontally 
and p, rettically. 

If ^,=0, then eq. (5) becomea 

Pa=2p, . . . (7), 
which is the relation for a single pulleys when p acta vertically. 

To determine the radhts of the wheel of the puller/ represented 
in Jiff. 143., lo secure the condition of maximum efficiency, when 
the rigidity of the ropes is taken into account. 

284. Here by substituting in eq. (I) Art. 279., wa^ for w, wq 



c= fl + -) P|+ {(tca'+lw,) r sin *+d} -, a min. 

DiSerenliating with respect to the variable a, substitutiag Q . i 
for 0„ &c., we get 

a'w= ^-?'''° +ftfc...(lX 
r Bin a ^ ^ ^ " 

which expresses the weight of the wheel. 

Hence we readily find 



=-\/^(^::^°+'"0 ■•■(')• 



285. If the rigidity of the rope be neglected, then e=0, and 
also D=0 ; in this case, we have 



"=a/'^"-<^> 



MAXIMUM TELOCITT OF AN ENGINE. 

286. If an engine be moved by a pressure wliich increases up 
to a certain limit and then decreases, the maximum as well as the 
minimum velocity of the working point will take place when the 
moving pressure is equal to the sum of all the resisting pressures , 
for it is obvious that so long as the moving pressure continues 
greater than the resisting pressure so long will the motion be 
accelerated, and on the contrary so long as the moving pressure 
continues less than the resisting pressure so long will the motion 
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[>■' 



be retarded, so tliat the greatest velocity will take place at the 
moment when the moving pressure is equal to the resisting pres' 
sure, and a similar explanation will apply to the case of the 
minimum velocity. The following may be taken aa illuBtrationfr 
of this beautiful dynamical law ; the speed of a railway train goes 
on increasing until the moving pressure produced by the engine is 
equal to tlie sum of the pressures opposed to the motion ; when the 
steam, in the cylinder of a steam engine, acts expansively, there is 
a certain point of the stroke of the piston where the pressure of 
the steam is equal to the sum of all the resistances on the piston, — 
at this point of the stroke the piston will have its maximum velo- 
city ; when a fly wheel is moved by a constant pressure applied to 
a connecting rod and crank, there are two positions of the crank 
corresponding to a minimum velocity, and two other positions 
corresponding to a maximum velocity, — and at these positionB the 
moment of the moving pressure is equal to the moment of the 
resisting pressure. We shall hereafter have occasion to employ 
this important principle of practical mechanics. 



TH» FLY WHEEL. 

To find the •position of the crank corresponding to its maximum 
and minimum velocili/ in a single acting engine. 

2S7. Let OP and OD be tlie required positions of the crank, and 
let us suppose v to be the constant pressure of the connecting rod 
acting always in a vertical line. Put q for the 
constant resistance, acting at one foot from the 
axis of the fly-wheel, equivalent to the work of 
the engine. The motion will be accelerated 
from p to D, (see Art. 286.). This aceeleration 
will commence when the moving pressure is 
equal to the resisting pressure, and it will cease 
under the same condition. The former will ^'^' ''"'* 

correspond to the position of minimum, the latter to that of the 
maximum velocity. Hence at these two points the moment of P 
must be equal to the moment of q, and the point d will be as much 
below the horizontal line ov as the point i' is above it. 

.-. PXOI = QXl. 

Again, we have by the equality of work, putting i- for of. 
Work of p in I revo.=2rp. 
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/, 2rp=Qx2x 3-1416 ... (1). 
Dividing the former equation bj the latter, we have / 

* Now this is the cosine of the angle pov ;.hence from the tables 
of natural sines and cosines, we find P0V=?1° 27'. 



To find the dimensions of the fly wheels such that Us angular 
velocity may at no point differ from the mean velocity beyond 
a certain limit. 



Let d and p be the maximum and minimum velocities of 
the wheel at the distance of one foot from the axis ; w the weight 
of the wheel, and k the distance of the centre of gyration from tlie 
axis. 

Work of P from p toD=p x pd=p x 2r sin 7P 27'=2rp x '948. 
"Work of the contant pressure q from p to d 

_ QX 2x3-1416x142° 54" 
"■ 360** 

=2rPX-3968, 

by substituting the value given in eq. (1), Art. 287., and reducing. 

Now by Art. 267., the difference of these will give us the work 
that goes to increase the speed of the wheel between the points 
p and D, that is 

j "Work going into the wheel between p and d= 

2 rp X •948— 2rp x •3938=rp x M022. 

Accumulated work at p=^-s — 

d^h^vr 
at D=— 5 — . 

h^^ 
/. Accumulated work gained from p to d=-^ — (cP— /?'). 

But this must be equal to the work before found. 

.-. ^(d2-/>2)=rpx M022 . . . (1). 

Let V be the mean velocity of the wheel at one foot from the 
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axis, and let the extreme velocitiea dtiadp, differ from this mean 
Telocity by an nth part ; then 

d=v+-,p=v— -, and 

.•.i'-p'=li'...(2). 

Let alao u be the work of the engine, and u the nnraber ol 
double strolces perforiaed per minute ; then 

v=2 X 3-1416 x^=-10472 x m . . . (3). J 



ij=2rFN, .•. rF=^— . . . (4). ^^| 

Substituting the Ttiluea given ia the equations (2), (3), and (4), 
D eq. (1), and reducing, we get 



_ HP 3 2^x1-1022 
A»M» 4 X -10472' 



wiiich is the expreasion for the weiglit of the fly wheel in IbaJ 

If H be put for the horse powers of engine, then d=33j 
substituting this In eq. {5\ and reducing to tons, 



IbaJ^H 



tfhich is the expression in units of tons. 

Let B=the mean radius of the fly wheel, e=the depth of the 
rim ; then by eq. (14) Art. 250., 

substituting this in eq. (6), we get 

w= "" X 11907 ...(7\ 

Neglecting — as being comparatively small, we get 

w=-^>ill907...(8), 
where it will be observed that the weight of the wheel variea 
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inversely as the cabe of the number of strokes performed bj the 

engine per minute. 

If a=the section of the rim in sq. feet, and 450 lbs. be taken as 

450 
the weight of a cubic foot of the metal, then w=:2vB,ax^^TQ 

tons, nearly. 

Substituting in eq. (8), and solving the resulting equation for 
R, we obtain 



_fnn 11907x2240 \^ 
^^ 1 N»a 2 X 3-1416 x 450 J 

=i7f ■■•<»)> 



which is an expression for the mean radius of a cast iron fly 
wheel of single acting engine, when there are given the number 
of strokes of the piston, the horse powers, the mean section of the 
rim, and the proportional variation from a mean velocity. 

Proceeding in the same manner, we find, for the double acting 
engine, cos Z.pov=2 x '3183, and 



_12 y«B 
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289. Let a body p at the extremity of a cord cp describe a 
circle pebj about c as a centre with the uniform velocity t?; to 
find the tension f of the cord. 

If the cord were suddenly cut when the body is at any point p, 
it would by the first law of motion continue 
to move in the direction which it had at that 
instant ; that is^ it would move in the tangent 
PD with the uniform velocity v. The tension 
of the cord is the force which deflects or draws 
the body from the tangent line ; this force is 
therefore called the centripetal force. The 
tendency which the body has to fly off balances 
this centripetal force, and is therefore called 
the centrifugal force. 




JFV^. 147. 
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Let p E be an indefinitely small arc described by the body ii 
the time t; pd the epace which the body would describe in the 
same time if it were free; pdea the parullelogram of motion; 
then FA will be the space due to the action of the centripetal 
force, or the action of the constant accelerating force which wa 
shall call/. 

By eq. (3) Art. 87., we have 

and by the equation of uniform motion, we have 



4 



by geometry, ap= — ; 

the ultimate ratio of i 
putting T for PC, 



is indefinitely near to p, and 
* that of equality, we have, 



therefore by equality, ive have 



Now if w be put for the 
(1), Art. 27., 



/=^...(1). 
eight of the 

-■/■■ 



and by substitution, we get 



.(2) 



which is the pressure tending to break the cord. 



Centrifugal force of a 



290. Let wi, Wj, &c. be the weigiiti 
same straight line, rotating about a 
their respective distances from this axis 



whole mass, r being the distance of its 
centre of gravity from the axis ; f the 
centrifugal force of the whole mass, or the 
pressure tending to cause the whole mass to 



of bodies. ' 

t series of bodies, ii 

axis, Ti, r,, &c. 
the weight of the 



1 the 
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fly in a body away perpendicularly from the axis. It is required 
to determine an expression for f. 

Let f7=tlie velocity of a point at a unit of distance from the 
axis; and v=the velocity of the#entre of gravity of the whole 
mass; then v=rt?, 

velocity of Wi=riV, 

velocity of 1^2 =7*2 v, and so on. 

Now the centrifugal forcQ of the whole mass will be equal to 
the sum of the centrifugal forces of the parts ; hence we have, 
from eq. (2), Art. 289., 



= - , t?2 (w?j Ti + ^2 ^2 + &c.), by Art. 89., 

1 ^ W 172^2 

9 9 ^ 

9 '^ 
that is to say, the centrifugal force of the series of bodies is 

EQUAL TO THE CENTRIFUGAL FORCE OF THE WHOLE MASS SUPPOSED 
TO BE PLACED IN THE COMMON CENTRE OF GRAVITY OF THE 
BODIES. 



The Conical Pendulum, The Governor, 

291. Let AC be the vertical axis or spindle ; p the ball sus- 
pended from the rod ap; cp the perpendi- 
cular deflection of the ball from the axis ; 
PD a vertical line representing the pressure 
of the weight w of the ball; pdej the 
parallelogram of pressures, of which pe will 
represent the centrifugal force, and pj the 
strain upon the rod. 

-Put r=CP; Z=AP; /?=pj the strain on 
the rod; f=pe the centrifugal force; 0= 
^PAC; and t?=the velocity of the ball in 
the circle; then from the right angled 
triangle pe J, we get 

p J X cos 0= JB, or p cos 0=w, 

w 




) 



Fig, 148. 






P^::::^'''^)^ 



cosd 

R 2 
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again, p j x sin 0=P£, or p sin = v ; 

bat by eq. (2) Art. 289., p= - . — , 

• 9 ^ 

g r " 

substituting the value of p given in eq. (I), and reducing, we 
get 



v'^^ 



_^r sinO 



cosO 



COS ^ ^ 

Let ^=:the time of performing one revolution ; then 
circum. 27rr 



t=z 



velo. V 



=27rxZsin0-HA /^ s— 

V cos 

'' ^ // COS d .^. 

but /cos 0= AC, therefore eq. (3) becomes 



<=2x^^...(4); 



hence it follows that the time of revolution varies as the square 
root of AC, whatever may be the length of the rod. 

292. In the governor of a steam engine, let there be given the 
angle corresponding to a given period of rotation t, to find / the 
length of the rod a p. 

Here from eq. (3) we readily find 

'-"47r«CO8 • • • ^^^• 

In a given railway curvcy to find the inclination of the line de 
drawn from one rail to the other , so as to secure the greatest 
stability from the effect of the centrifugal force, * 
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293. The centrifugal force will obviously have no effect in 
disturbing the motion of the 
carriage, when the resultant of 
the centrifogal force and the 
weight of the carriage, acts 
perpendicular to the line drawn 
from one rail to the other. 

Let t>EQ be a cross section 
of the railway carriage; o its 
centre of gravity ; o the centre 
of the railway curve ; ek and 
OG parallel to the horizon. ^V- ^^9. 

Draw the vertical line GC, and take gc to represent the weight w 
of the carriage ; produce og, and take ga to represent the centri- 
fugal force : construct the parallelogram of pressures agcb ; then 
the resultant gb will be perpendicular to de, and therefore 
2iBGC=Z.i>EK the inclination of the line joining the rails to the 
horizon. 

Put 0=Zdek or Z.BGC; r=OG the radius of the railway 
curve ; v=the velocity of the railway carriage in feet per second ; 
then we have from the right angled triangle bcg, 

bc 
tan0= — , 

GC 

but by eq. (2), Art. 289., bc=ag=— . — , and GC=w; hence we 

if 

find by substitution and reduction, 

tan 0= — . . . (1), 
gr 

which gives the inclination of the line d e to the horizon. 

If A=the rise of the outer rail above the inner one, and ^=the 
breadth of the rail ; then tan 0=t nearly; and consequently eq. 
(1) becomes 

b gr* 

... A=^...(2), 
gr 

that is to say, the rise of the outer rail varies directly as the 
breadth of the rail, and inversely as the raditcs of the curve. 

B 3 
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Example. Reqnired the rise of the outer r&U, nhen the radius 
of the curve is 60 chains, the breadth of the rail 5 ft., and the 
Bpeed of the carriage 30 miles per hour. 

30 y 5280 

Here, r=60 x 66, b=5, and "=-—) — b6~~^'* ' ^^^"^ "^ have 

by eq. (2), 

*~ 32' x60x66 ~'""^^'~"^'^^"'''"^"^°^^y' 

Supposatff the outer and inner raiis (see the last Problem) to be 

an the samt level, let it lie required to determine the speed of the 

carriage which would just cause it to be overturned on J> as a 

fulcrum. 

294. Let fi=DE, the breadth of the rail ; r=oa, the radiua of 

tbe curve; a^the perpendicular height of the centre of gravity 

of the carriage above the plane of the rail ; F=:the centrifugal 

force, produced by the velocity v ; then we have by the equa^ 

of moments. 

Moment of F=:moment of the wt. of the carriage, 

b 
or, rxo=WX=, 



• w, 



=A/f 




which gives the velocity required. 

From eq. (1), it follows, that the carriage will or will not be 

overturned, according as 

. — is greater or less than ^. 
ffr £ 

Example. If the width of a railway is 5 feet, the radius of 

the curve 600 feet, and the height of the centre of gravity of the 

carriage 5 feet ; required the velocity of the carriage which would 

cause it to be overturned hy the centrifugal force, the two rails 

being OB the same level. 

By eq, (2), we have, »=/*/ ^^ =98 ft. per sec. ; or 

132 miles per hour. 
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Fboblehs. 

1. A body w is placed within a Tertical hoop ab, which is made 
to revolve on a horizontal axis O ; it is required to ^ 

find the velocity of rotation, so that the body may //^^^ 
not fall from the hoop. ' ' * 

Here the centrifugal force f, given in eq. (2), 
Art. 289., must be equal to the gravity of the 
body; 



2. Required the same as in the last problem, supposing the 
hoop to revolve in a horizontal plane, and that the coefficient of 
&iction isy. 

In this case f is the pressure on the hoop, and .'. /f, the 
resistance of friction, must be equal to the weight of the body. 




.wn* _ , /or 



/■ 

3. In what time, t seconds, would the earth have to revolve on 
its axis, in order that bodies at the equator might be thrown into 
space, &c. ? 

Taking r for the radius of the earth, we have for the velocity at 

the equator »=——, equating this the result of Problem I., and re- 
ducting, we get 



Wi=' 



i5075 seconds; 

the time in which the earth actually revolves is 86160 seconds. 
Now by eq. (2) Art. 289., the centrifugal force varies directly as 
the square of the velocity, when the radius is constant, or, what is 
the same thing, inversely as the square of the time in performing a 
a revolution ; .'. the force of gravity ; the centrifugal force at the 

equator :: 86160 : 5075 :; 1 : H55 nearly. 

4. A weight, vr, is placed on a horizontal bar, Oa, which is 

made to revolve on a vertical axis at <^ with the angular velocity 

v; it ia required to determine the position of the weight when it 

is upon the point of sliding, the coefficient of friction being f. 

■ 4 
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[P, 



Here, the reeUlance of friclion must be equal to the centrifagal 
force. . 

Resistance friction =/w, i „ '\ 

and putting r=ow, we liave P^"^™* Afc ^j 



the centrifugal foTce= 



Fis. 1. 



-/? 



^ 



5. A weight, w, ia placed within a hollow right cone, 
which ia made to revolve upon its vertical axis ab witii the given 
angular velocity v; it is required to determine the position of the 
weight when it ia upon the point of being thrown out of the 
vessel, the coefficient of friction being/. 

Draw WD perpendicular to AB; wj perpendicular to CD; then 
taking dw to represent the accelerating 

force F, construct the parallelogram of pres- ■<, ' 

Bures DJWE. Let x=vn>, e=iAiic; then 
resolving the accelerating force, acting along 
DW, into the directions EW and jw, we have 



By Alt. 139^ 



T 



Tendency of w down the plane cb from the force of gravity::^ w 
;os 0, and the perpendicular pressure of w on the plane— w 
iin0. 
Total pressure on the plana=pressure w+wj 
=w sin e + F cose; 
.-. Resistance friction=/(w ain e + F coa 6). 
Pressure moving the body up the plane— we— tendency w down 

=F ain 0— w cos 9. 
Hence we have for the state bordering on motion ; 

. w(/tane + l), 

■ tan 6-/ ' 
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but r=— zv*, hence we get by substitution and reduction 



_ff /tane-H 



. (]). 



tanfl-/ 
If0=46% then tan 0=1, and we get 

^-v^- i-r 

If 0=90°, tben tan 0= oc, and eq. (1) becomea the same t 
that obtained in Problem 4. 
If the friction be neglected, or/=0, then eq, (1) becomes. 



>• tan a ■ 



-(2). 



6. If the Teasel in the last problem be a hemiapherical bowl 
whoae radius is r, the leatt angular velocity requisite for main- 
taiDing the body in a given position is expressed hj the equation. 



v; 



^ l-/tan 

coa 8 ' ^+tan9' 



where is put for the angalar distance 
of the bowL 

7. If a body be sustained in a. hollow vessel, 
to Snd the equation to the curve owe, so 
that the tendency of the body to fly out 
may be the same in every position, the 
friction being neglected. 

Let WB be the tangent, and wj the nor- 
mal to the curve- From eq. (2), Problem 
5., we have 



the body from the edge 



e=4: 



but zswD, tan 0= 
stitation, 



■, therefore by sub- 




that ia, the subnormal Jd ia a constant quantity; the curve 
therefore a ^ro^Jo, and italatus rectum; or 4o=2jd="-^. 



p 
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CHAP. XVI. 



The Sisn-LE Pekduiom. 

295. Defisitios. a pendulum consists of a heavy body 8us- 
pended by a thread or fine rod, and made to oscillate. When tiie 
body 13 BUppoaed to be collected in a material point, and the 
thread by whicli it is suspended to be without weight, it is called 
a simple pendulum. 

To find the time of an oscillation 
very small. 

2M< Let oi> be a simple pendului 
DK, and let oc be the vertical posi- 
tion. Let V be the velocity wliich 
the body acquires in descending 
the arc ob, and take be an inde- 
finitely email arc; then we may 
consider, taking the quantities at 
their limiting ratio, that the Bpace 
fie iB described with the velocity v; 
hence we have 



, the arc of vibration belt 
a oscillating in theGtnall a 



Time through ic=— 



■ (!)■ 



Draw Jtp and bd perpendiculi 
to oo ; then by Art, 224., ^'3- 

ii'=2ff xpd=2ff(cp~cd) . . . (2). 

Now by the property of the circle kod, we have 

Cj. c^_ (cl'ordcD)'-(chordo&)' ^ ' 




very nearly, for the 
its chord. 



CD being small very nearly coincides v 
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SubstitiitiQg in eq. (2)» we get 

««=|(CD^-c6«) . . . (3). 

Take cb=:CD, cn=sc^ and ne=zbc; with c as a centre describe 
the semicircle ab«; draw nk and es perpendicular to ab, and kr 
parallel to it; join o and A; then bj the property of the circle 
ABfy we have ^ 

CD^— c6*=:CB^— cn»=nA'. 
Substituting in eq. (3), we get 

sabstitnting in eq. (1), we find 

^ av 1. r ^c rA rA ^ /7 
time through 6c= — = — =— lA/ -• 
^* V V nk V ff 

Now the triangles cAiAbd rsk are ultimatelj similar, and 



. rk sk' sk 
.. -T=— T or — , 
nk ck OB 



.a/1 



Now dnee ^is result is true for every indefinitely small por- 
tion of the arc ob, and as the sum of all the «A's is obviously equal 
to the semicircular arc b«a ; it follows that the 



a/1 



9 
=^>\/- (4); 

that is, THE TIME IN PEBFOBMING A VIBRATION VABIES AS THE 
SQUARE ROOT OF THE LENGTH. 

If the time be given to find the length of the pendulumi we 
have from eq. (4) 

ff 

/=3 . . . (6). 
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297. Let I be the length of a pendulum which completes a 
vibration in ( seconds, and /, the length of another pendulum, at 
the same place, which completes a vibration in I, secooda ; then 

therefore by division and reduction, we have 

that is, the time varies as the square root ot the length, and con- 
versely the length varies as the square of the time. 
If ^,= 1, then /,=39-1393 inches, and 



"^'V 39-J39 



ind /=391393i». 



If the lime of performing a vibration, and the length of the pen- 
dulum be given, to find the accelerating force of gravity. 

298. From eq. (4), we get 

q=— . . . ^. 

Now it has been found by experiment tliat a pendulum vibrat- 
ing seconds, in the latitude of London, is 39-1393 inches ; hence 
we Lave 

(7=3-l416=x39'1393 = 386-3 in.=32-19 ft. 
which is the velocity acquired by a body descending freely by the 
force of gravity for one second, in the latitude of London. 

Tn find the number of vibraliona performed in a given number 
of iecondt. 

299. If n be the number of vibrations performed during n 
seconds, and I the time of one vibration, then 

»=y,byeq. (4), 

==^A1 ■■■(«)• 

To find the number of vibrationg n, which a pendulum of given 
length, 1, will gain in N seconds, by increasing the force of gravity. 

300. Let g be increased by a small quantity g„ and n by n, ; 

then by eq. (8), 
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and dividing this by eq. (8),'we get 

expanding bj the binomial theorem. 

Now as ^ is supposed to be small, we may neglect all powers of 
this quantity above the first ; hence we have approximately 

n 2g' 

which gives the number of vibrations gained, as required. 

If r be the radius of the earth, h the height of a mountain above 
the level of the sea, and g^ the quantity by which gravity is de- 
creased at that height; then as the force of gravity varies in- 
versely as the square of the distance from the earth's centre, we 
have 

9-91^ r^ 



{r+hy 

n-n^_f9-9i\h 



but by the preceding investigation 1=/? — ^J , 



. n — «i r 

n r + n 

hh 
r-\-h 

nh 



( 10), very nearly. 



To find the number oj vibrations n^ which a pendulum will 
gain in N seconds by shortening the length of the pendulum, 

SOL Let / be decreased by a small quantity Zj, and let n be 
increased by »i; then by eq. (8), we get 

N / g 
and dividing this by eq. (8), we get 

^=(?^,)=('-7)"'='4.— ^' 
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which ia obtained by espandiog and neglecting the terms involv- 
ing the powers of -, 



above the first. Hence 



which gives the expreesion required. 

To find Che length of a seconds pendulum in different latitudes. 

302. It has been found that the length of a eeconds pendulum 
at the equator is 39'0265 inches, and also that the increase of the 
force of gravity varies very nearly as the square of the sine of 
the latitude ; thus if I be the length of the pendulum at the lati- 
tude 1, ; then 



/=39-0265 + -1608 8i 



■ (12). 



Examples on the Simple Penddlum. 



1. In what time will a pendulum vibrate, whose length i 



Hera by eq. (6) we have 

V 39-1 3i 



= '62 aec. nearly. 



2. In what time will a pendulum vibrate, whose length ia double 
that of a secondB pendulum? Ans. 1-41 sec. 

3. How many vibrations will a pendulum 3 feet long make in a 
minute ? Ans. 62-55, 

4. A pendulum which beats seconds is taken to the top of a 
mountain one mile high; it is required^o find the number of 
seconds which it will lose in 12 hours, allowing the radluE 
earth to be 4000 miles. 

Here we have by eq. (10), A = l, r=4000, 
1x60x60 






and Ti 



1 



=43200, 



4000 



= 10-8 



5. Ifthree penduluina have their lengths aa the numbers 1 
and 9 ; show that when they begin to vibrate together, they will 
all vibrate together again after the twelfth vibration of the 
shortest. 
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6. A pendulum whift vibrates seconds at the earth's surface, is 
found to lose s seconds in h hours when taken to the bottom of a 
pit whose depth is a miles ; it is required to find the radius of the 
earth, supposing the accelerating force of gravity to vary as the 
distance firom the earth's centre. See Art. 300. 



Ans. Badius of the earth = 



1-(1- * 



V 36O0tJ 

ISOOat 

' nearly. 



s 

The Centbes of Oscillation and Percussion. 

303. Defs. The centre of oscillation is that point in a vibrat* 
ing body, where if all the matter were collected, the time of vibra- 
tion would be unchanged. 7^ centre of percussion is that point 
in a revolving body, which upon striking against an immoveable 
obstacle, will cause the whole of the motion of the body to be 
destroyed ; so that if the axis were taken away, at the moment of 
impact, the body would have no tendency to move in any direc- 
tion. 

Centre of Oscillation. 

304. Let c be the point of suspension of a vibrating body, a the 
centre of gravity, and k the centre of gyration. 
Suppose the body to fall from the position 
CO to that of CO. ; describe the arcs oOp gGi, 
and let fall the perpendiculars o^b, oa, Gi»i, > 
Gn upon the vertical line CD. Put 0= /. ocd, ^Z 
6i=Z.OiCD, and r=the angular velocity at V^ 
coi. y /^ ^ 

Now supposing the whole of the matter ^\ ^^ 
collected at o, the angular velocity of this '^"*'-./. 

point, acquired in falling to any position, 
must be the same as that which the point k ^9' ^55. 

really has at the same position. But the velocity acquired by o 
in moving from o to Oj is that which a body would acquire in 
falling through ab ; 

.*. (v . coy=2gxab=z2g , co (cos 0|— cos 6), 



/. t7«=-^ (cos 0| -cos 0) ... (1). 
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V 

Bat this most be the same as the valaAf «* given in eq. (18), 
Art 251^ 

.% -^^^^ (cos Oi -cos 0)=^ (cos 0,— COB a), 

/. CO . CO=CK« . . . (2) ; 
that is, CK is a mean proportional between CG and co. 
For the value of co we have 

CK* 

co= — . . . (S\ 

CG ^ ^ 

which gives the distance of the centre of oscillation from the point 
of suspension. 

Since the body vibrates as if the whole of the mass were placed 
at o, the time of oscillation will be the same as a simple pendulum 
whose length is co. If, therefore, /=co, we have, by eq. (4), 

Art. 296., the time of a small 08cillation=«' a / -. 
Ineq.(l)let 6,=0, then 

^2=?^(l.eos«)=1^5^5Ji^...(4), 

CO^ ^ CO ^ ^ 

which gives the angular velocity of the pendulum at the lowest 
point of its vibration. 

From eq. (2) we get 

cg(cg+og)=ck2, 

.*. CG . 0G=Ck2— CG*; 

but by Art. 248, CK*— cG* is a constant quality for the same 
body; 

/, CG . 0G=a constant. 

Let o be taken as the point of suspension, and let q be put for 
the distance of the centre of oscillation from g ; then 

OG . y=CG . OG, 

.% q=CG; 

that is to say, c becomes the centre of oscillation. Hence it 
appears, that the centres op oscillation and suspension are 
convertable into each other. 

Centre op Percussion. 
305. Let o be the centre of rotation of a body, g its centre of 




CHAP. XVI.] CENTRE OF PERCUSSION. • 257 

gravity, k its centre of gyration, and o its centre of percussion. 

Suppose the body to fall from the 

position cOi in order to acquire its 

angular velocity; describe the arcs 

oOi and GGi, and let fall the perpen- ^ 

diculars Oib and G^n upon the hori- ^'^* ^^^• 

zontal line go. 

Now, if the body strike an obstacle placed at o, all the work 
accumulated in the body will be delivered upon that obstacle 
without any loss, for all the motion is supposed to be destroyed 
by the obstacle. Hence the work at o will be equal to the whole 
work accumulated in the rotating mass. 

By Art. a53 , 

"W . CK.^ 

the weight of the mass at o= — ^ « 

co^ 

Now, the velocity of o will be equal to that which would be 
acquired in falling through Oi 6, 

.% (velo. oy=2g x CO sin 6, 

t_ 1 ^ J X wt. mass at o X (velo. o)^ 
/, work accumulated at o= ^ — ^^ ~- 

1 W . Ck2 ^ . n W • CK2 . 

=75— • — ^—o— xzflrxco sm6= . sin0. 

2g co2 ^ CO 

But by Art lU., 

work accumulated =wxGi»=wxcGsin6, 

,•, w X CG Sin 0= . sin Q ; 

CO 



CK* 

/. co= ; 

CG 

hence it follows, from eq. (2), Art. 304 , that the centre of per- 
cussion COINCIDES with THE CENTRE OF OSCILLATION. 

306. If we conceive a force to be applied at o equal to the re- 
action of the obstacle, then it is obvious that this force would 
produce a motion in the body precisely the same as that which 
was destroyed; and therefore the body would rotate upon the 
axis c without any strain. Under these circumstances c is called 
the axis op spontaneous rotation. 

The Ballistic Pendulum. 

307. The Ballistic Pendulum is used for ascertaining the velo- 

s 




or MBCBuacAi. mnxteoFHT. 



«f wood, m^^^ j 



m»b; it oonstsU of ft heavy block of wooa, ms^^ J 
f from a horizontal axis. When the pendulum i^^ 
p nvtieaUy and iii a state of rest, a ball ia fired into th^^^ 
Uodt, which causes the pendulum to vibrate tliroagh an arc db^^^ 
(se*_fl'Sf. 155.) Tbia arc of vibration ia known by a sb&rp point 
which, projecting from the under extremity of the block, scratchea 
a soft composition laid in a groove formed in Ibe i 
centre of gyration ie found after the method given in Art. i 
Tojind the velocity with which the ball tlrike* the b 

308. Lot w=the weight of the pendulum; p=the weight of tl 
ball ; a =tlie distance from c at which the ball enters the block ; 
A=CK the radiuBof gyration of the pendulum with the ball; A=cg 
the distance of the centre of gravity of the pendulum, with the ball 
fixed in it, from c; '=go, the radius of oscillation of the pendu- 
lum with the ball; S=:Z^ocD, the angle through which the pen- 
dulum is made to vibrate by the stroke of the ball ; v^the velo- 
city of the ball; u=the angular velocity of the pendulum imme- 
diately after impact ; and ai'=the velocity of the point where the 
ball strikes. 




By eq. (4), Art. 30*., 



•IV? 



4 



Becauio it U the centre of gyration of the whole mass, the aame 
angular velocity will be communicated to the pendulum as if all 
the mass, w + i'i were collected at thia point. Again, by Art. 253,, 

if the mnas -j(w + p) ba placed at e, the point where the ball 

alrik(>H, the same angular velocity would be communicated to the 
pendulum aa when the whole mass, w+r, is placed at k. Hence 
we may consider, that the body p impinges directly with the velo- 
city V upon the mass — , (w+r) at rest, and since the bodiea are 
inelaatic, that they move on together with the velocity av. Now, 
since the momentum after tlie stroke is equal to the momentam 
before it (Art. 201.), we have 
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liot by Art 304., k^=hly 



apv 



(w+p)A/' 
making this equal to the value of v before found, we have 

(w+p)A/ ^ V r 

. 2A(wH-p)V^8ini6 
• • ^— ^"5 • • • \^h 

which gives the velocity of the ball as required. 

If the pendulum makes n vibrations per minute, after being 
struck by the ball, then 

the time of each vibration = — ; 

n 



therefore, by eq. (4), Art. 296., 

60 
n 



V ff Tit 

which being substituted in eq. (1), gives 

^_ 12OAgr(w+p)8ini0 ^ . 



irnap 



8 2 
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PART IV. 

HYDROSTATICS. 



CHAP. XVII. 



1. A FLUID ia composed of material particles, which have a. free 
motioa amongst themselves and yield to any pressure, however 
amatl, which may be apphed to them. 

No fluid in nature strictly fulSla the definition here given. 

2. The surface of still water is always horizontal. 

3. Fluids transmit pressure equally in all directions. 

4. Tlie pressure of water is in proportion to its depth. 

For as all the particles of a fluid press on those immediately 
below them, the particles at any given depth will have to sustain 
the weight or pressure of those which lie above them ; therefore 
the pressure is in proportion to the depth, and this pressure acta 
equally in all directions, — against the side of a vessel as well 
against its bottom. 



Vlrticai, Presscre on thk Bottom of a Vessel. 






5. This is obviously (see Art. 4.) equal to the area of the base 
in feet x the depth in feet x the weight of a cubit foot of water : 
thus, let A = the area of the base of the vessel, a=tl)e depth of the 
water, and w=62-51b3. the weight of a cubic foot of water; then 

Pressure on the bottom in Ibs.^A -Kaxw. 



Examples. 

(1.) Eequired the pressure on the bottom of a cylinder wlj 
diameter is d, the depth of the water bting a. 



HVDU09TATIC3. — FHESflURE Ol^ FLUIU8. 



. Pressui 



: lbs= 



M^2.) A cubical vessel is filled with water ; required the pressure 
opon its base. 

Lei u=tlie Bide of the cube ; thea 

tArea base, a= 
.". Pre3sure=a' Xfl 



Traubhission of PKESStntE BT Flujds. 




Fig. 1. 



1. This is exemplified in the Hydrostatic Press: 
?KO cylinders, containing water, connected 
by a pipe ; P is a piston fitting the large 
cylinder, and p another piston, fitting the 
email one ; now, any pressure applied to the 
small piston will be transmitted by the water 
to the large piston, so that every portion of 
surface in the large piston p, will be pressed 
upwards with the same force that an equal 
portion of surface in the small piston p is pressed downwards ; fur 
example, let o— the area of the piston p in square inches, a=: 
the area of the piston p,/j=the whole pressure applied to the piston 
p, and P:=the whole pressure produced upon the piston p ; then 

pa ^ " 
which gives the equation of equilibrium. 

The principle of the equality of work applies to the transmission 
o/^ pREBSUREs by fluids. 

7. Let the small piston p (see^. L) descend through the space 
h ; then the volume of water transmitted from the small cylinder 
into the large one will be a x A. 



^^From 



,". Space the large piston is rnised- 
[. (1), Art. «., we get 



axA 



lultiplying each side by h, we have 
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,'. p X apace moved by p=p x space moved by p ; 
that ia to aay, tbe work applied to tlie piston p is equsl to the 
work transmitted by tlie piston P. 

Pressure os toe Sides o» Vessels. 

8> Let AQDQ represent tbe side surface of a vessel filled witli 
water ; suppose the surfaceto be divided into „ 
a number of indefinitely small portions, each '/^ ^rj' " 
of which may ultimately be regarded aa a 'VTT"^ 

plane having all its points at the same dis- \ ^. 

taace below the upper surface of the water. i \^_ ^^ 

Let a,, a,„ .. . be the respective areas of these " 

portions, and h„ h^.,. their depths below the ^'o 2. 

surface ; w)=the weight of a cubic foot of water ; (i=the area of 
the whole surface agdq; and A=the depth of its centre of 
gravity ; then we have 

Pressure on the surface a,=o,A,vr, 

and so on. 
Now ns fiuiUa transmit preasure equally in all directions, these 
pressures act perpendicularly on their respective surfaces, 

/. Total pressure on the 9urface=«' (a, A, 4-02 A^-- ■ • )■ ■ ■ (!)■ 
But by the property of tlie centre of gravity, Art. 89., we 

axA=o,A, + aaAa+ . . . + &c. . . .(2), 
Bubstitnling in eq. (I), we get 

^Total pressure on the surface=a x A x w . . . (3) ; 
but a X A X w cxpresaes the weight of a column of water whose 
base ia a and depth k ; hence it follows, that the PitESsmtE of a 

FLUID UPON ANY GIVEN SUKFACE IS EQUAL TO THE WEIGHT OF A 

COLUMN OP THAT FLUID, HAVING TUE GIVEN EURl'ACE AS A BASE, 
AND THE DEPTH OF ITS CENTRE OF ORAVITT AS THE HEIGHT OF THE 
COLUMN. 

fVhen the side of ike vessel is vertical and rectangular. 

9. In this case, let n:=the depth of the surface, and b^ita 
breadth ; then 
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aren surface^^a x b, 
deptli centre of gra¥ily=i, 

/. Pressure on t!ie sitle=a x ft X s x w= 

Wlien b and w are cojistant, the pressure i 
the square of the depth. 




CfiNTKE OF Pressure. 

10. Dbfisition. — The centre of pressure is that particular point 
in the aide of a vessel where the whole pressure 
upon it ma7 be conceived to be applied without 
altering the effect. Thus let the surface aqdo- 
{see figs. 2 and 3.) be Bobject to the pressure of , 
water, then there must be a point c, in that sui- 
faca where a single opposing pressure P may be 
applied which shall exactly balance the whole Fig. 3. 

pressure of the water ; thb point c is called the centre of 
pressure. 

When the surface ia rectangular and aq horizontal, the centre 
of pressure must obviously lie in the line e p dividing the surface 
equally. In order to find the centre of pressure in this case let 
EPL (see^y, 2.) he a verticarplane passing through E, and let ec, 
CB, &c., be vertical lines drawn in tliis plane ; then the pressure 
on the point e will be due to the vertical depth ec, and so on to 
any other points in the line sf. Now the direction of the 
resultant of all these vertical pressures must pass through the 
centre of gravity of the triangle e fi. ; and therefore this resultant, 
HC, will cut the line ef in the point C making EC equal to ^ ep. 
This point, c, is obviously the centre oi' pressure of the surface 
AGDQ; hence we derive the following conclusion; — 

When the side or thb VEsaEi. is bectangdlab, the depth 

OF THE centre of PltEHSTraE is equal XO TWO-THISD8 TBE VTQOLE 
DEPTH OF THE FLUID. 

Thus in Jig. 2., we have hc=J lf ; and iu Jig. 3., where the 
side is vertical, ec — ^ ef. 

To determine a general expression Jor the depth of the centre of 
pressure. 

IX. It follows from the definition of the centre of pressure, that 
a of the moments of the surfaces a,, dg, &c,, will be equal 



p 



.*5«4 
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to the moment of the pressure upon the whole surface regarded as 
ncting in t!ie centre of pressure of that surface ; hence we bavCj 
taking the moments from upper surface of the fluid, 

Momt. pressure on af^a^h^w x A|=a,A|^w, 
„ „ on a2=aih^w, 

and so on ; 
Put i:=the depth of the centre of pressure, then hy eq. (3), 
Art. 8 , 

Momt. whole surface=aAwx«, 
.•. aAwx2-=Oi/i'io+a.i^a'w+&c. 

..z— -^^ ■■■t.ij- 

But by Art. 245., the numerator of this expression is the mo- 
ment of inertia of the surface A D, taking the upper edge as the 
axis of rotatiun ; and the denominator of the espression is the 
statical moment considered in relation to the same axis ; hence 
this expression becomes 

nprtia of the surface 



^__ . . (2\ 

statical moment of the surface ^ ' 

It will be observed that this general formula for the depth of 
the centre of pressure is not restricted to any form of the 
surface, 

Example. Let the surface ad be a rectangular plane whose 
length EF=:Z, and area^t^; then (Art. 246.) the radius of gyra- 
tion of the surface is ^ X a / sj sud the moment of inertia a x -^^ ; 

moreover the statical moment of the surface is a x ^; therefore by 
eq. (2), we have 



-=3(, 



wliich result corresponds with that which has already been 



PkOBLEMS ANt» PllACTICAL APPLICATIONS. 

1. To find the pressure upon the lower portion jkdg of a flood 
gate and also its centre of pressure. 
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Let c, Ci, Oj be the centres of pressure of the 
sarTftces ad, a^k, and jd reapectivelj. Put a= 
AQ, a,=AJ, ftnd z=:£Og ; then by Art. 9. 



mg.^ 






„ „ AKsJa.SfitP, 

,'. Press, on jD=PreBs. on as— Press, on ak 
=li«,(o--«,')...(l), 
which is the pressure required. 

To find z ve have by the equality of moments, 
Press, on AEXECi+FresB. on jDXBC=Pres8. 

which gives the depth of the centre of pressure of the rectangular x. 
portion jd. . if 

2, When Water preBses upon both sides of a fiood gate, to de- 
termine the pressure, &c 

Let <i=Br the deptb of the water on one 
side; a,=E,F the depth of the water on the 
other side; F=the effective pressure on the ^^^^P 

gate ; then 

p=PreB8. on ef— Press, t 
=J6«.(a'-o,') ^i'- *■ 

which is the pressure required. 

Now let c, c„ be the centres of pressure of the surfaces EF,snd 
E, f ; and c, the point to which the resultant pressure p is 
applied ; then by the equality of moments, we have 

PXEC=Press, on efxeo— Press, on e,fxe,c, ; 

proceeding as in the foregoing problem, we find 







These results correspond with those determined in the fore- 
going jnroblem. 

3. To find the slability of en embankment whose section has 
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Iheformof a trnpcKoiil ackh (see Problem 4., Art. lS3.)ivliei) tlie 
water stands at the brim. 

Herep=JA'xlxw„ 
wliere lo, is put for the weight of a cubic foot of water ; and /)= 



.■. The moment of the, water tending to OTerturn the erabankt. 

If the embankment slopes towards the water, the foregoing ex- 
pression for the moment of the water still holds true, h being its 
vertical depth. 

This substituted in eq, (1) Prob. 4., Art.l53., will give the con- 
ditions of stability. Substituting and reducing, we get 

which givea tlie height of the embankment for a given modu- 
lus m. 

If the embankment be upon the point of being overturned on a 
as a centre, then m=0, and eq. (2) becomes 

*'=|^{(«-4>"+36(«-l»)} ■ ■ ■ (3) 

If the embankment is rectangular, then a=6, and eq. (2^ 
becomes 

/,'=3A. ^(i-2m)...(4). 

From this equality, we find 

".=s-S ■•■(=)• 

Example, In eq. (5), let A=9, b=5, io=1501bs., 
required m, 




.', The modulus of stability = i^=i? nearly. 

4. The total breadth of a flood gate ia 26 ft., and the depth 
» ft. The hinges are placed at e ft. from the reapectivt; ejt- 
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t*"emitiefl of the gate ; required the pressure upon the lower 

Here the pressure upon each half of the gate, i-= 

Let CD represent the height of the gate, a and b the 
liinges, and f the centre of pressure of the water; now 
emce the pressure of the water at p is supported by the 
hmges A and b, we have by the equality of momenia. 

Press, on »xAB=Press. on pxap, 
but AB=a— 2e, and AF=§a— e, 

/. Press, on b x(a-2e)=io'6wx(f a— e), 

Example. In eq. (1), let 6=5, n=6, e=\, and «)=62 
find the pressure on the lower hinge. 

T,.... 6'x5x62-5(.jx6-l)_ .„,„„.. 



Exercises f 



1 TBE Student. 



1. Required the pressure on the sides of a cubical vessel filled 
with water, the side of the vessel being a ft. Am. 125a''lha. 

2. Compare the pressure on the bottom of the vessel, in the last 
example, with the pressure on the sides. Ans. The pressure on 
the base is one half the pressure on the sides. 

3. A cylindrical vessel is filled with water. The height of the 
vessel is a ft., and the diameter of the base d ft. ; required the 
pressure upon the side. Ans. 31J- wa'd. 

4. Compare the^ressure on bottom of the vessel, in the last 
example, with the pressure on the sidfll Atis. As d ',2 a. 

5. What must be the height of the vessel in example 3. so 
that tlie pressure on the side may be equal to the pressure on the 
bottom? Am. The height must be one half the diameter of the 
base. 

6. A rectangular embankment sustains the pressure of water at 
the brim. The height of the embankment is 6 ft., the weight of 
the material is 125 lbs. per cubic foot; required the breadth of 
the embankment so that the resultant of pressures may cut the 
base nt the distance 'oft. from the outer edge. (See eq. (4), 
Problem 3, Art. 11.) Ans. 3 feet. 

7. Required the pressure on the rettangular face agdq (see 



7 



tCIPLBS OF UECHAXICAL 



it) it i 



D the horizga at a 



[part iv^ 
angle of 46°, ani^S 



l_ . 62-5 , 
f=(t. Am. -^o^ 

' 4 a/9 



inclined 
62-5 

and D, E be joined (aee the last example) what will be 
esure upon the triangular portion eod? Ana. | the prea- 
Q the whole surface. 



Stbengtb of Pipes and Cixindkical Steam Boilers. 

12. When vessels are subject to great pressure from water or 
steam, the plates composing them should have an adequate thick- 
ness, in order to secure them from bursting. A cylindrical vessel 
may burst either longitudinally or transversely; but, as we shall 
hereafter demonstrate, the former takes place more frequently 
than the latter. In the following investigations we shall assume 
that when a vessel bursts, this takes place from the internal pres- 
sure tearing asunder the material of the plates. Taking this view 
of the subject, the force resisting the fluid pressure is the tensile 
force of the material or the force with which it resists the separa- 
tion of i'.s particles. 

Let ABE represent the cylindrical vessel j edc. 
section passing through the centre ; put 
a=AB the length of the cylinder, 2r=CD 
the internal diameter, e^=AC=DE the thick- I 
ncas of the plate, T=the tenacity in lbs. 
of a sq. inch of the material ; then 

Resistance of the section ade to rupture 



longitudinal 



=area section xT=2«i 



■U)- 




Fiy.1. 

Now let p=the pressure of the fluid in Ib^ffor every sq. inch. 
This fluid pressure, tending to produce a longitudinal rupture in 
ABE, will act upwards and downwards upon the interuBl longi- 
tudinal section, having its area^=2ar. 

.-. Pressure of the fluid to produce longitudinal rupture 
= 2a,-P...(2). 

But when rupture is about to take place formula (I) must be 
equal to (2) ; 

.-. 2mct=2«»-p, 

wliich gives the thickness of the material when rupture is about 
to lake place, under the given pressure p. 
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Willis equation shows, that for OYLiNDBtcAL ybssel, composed 
o:b« the same material, the thickness should be in propor- 

l^ON TO THE RADIUS. 

It will readily be understood, that the longitudinal section 

^^E, passing through the axis of the cylinder, i^he weakes t 
lo)3gitudinal section that can be taken. 

Let us now consider the conditions of rupture through the 
'^nsverse section gp. -j ,.) 

Area section GP=w(r +«)^- IT rlfc= IT «(« + 2 r). ..^ , . .. ,^ * 

,% Resistance section GF to ruptiMre=ir«(e-h2r)T. ., r 

Pressure fluid to produce rupture in GFcsirr'p. ^"^ p-c ' - ^ ^ ^ ^ 

^ * 4 ' 



/ i 4' i 






neglecting 5- as being small, we get . ^ . ,. -> « r / 



?=^..\ (4). V/ 

2t ^ ^ / 



-^'' ■ ■■-■• - ^ 



M 



Comparing this with e^. (3), we find, that the transverse sec-^ 
lion has double the strength of the longitudinal section. y^ ^ ^ '' ^ !." 



*i 



■* *■ 



Vt/ *' •■ , • 6^ 






CHAP. XVIII. 

FLOATING bodies. SPECIFIC GRAVITY. 

13. Definition. — The specific gravity of a body is its weight 
as compared with the weight of an equal bulk of some other body 
taken as a standard. For the sake of convenience pure water, at 
the temperatuse of 60°, is taken as the standard by which the 
specific gravities of all other substances are compared. Taking 
the specific gravity of water as unity, «fce specific gravity of any 
other substance is expressed by the number of times that it is ^ 
heavier than an equal bulk of water : thus iron is 8 times the 
weight of an equal bulk of water, therefore the specific gravity of 
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iron 13 8, and bo on to other cases. Now tlie weight of a cubic foot 
of water is exactly 1000 ounces, heaee we find the weight of a cubic 
foot of any Bubstsnce by simply taking its specific gravity as so 
many thousands of ounces ; thus the weight of a ctibic foot of iron 
is 8000 ounc^ 

14. A body sinka or floats according as its specific gravity is 
greater or less than the fluid in which it is immersed ; and when 
the specific gravity of the body is equal to that of the water, the 
body upon being immei^ed neither rises nor falls, but remains as 
it were suspended in the fluid at all depths. 

When a solid body floats on a fluid, the weight of the fluid 
displaced ii equal la (he weight of the body. 

15. For when a body floats it is sustained by the upward pres- 
sure of the fluid ; and as there is an equilibrium of pressures, the 
upward pressure of the fluid must be equal to the gravity of the 
floating body. But this upward pressure would just support a 
volume of fluid equal to that which is displaced, therefore the 
weight of the floating body must be equal to the weight of the dis- 
placed fluid. And it is further evident that the centres of gravity 
of tliB floating body and that of the displaced fluid will be in the 
same vertical line. 

The weight which a heavy body loses when weighed in a fluid 
is equal to the weight of an equal bulk of the fluid. 

16. For, since the body is pressed upwards by a force equal to 
the weight of the displaced fluid, the weight lost by the body must 
be equal to this quantity. 



-I THE SPKCIFIC GrAVITT of A EoDT. 



To find the specific gravity of bodies by the hydrostatic balai 



17. The hydrostatic balance differs from ai 
in having a hook attached to the under Bide 
of one of the scales. The body, whose spe- 
cific gravity is to he found, is suspended from 
the hook by a horae-hair, and then its weight 
is determined. It ia now weighed in water, 
and thus its losa of weight ia ascertained. 
Now it baa been shown that the weight which 
a body loses in water is equal to the weight 
of a portion of water equal in bulk to the 



ordinary one only 
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body; hence we have the followiag rule: the specijic gravity of a 
body is equal to Us weight divided hy the weight which it loses in 

Let TV^the weight of the body in air, to=it3 weight in water, 
s=the specific gravity of the body, that of water being 1 ; then 
w— loathe weight lost, which ia also the weight of the fluid dis- 
placed; therefore w— w ia the weight of water of the same bulk 
as the body whose weight is w ; hence We have 

Specific gravity of the body ; specific gravity of water : : w 



; 1: 



.(I). 



18. The specific gravity of liquids may he found by the liydro- 
statio balance, in the following manner : 

Weigh a solid body in water, as well as in the liqnid whose 
specific gravity is to be determined ; then the loss in each case 
will be the respective weights of equal bulis of water and the 
liquid ; therefore the loss of weight in the liquid divided by the 
loss of weight in the water will give the specific gravity of the 

Let w=the weight of the body in air, ic=it3 weight in water, 
and Wi^ita weight in the fluid whose specific gravity s, is to be 
determined. 

In thia casew— w, and w— to, are the respective weights of 
equal bulks of water and the liquid ; 

,'. Specific gravity liquid : specific gravity water ; ; w— w. 



P. 



To find the specific gravity of bodies by the hydrometer. 

19. These inatrumenls depend upon the principle, that the 
weight of a floating body is equal to the weight of the fluid which 
it displacea. 

20. Nicholson's hydrometer is so contrived as to determine the 



2T2 
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apecidc gravity of solida as welt as liqutde. B is a 
liollonr ball, to which 19 attached a fine wire i aup- 
porting a dish c for receiving weights; proceeding 
from the under side of the ball, is the stirrup d carry- 
ing a heavy dish f for preserving the stability of the 
instrument when it floats, and for holding any solid 
body whose specific gravity is to be determined. The 
instrument is floated in pare water, and a weight of 
1000 grains is put into the dish C ; now the weight of 
the instrument is so aiijlhted that it sinks to about Fig. 9. 
the middle of the fine stem 1 and a mark g is made at 
this point. 

(I) To delenuine the specific gravity of a liquid. Place the 
instrument in the liquid and put weights into the dish c until the 
mark s on the stem sinks to the level of the surface of the liquid. 
These weights added to the weight of the instrument will be equal 
to the weight of the liquid displaced ; but the weight of the instru- 
ment added to 1000 gr. is equal to the weight of an equal bulk of 
water; therefore the former sum divided by the latter will give 
the specific gravity of the liquid. Let the weight of the instru- 
ment =zw, grains, the weight put on the disb o^u> grains, then 
we have 



Weiglil of displaced water= 
Specific gravity of liquid or 3^ ■ 



I, + 1000, 



f 1000" 



. (1). 



(2) To determine the specific gravity of a solid. 

Place the instrument in water, and put the solid in the upper 
dish c 1 add weights to this dish until the mark s on the stem 
sinks to a level with the fluid; then these weights together with 
the weight of the body must be equal to 1000 grains. Let w^the 
weight of the bodyu',=the weight added to the dish c ; then 
w + Ki-=1000, 



= 1000-«J 



■ (2). 



which gives the weight of the body. 

Let the body be now placed in the lower dish t; and as before, 
let weights be placed in the upper dish c until the mark s sinks to 
a level with the water j then these weights, together with the 
weight of the body in i^e water, are equal to 1000 gi'oins. Let 



!■] 
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tlie weight aJded to the 



=the weight of the body in water; 
upper dish c ; then 

.-. 10=1000—^3 . . . (3). 
Now having found the weight of body, eq. (2), and also its 
weight ID water, eq. (3), we have, by taking the difference of 
these equations, 

weight loat in water or w — lo — UI3— ipj. 
Let e be put for the specific of the body ; then 
rt. body _ W' 



1000- 






.(4). 



Example. Let ioj=300, «'3=400; then by eq. (4) we have 
for the specific gravity of the body 

_ 1000- 300_ 
^~ 400-300 ~ 

21. The common Hydrometer has no dish at c, and the lower 
dish F is simply a heavy ball which serves to keep tlie instrument 
in a vertical position when floating in the liquid. There are uo 
weights used with the instrument ; but the upper stem s is gradu- 
ated in such a maimer as to enable the operator to ascertain the 
specific gravity of a liquid by the depth to which the instrument 

Let v^ the volume of the whole instrument; r=the volume 
included between any two consecutive graduations on the stem; 
n, ni— the number of divisions on the stem above the surface 
when the instrument is put into fluids whose specific gravities are 
s and s, respectively; then 

voh fluid displaced in the 1st case^v— nv, 

„ „ „ „ the2ndcafle=v-»,r; 

.•. wt. fluid displaced in the 1st case ^s(v — wjj), 

and „ „ „ „ 2nd ease=S|(v— n,!;); 

but the weight of the Huid displaced in each case is the same, for 



the weight of the instrument 



the SI 



»)=»,(» 



')! 
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.-. |=i5^"...(i), 

nbich givea the ratio of the specific gravilics of the two liquids. 

Exercises foe the Stddent. 

In the following exercises S. G. is put for "specific gravity," 
find the specific gravity of water is talten equal to unity- 

1. A cubic foot of water weighs 1000 oz. Fiud the weight of 
a cubical block of stone whose Bide is 4 ft, and S. Gr. 1-25. 

Ans. 80,000 oz. 

2. Required the numher of cubic feet contained in a body 
whose S. G. is a, and wdght w oz. Ans. ^^ ■ 

3. If s and s are the S. G. of two lumps of metal whose weights 
are w and w respectively ; required the S. G, of the compound 
metal formed by fusing the lumps together, supposing no con- 
densation of volume to take place. Ans. — ^^ ;. 

*^ WS + I0 3 

4. A body, weighing 20 gr., has a S. G. of 2'5 ; required its 
weight in water, Ans. 12 gr. 

5. A body weighs ip grs. in water and w, grs. in another liquid 
whose S. G. is «i; required the weight of the body. 



6. A Nicholson's hydrometer weighs 250 grains, and requires 
726 grains to sink it to the required deptb in alcohol ; required 
the S. G, of tlie alcohol. Aris. •781. 

7. If V and o be put for the respective volumes of the lumps of 
metal in Example 3. ; tlien it is required to find an eipreasion for 

the S. G. of the compound metal. Am, -^^ . 

8. If s, be put for the S. G. of the compound metal in Ex- 
ample 3., and w, for its weight; then — J=— + ^. 



FiOATiNG Bodies. 

22. To find the depth to which a rcctangulni 
will Bink in a fluid. 



CHAP. XVni.] HFDEOaTATICS. — FLOATmo BODIES. 

Let A BCD represent a tmnBTerw Bcction of 

the body, e f being the plane of floatation. Put r ~ 

6=AB, a=AD, f=tho length of the body, w= ^^ 

the weight of cubic foot of the body, and x= ^K 

B D the depth of immersion, then '-^. 

Weight of the body=;ai/ip, fig. la 
weight of the displaced (la\H=bxl x 62'S ; 



23. A barge (suppoaed for the sake of simplicity to be of a 
rectangular shape) is / ft. long, 6 ft. broad, and a ft. deep, outside 
measure. The thickness of the planking is e ft., and the weight 
of a cubic foot of the timber is w lbs. To what depth, d, will the 
barge sink when loaded with w lbs. ? 

Content of the timber, v=voI. exterior solid— vol, interior 

=o«-(o-.X»-2«X'-2«)---(I)- 

For the sake of conciseness we shall put v for thia expression, 
giving the volume of the timber. 

Whole weight of the floating body, w'=wt. timber+wt load 



I 



Weight of the displaced iaiii.=bdlx 
.'. *d/x62-5=WT + w; 



2-5; 



^ ■■''-62-5M ■ 


(2). 


If W be required, then we get 




w=62-5 l>dl-wv . 


.(3). 


To determine the load necessary to 
aking d=a in eq. (3) 


ink the barge we 


w=62-5abl-wv . 


• ■ (4)- 



Obi. The irregular form of boats as they are usually con- 
structed, renders it difficult to calculate their volume ; as a toler- 
ably near approximation to the truth, eminent surveyors take j^ 
of the rectangular displacement, as determined in the foregoing 
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ordinary 



iaveetigalion, for tlie true displacemeot 
curvature. Heace we have, making v= 



I boata of a 
in eq. (4), 



Hi X 62-5) 



12 



abl...(5); 



whicU is the weight in Iba. requisite to sink a vessel to a given 
de|>lh a, the breadih of the vessel at that depth being l/, and the 
length I. 

1*. A globe of given diameter floats on water ; it is required 
to find the weight of the displaced water, when the depth of 
immersion is given. ^ 

Let r=:OK=CD the radius of the 
sphere ; <t=eK the depth of immersion ; 
Wiethe weight of displaced water in lbs. 

Here the displaced water has the form 
of a segment of a aphere, viz. adk. Now 
wo have by mensuration {see the Au- 
thor's " Calculus," p. 200.) 

Content segment A.DK=wa^{r—^a) ; 




Fig. 11. 



If the Z A.cK=e be given ; then for the value c 



(leq. CD 



To find fhe Buoj/aney of PotUooru, 

25. Pontoons are portable boats, with a covering of baulks and 
planks, &c., for forming floating bridges over rivers. Sec. They 
are now usually made of tin in the stiape of a cylinder with hemi- 
spherieal ends. 

1. Let NB represent a cylindrical pontoon with plane ends; 
ABD the plane of the water line parallel to 
the axis of the cylinder which passes through ^^^S 
C; CN a vertical lino cutting ad in e. T ~~ 
find the load w requisite to sink the pontoo) 
to a given depth. 

Put A=the area adk the surface of im 

n; /=AB the length of the cylinder; ^'^- '* 



vol. water displaced^ 



k;...(i), 
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,% weight water displaced = a x / X 62*5 ; 

.*. w=:Ax/x62-5 . . . (2). 

Where a may be found bj mensuration when the radius of the 
circle andk and the depth of immersion are given. Thus 

Let r=CK, 6=Z.ACK; ir=3*1416+ ; then 
area segment adk, or A=r* j w . r^+s ^^^ 2(180— d) [ . . . (3). 

If 0=165, or, what is the same thing, Z.acd=30^, then this 
equality becomes 



-"{M-i}- 



2. Let the pontoon be a cylinder nbk (see^. 12.) with hemi- 
spherical ends. To find the load w^ requisite to sink the pontoon 
to a given depth. 

In this case, the solid of immersion consists of the segment 
ADKB of the cylinder, and two equal segments of a hemisphere, 
which put together give the segment of a sphere, having eK for 
their depth. Now eq. (2), Art. 25., gives the weight of the fluid 
displaced by the segment of the cylinder, and eq. (1), Art. 24., 
that of the segment of the sphere ; hence we get 

w*=A xlx62'5-\-7raXr-^a) x 625 

= {A/ + 7ra2(r-ia)}62-5 . . . (4), 

where a is given in eq. (3), Art. 25. ; and a in eq. (2), Art. 24. 

Exercises fob the Student. 

1. The end of a right prism is an equilateral triangle whose 
side is a feet ; to what depth will this prism sink in the water 
when it floats with one of its edges undermost, its S. G. being 
§ that of water ? Atis. a Vi* 

2. Required the depth of immersion, in that last example, when 
the prism floats with one of its edges uppermost. 

3. A rectangular barge (see Art. 23.) / ft. long, h ft. broad, and 
a ft. deep, outside measure, sinks to \ its whole depth when 
unloaded ; required its weight in lbs. ' Ans,\2'5ahL 

4. If a rectangular barge sinks to \ of its whole depth when 

T 3 



V 
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unloaded, and to f of its whole depth when loaded ; required the 
load, the weight of the harge being vk Ans. ^to^ 

5. The diameter of the base of a right cone is 2 r, its perpendi- 
cular height A, and its S. G. f that of water ; to what depth will 
the cone sink when it floats with its Tertez undermost? 

Ans. §-^18. 

6. A hemispherical vessel, whose weight is vr, floats upon a 
fluid with ^ of its radius below the surface. What weight must 
be put into the vessel so that it maj float with f of its radius be- 
low the surface ? Ans. ^ w. 

7. Required the thickness of a hollow globe^ made of copper, 
whose S. G. is 9, so that it may just float when wholly immersed 
in water. Ans* K^~'^^i)> ^^^< r is the exterior radius. 
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PART V. 

HYDRAULIC S. 



CHAP. XIX. 

MOTION OP FLUIDS. — EFFLUX. — RESISTANCE AND WORK OF 

FLUIDS. 

Velocity op Water in Pipes. 

26. If a fluid ran through a pipe kept continually full, the velo- 
cities in the different sections vaiy inversely as the areas of the 
section. 

It is here assumed that the velocity of the fluid is the same in 
every part of a transverse section. Let Q=the no. cuhic feet of 
water passing through any portion of the pipe per second; t7=the 
velocity of the water per second, in passing through that portion 
of the pipe whose transverse section is a ; then 

axf=Q, /. 1?=- . . . (1). 

Now as Q is constant, It follows that v t^aries as -. 

a 

The quantity of water which runs, through a pipe in the time t 
z±axvxt . . . {2). 

Efflux op Water. 

27. The velocity of a fluid issuing from a small orifice in the 
bottom or side of a vessel^ hept constantly fully is equal to thai 
which a heavy body would acquire in falling through a space 
equal to the depth of the orifice. 

Suppose A B to be a cylinder, having a piston^ p, fitting it air<^ 

T 4 






^r^ 
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tight, ab B, Bmall portion of fluid which is being dis- 
charged from the orifice e by a pressure P applied to 
the piston. 

Let n=tho area of the piston ; s=tbe space through 

which it descends per second; w=the weight of 
water discharged per second ; and u^the Telocity of 
■ efflux. 

Workofpspx*. 



Work accumulated in the water= — p; — . 
2g 

Now, since ab may be taken so small that the pressure of this 
water may be neglected, the work due to the preaaare p will be 
equal to the work accumulated in the water at efflux j 

wxr" 
.•.,x.= ^, 

but w=axjix6Z-5, 

n X « X 62-5 X Ji» 



Now let us suppose that the pressure p 
of fluid whose height is ab; then 



3 produced by a column 



oro=^''2ffXAB.. .(2); 

that is, the velocity of efflux is due to the vertical depth 
fluid. (See Art. 26., eq. (6.).) 

From what has just been proved it follows 
that, theoreticalli/, the velocityof a jet^ B or c, > 
proceeding vertieally from a vessel, is such as ■' i i 
to cause the water to rise up to the level of 
the water in the vessel, as shown in annexed 1 

i p J3 



51 
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Z8. To find the velocity of the issuing water, when a pressure 
p ia exerted on the surface of the water. 

Let A=AB, the depth of the fluid; Ai=the height of the 
column of fluid which would exert the same preaaure as that 
which is applied at the surface ; then the velocity of efflujt will be 
due to the yertical height, A + A, ; hence we Lave, by eq. (,2), 
Art. 6., 

v=^2ff{h+h,)...{l). 

If A, be taken equal to 34 feet, or the altitude of a column of 
water equal to the pressure of the atmosphere; then this equatioo 



«=^/2p(A + 34)...(2). 
This expresses the velocity with which water is p 
a TacQum, the columa of fluid being A. 

29. To find the volume of water discharged from a 
be, made in the bottom of a vessel, when the water 
stantiy at the same level, mn. 

By Art. 27. the theoretical velocity, v, with 
which the water issues, is equal to the velocity 
which the fluid would acquire in falling freely 
down from mnto be. 

Let Q=the no. of c. ft. of water discharged in a 
second ; a— the area of the orifice in sq. ft. ; and 
A=the vertical height mb ; then 



, vol. water discharged per Bec.=aV'2(?A ; 
.-. Q=aV2^..,(l). 



Coefficients of Efflux and Velocity. 

30. When a thin vessel empties itself in this manner, it is ob- 
served that the particles of the fluid near the top descend in ver- 
tical lines ; but when they approach the bottoraj they incline 
towards the orifice, forming curves which are convex towards the 
central line of the vessel ; so that the issuing stream becomes 
more and more contracted until it reaches a point at the distance 
cf about the radius of the orifice i'rom tlie outlet, as shown in 
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Jig. 14. The section of the streum ut the point of greatest con- 
traction was called by Newton the vena contbacta, and Le found 
itii area to be about ^ the sectioD of the oriScc. 

Let ao— the section of the vena cootracta, then eq. (1) becoues 
Q=«o^'2^... (2), 
where a is the cobffioient op contraction. 

Now this formula is only true on the Bupposition that the actual 
velocity of discharge is the same as the theoretical velocity ; but 
this is not the case ; for the actual discharge, q„ has been found 
&om experiment to be less than q as expressed by eq. (2) ; hence 
it appears that we must introduce a coefficient of velocity, in or- 
der to express the actual ciHux of the fluid : let v be put for the 
actual velocity of efflux, and put v=^p=f. \/2pA, where ^ is the 
coefficient of velooitt. Substituting this for the velocity, we 
have for the actual discharge, 

Qi=«Vi«^^2P . .. (3). 

Put fi^aif,, then this equation becomes 

ti,-^a\^2^ . . . (4), 

where fi is the coefficient of bppldx; but ii=a^, that is to say, 
the coefficient of efflux is equal to the product of the coefficient of 
contraction and coefficient of the veloci^. 

According to the experiments of Boaaut and Michelotti, ^=: -615 
or about -^, for circular orifices of ^ to 6 inches diameter, with 
Jrom 4 to 20 feet head of water. It has, however, been shown by 
various experiments that the coefficient of efflux for orifices in 
thin plates is not exactly constant : thus it slightly decreases aa 
we increase the orifice and the velocity of discharge, and it is con- 
siderably less for a circular oriSce than it is for any irregular 
form. 

If we take the coefficient of contraction a-^'Gi, tticn we have 
for the coefficient of velocity, 



Efflux of Water through Short Tabes, or Mouth-pieceg. 

31. By means of mouth-pieces the discharge of water from a 
riven orifice is considerably increased. Thus, for a cylindrical 
nouth-picce, whose length does not exceed 4 times its diameter, 
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aaia^ff.lS., the coefficient of efflux ^ is, on an average, -813, or 
about S ; for mouth-pieces having an enlargement at tlieir exterior 
orifices or outlets, as well aa their interior orifices, as shown in 





Fig. 15. 



Pig. IS. 



fiff, 16., the coefficient of efflux ft 
charge greater than that which ia 
pipe. 

Kow since for a simple orifice /ii='615, 

charge from cjliadrical tubes= 

from a simple orifice in thin plates ; and the discharge from the 

compound mouth-piece, shown inyJy, 16,= , or 2^ times the 

rifice ; and moreover, the discharge from 
1-5526 



J about l'5d26, giving a dis- 

lie to the section, ab, of the 



t follows that the dis- 
r 1'325 times the discharge 



discharge from a simple 

the compound mouth-piece=- 



■813 ' 



? 1-9 times the discharge 



from a short cylindrical tube. 

In the cylindrical mouth-piece,^. 15., the contraction of the 
fluid vein takes place at the inlet afi of the pipe, and not at the 
outlet. If a small hole were bored at a or b, no water would flow 
from it. As the tube is full at the point of discharge, the coeffi- 
cient of velocity is the same as the coefficient of efliux. 

In Jig. 16. the mouth-piece has the form of the fluid vein j hence 
arises the great increase of the discharge. According to the ex- 
periments of Eytelwein, the interior diameter, ce, should be about 
1'2 times the diameter, ab, of the pipe ; with this enlargement the 
coefficient of ingress was found to be -97 ; and with respect to the 
divergent portion, akdb, the angle which the sides ak and bd 
moko with each other ehould be about 5° 9', and the length of this 
portion should be about tlu'ee times that of tlie other. When the 
length of the intervening pipe is about equal to its diameter, the 
coefficient of efflux is 1'35 ; and if the length of the intervening 
pipe is 60 times the diameter, this coefficient is 1'17. 

Example. The head of water in a cistern is 16 feet ; what 
quantity of water will be discharged per second from an orifice 
whose section contains ^ J^ of a sq. ft. ? 
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Here, for a simple orifice, we have, by eq. (4), Art. 30., „ 
Q=-615 X -01 •/2xS2~fxW=-197 c. ft. nearly. 
And for Eytelweiu's compound mouth-piece, 

Q^197 x2J=-49 c. ft. nearly. 

Coefficient of Resistance for Ike Ingress of Water. 

32. When water flows from a cistern through pipes kept cori' 
Blantly full, the coefficient of ingress is the same as the coefficient 
of Telocity. 

Let w=the weight of water discharged with the actual velo- 
city V ; Vi=the theoretical velocity of discharge due to the head of 
water i then 

Accumulated work lo9t = (i',^ — !>'-);;- : 

but v=r*r., or V, — -. 
1- 

.-, Accumulated work lost=( -j— 1 J^- w .. . (I); 
therefore the head of water due to this loss of work 

S^~=—l, the coefficient of reeistance, then the head of water due 

to the loss of accumulated work will be expressed by j3 ^— , 
If the pipe have the form shown ia _fiff. 15., then ^='813, and 

/j= ^ — 1 ='5 nearly, and the loss of work=:'5 g— w. 

If the pipe be rounded off at the part of ingress as shown in 

^. 16., thenii=-97, and/3=;^— 1='063; and in this case the 

loss of work is -063 s- ">, or only about 6 per cent. In the former 

case the loss of work is nearly 6 times the loss in the latler case. 
From the formula, ii=T^—i, wo get 
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^KSilx gives the coefficient of velocity in terms of the coefficient 

<£k 



Example. If a tabe 2 inches in diameter diachai^e -2 c. ft. 
of Water per second, with a head of water of 4 feet ; required the 
coefficients of efflux and resistance and also the loas of the head 
rfirater due to the resistance of the tube. 

Here bj eq. (4), Art. 30^ we get 

u or 4= — r^== 



■0218 X v'2x32ix4 
which is the coefficient of effiux or velocity. 
By Art. 81 , 



the coefficient of resistance= 
Mow the Telocity of efflox. 






a~"-0218 -109' 



hence 1^ eq. (2), Art. 32 , we have 
tiie loss of head=: 



109* 2x32^ 



=2'7 ft. nearly. 



Jets of Wateb. 

To find the distance to which water will gpoul through a small 
orifice made in the tide of a tiesieL 

33. Let QB be a vessel Med with wafer having its side ab 
perpendicnlar to the horizontal plane ah j „ 

H a small orifice made in the side of the 
vessel, and hh the parabolic form of the 
jetL On AB describe the semicircle abd, 
and HN perpendicular to ab. Let Y=the 
velocity with which the water is projected 
from the orifice m; and t=the time of 
falling down ua ; then by Art. 27., 




Fv- "- 



V= v'2.9 X BM, 



r 
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Now the time of a body's motion in the parabola hh is eqaal t 
the time in fiilling through ua. 



=2 v'bkxma 



V^- 



that is to say, the horizontal range ah m eguat to twice the 
ordinate MN of the iemicircle. 

34. The horizontal range will obviouBly be a maximum when 
the orifice is ma-le at C the centre of the aide. In this case, the 
distance to which the fluid will be projected is equal to ab the 
height of the vessel. 

To find the time that a cylindrical vessel takes to empty itself 
from a small orifice made in the bottom. 

35. Let an orifice be made in the bottom of the vessel abeq 
(seefiff. 17-)i filled with water ; and let k, A=the arena of the 
sections of the vessel and orifice respectively ; c^the velocity of 
efflux from the orifice ; v=the velocity of descent of the water in 
the vessel when full; (=the time which the vessel will take to 
empty itself. 

Now, since the velocity of efllus varies as the square root of the 
depth, it follows that the velocity of descent of the water in the 
vessel will follow the some law ; hence we conclude. Art. 46., that 
the surface of the fluid in the vessel descends according to the 
same law of velocity as a falling body ; therefore by eq. (2), 
Art. 26., we 



but v=- . jj= 



which gives the time required. 





*Q=^-M12x 60x60)2 
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36. To find the time t^ required in running off the portion 

EBF. 

Let ^i=the time in emptjring afq ; then by eq. (2) 

K A^PQ 
K 1 

37. To construct a clepsydra or water-clock. 

In eq. (1) Art. 35, let t=l2 hoars= 12 x 60x60 seconds, then 
we have 

which gives the depth of fluid to empty itself in 12 hours. Now 
if EQ be divided into 144 equal spaces, and marked upwards from 
the bottom of the vessel; then the marks 0, 1, 4^ 9, 16, . . . , 144, 
will give the water level at 12, 11, 10, . . . , 2, 1, hours after the 
water begins to flow. 



Resistance and Percussion of Fluids. 

38. The resistance of a fluid to the motion of a body is occa- 
sioned by the force necessary to displace that fluid. Now the 
flidd displaced (supposing its particles to have a perfectly free 
motion amongst themselves) must have the same motion given to 
it as that of the moving body ; hence the work destroyed by the 
fluid will be equal to the work accumulated in the fluid. Let a= 
the area of the front of the body presented to the fluid ; t7=the 
velocity of the body ; t£7=the weight of a cubic foot of the fluid ; 
Rssthe resistance of the fluid ; then 

Weight fluid displaced per aec=avwy 

but this mass has a velocity of v ft. given to it, 

/, Work expended in displacement per sec= — 5 . . . (1) ; 

but this work is also expressed by r x v. 



\ RX1? = 



• • 



zg 



• • 



E g— . . . , (2). 
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r IV, 



Where we observe, that the kesistance rNCEEAHES with the 

8Q0AKE OF THE VELOCITY, A3 WELL AS WITH THE EXTENT OF 

BURTACE PRESENTED TO THE FLiTiD. In extreme velocities tbis 
law does not hold strictly true. It appears also from certain 
recent railway experiments, that the resistance of the atmoapliere, 
to the motion of the train, depends as well upon the length of the 
train, oa upon the extent of tlie frontage of the carriages. 

39. Eq. (2) will also express the force f with which the stream 
moving with the velocity v would strike the plane at rest ; that is. 



2? 



■ ■ (3). 



I 



40. To find the force f with which a stream impinges perpen- 
dicularly on a plane which is itself in motion. 

Let v=the velocity of the fluid ; V|=the velocity of the plane ; 
(i=the area of the plane ; and io=the weight of a cubic foot of 
the fluid. 

Here the relative velocity of the plane and fluid is v— v,, and 
since this is the velocity with which every particle of the fluid 
strikes the plane, we have, by eq. (3), substituting v— v, for v. 



■VVoitK c 



Jet or Fld: 



41. To find the work of a jet of fluid which impinges perpendi- 
cularly upon the surface of a heavy body which is itself in motion, 
and whose weight is very great as compared with that of the 
impinging fluid. 

Let w^the weight of the fluid projected on the surface per 
second; v=it8 velocity, andV|=the velocity of the plane. Let 
us flrst suppose that the fluid after impact moves on ivith the 
body ; then by eq. (7), Art. 202., we have 



Work lost by impacts 



w(y-y, )- 



Work done on the body= — 
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Fig, 18. 



W 



Let AB represent a plane surface upon which the fluid impinges 
perpendicularly ; then^ if after impact the 
fluid and the plane move on with a common 
velocity, eq. (5) will express the work ; but 
if the water leaves the plane there will be an 
additional portion of work lost, viz. the work 
remaining in the water ; in this case, there- 
fore, we have 

W TV 

Work done on the plane = — {v*—(v—Vi)2} — --v,* 

=%i(v-vO...(6). 

If p be put for the pressure on the plane, then the work will 
be equal to p Vi ; making this equal to eq. (6), we get 

p=^(v-vO ...(7). 
If the surface is at rest or Vi=0, then 

p=- V . . . (8). 

Let a=the section of the pipe, and A=the column of fluid 
equivalent to the velocity v ; then w=a v x 62*5, 

v2 



/. P=62-5ax2 . 



^9 



=62-5ax2A . . . (9) ; 

that is, the pressure is equal to that which would be produced hy a 
column of the fluid whose base is the section of the stream and 
perpendicular height equal to twice that which is equivalent to the 
velocity, 

'By making the surface ab hollow, as shown in^i^. 19, the fluid 
after impact leaves the plane in a direction 
opposite to that in which it impinges, and by 
this means a great saving of work is efiected ; 
for the work, remaining in the water upon 
leaving the curved surface, will be less than it 
is in the case of a plane. 

42. To find the work of a jet of fluid issuing 
from a nozzle with a given velocity. 

Let v=the given velocity ; a=the area of the nozzle, u?=the 
wt of a cubic foot of the fluid ; here we have 

Wt. of the fluid projected per sec.=avw; 

u 




Ftff, 19. 
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/. Work per sec.= — ^ =-g — . . . (1). 

Here it will be observed, that the work varies as the cube 
OP the velocity of the fluid. 

Let ^=the coefficient of velocity (see Arts. 30. and 32.); then 
we have 

hence by substitution in eq. (1), we get 

Work per sec.=:il>^awhV2g^h . . . (2). 

Exercises for the Student. 

1. With what theoretical velocity will water issue from a small 
orifice IG-j^ feet below the surface of the fluid? Ans. 32^ ft. 

2. If the area of the orifice, In the last example, is *1 sq. f^., 
and the coefficient of efiiux is *615 ; how many cubic feet of water 
will be discharged per minute ? Ans. 118*695. 

3. A vessel filled with water is 4 ft. high and 1 sq. ft. in the 
section, and a hole of L sq. in. area is made in the bottom ; in 
what time will ^ of the water be run off, supposing the coefficient 
of efflux to be '6 ? Ans, 60 sec. nearly. 

Here if ^ be the theoretical time as derived from eq. (3) Art. 

t 
35. ; then the true time -. 

u 

4. What must be the form of a clepsydra, so that the water 
may descend through equal spaces in equal times ? 



CHAP. XX. 

conveyance of water in pipes, CANALS, AND RTVEBS. 

CONVEYANCE OF WATER IN PIPES. 

43. When water is conveyed from a cistern to any considerable 
distance in pipes, as shown in the annexed cut, the friction of the 
water, as it moves in the pipe, to- 
gether with the obstructions pre- K^-^— I 

sented by the bendings, &c., tends ^"^^^^ 
very much to retard the motion of ^ ^ag^g^ ^^^^J 

the fluid. By the theoretical rule ^^g go. 

the velocity of discharge would be 
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due to the vertical depth ab through which the water falls ; bat 
owing to the resistances just mentioned this is very far from being 
practically true ; in such cases the engineer has to have recourse 
to some formula derived from experiment. 

Horizontal Pipes. 

44« Bossut found, from various experiments, that when water is 
conveyed from a reservoir in long horizontal pipes of the same 
apertures, the discharges made in equal times are nearly inversely 
as the square roots of the lengths. 



FLOW OF WATER IN PIPES KEPT CONTINUALLY FULL. 

When the Pipes are of the same Size throughout their 
Length and the Bendings are inconsiderable. 

45. In this case, the resistances to the flow of water are, — the 
resistance due to the ingress of the water at the fountain, and the 
resistance of friction to the passage of the water through the 
pipes. 

Let t7=the velocity of the discharge in feet per second, c?=the 
diameter of the pipe in feet, /=the length of the pipe in feet, h=. 
the head or fall of water in feet, and w=the weight of water de- 
livered per second. 

It has been shown. Art. 38., that when a fluid in motion meets 
with any obstacle the resistance varies nearly with the squares of 
the velocity. But for a given quantity of water flowing through 
a pipe the resistance of friction increases with the number of 
points with which the water comes in contact, that is, the resist- 
ance is in proportion to the wetted surface ; for every particle of 
water, in contact with the interior surface of the pipe, acts as a 
retarding force. Now let^be the resistance of friction due to a 
unit of diameter, length, and velocity ; then the resistance in a 
pipe I feet long and d feet diameter with a unit of velocity will be 
fdl\ but the quantity of water delivered by this pipe will be d'^ 
times that delivered by the former, therefore for the same quantity 
of water delivered, the resistance of friction in the latter pipe will 

be"^-^ or*^, that is to say, the resistance of friction in pipes is 

■<dir€ctly as their lengths and inversely as their diameters, the 
velocity being constant. Therefore if Ai be put for the height 

u 2 
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of a column of water equivalent to the resistance of friction, we 
have 

^>=^'5-2? 
where e is a constant to be determined by experiment. 

/. Work due to the resistance of friction = A. w=# ^. tt— • w; 

d 2g 

Work accumulated in the water at discharge =^ . w. 

And by eq. (I) Art. 32., 

Work due to the coefficient of velocity at ingre8s=)3^ . w ; 

y 

Work due to the head of water = Aw. 

Now this work is equal to the work requisite in overcoming all 
the resistances, together with the work remaining in the water at 
discharge ; 



.•.A=(l+/3+.^)^...(l), 



^=\/?w 



and V—' ^ 



'\-P)d 



where the constants P and e are supposed to be determined by ex- 
periment. 

The constants in eq. (1) as determined from the reduction 
of experiments by Poncelet, viz., e='028, and /3=*5, give us 



^=^'^-^ / T^d " ■ ^^y 



Eytelwein gave a formula which nearly coincides with this. 

46. The law of the variation of friction assumed in the fore- 
going investigation is not strictly true. It is more accurate to 
assume 

for the column of water equivalent to the resistance of friction ; 
where the resistance of friction depends upon the first power of 
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the velocity as well as upon its square. Hence, proceeding as 
before, we get 

A=(*.t,+e.r»)^+g+^^...(3), 
or putting b for ^ , and reducing, we get 

from which equation the value of v may be found by the solution 
of a quadratic; but the following method of approximating to 
the value of v will be found more convenient. By reduction, we 
get 



«'0+*^/-1)^=a/' 



kd 



bd-^e^f 
Expanding by the binomial theorem 

^14-—^ l'\i=l+_fLi_ i+&c 

Now as «2 is found to be considerably greater than ^i, we may 
neglect all the terms of this expansion after the second ; therefore 
by substitution, we get 



^0+2(J+e,/)-^)"A/ 



hd 



2{bd^e^l)' vj "V bdJfe^t 



.-. ^= v 



hd _ ej , . 



We have now to assign the values of the constants in this ex- 
pression. From Art. 32., /9='5, .". 6=-i^=^=0234, and 

taking the mean of the reductions of Prony and d'Aubuisson, we 
find «!= 00007, and ^2= "00042. Substituting these values in eq. 
(4), and reducing, we get 

V 2380Arf J_ / . 

/+54cf"12-/+54rf'**^^^- 

If the last term of this formula be neglected, which may be 
done when h is not very small, we get 



'=V7T543--(^>- 



which is very nearly the same as formula (2). 

u 3 
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When the pipes are very long, or ^ is a small quantity, eqs. (2) 
and (5) become 

v^47'9Ay~. . . (7), 

/2'6S0hd 1 ,QV 

and, v=/Y/ — J -j2 ''^ ^' 

Example 1. The length of a water-pipe is 5780 feet, the head 
of water 170 feet, and the diameter of the pipe 6 inches or '5 ft. ; 
required the velocity of discharge. 

By formula (3) 

'5 X 170 
^^^—^^=5-8 feet nearly. 



5780+54 
By formula (5) 

5780 



V 2380xl70x'5 i 
5780+54 X -5 12" 



5780 + 54 X -5 
By formula (7) 



=5-81. 



17=47 -9 \/ 



^70x-5_ 

^780" -^^- 



By fonnula (8) 



^ /2380xl70x-5 1 ,-„ 
"^V 5780 i2=^-«2. 



It will be observed how very nearly these results correspond 
with one another. 

When d is expressed in inches, all the other dimensions being 
in feet, formula (2) becomes 



/l9l'2dh ,^. 



To find the quantity of water discharged, 

47. Let Q=the number of cubic feet of water discharged per 
second, c?=the diameter of the pipe in inches ; then 

^d?v • . . (10). 



576 
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J£q=:the discharge in gallons for 24 hours, then, assuming that 
there are 6*2322 gallons in 1 cubic foot, we have 

y=g=gir£pr X 86400 X 6-2322 

=2936-86 rTr . . .(11). 
Or, for convenience of calculation, we have in logarithms, 

log ^ = 3-4678835 + 2 log d+ log v . .. (12). 

Example. How manj gallons of water would the pipe of 
Example 1. Art 46., deliver in 24 hours ? 

Here, taking r=5-8, d=6 in., we have by eq. (10) 

^=2936-86 X 6* X 5-8=613216 gals, in 24 hours. 

Or by eq. (12) 

log ^=3-4678835+2 log 6-1- log 5*8=5-7876140. 
/. ^=613210 gallons in 24 hours. 

To find the diameter of pipes. 
Substituting in eq. (10) the value of r given in eq. (9), we get 

^=5-76"^ V 



19V2 dh 
/-f-4-5c/' 



Or by logarithms, 

log rf=:i^ (2-2450532 -h2 log Q-h log (/-|-4-5€0-log^) ... (14), 
where d is in units of inches, all the other terms being in feet. 

When the pipes are very long, or when d is small as compared 
with ly eq. (14) becomes 

log cf=l (2-2450532 -h 2 log Q-h log /-log A} . . . (15). 

The value of d can only be obtained from eq. (13) by successive 
approximation. Thus, when considerable accuracy is required, 
the value of d must be first calculated by eq. (15), and then sub- 
stituted in eq. (14), which will give a first approximate value of 
dy and this again substituted in eq. (14) will give the value of d 
more nearly ; and so on to any degree of accuracy; but in general 
the first approximate value will be found sufficiently accurate for 

all practical purposes. 

u 4 
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Example. What must be the diameter of a pipe which shall 
deliver 25,000 gallons of water per hour, when the length of the 
pipe is 2500 feet, and the head of water 225 feet ? 

Here A =225, 7=2500, and to find Q, we have 

No. eals. delivered per sec. = rTr — j^, 
° ^ 60 X 60 

Twr /. J 1. J 2500 

/. No. c. ft. delivered per sec, or Q= ^^^ 6-232 

= 1*1 145 nearly. 
Now from eq. (15), we have 

log d=;i (2-2450532 + 2 log M145+log 2500 -log 225} 

=|{"1 •9850309+3-3979403} =-67659. 
/. c?= 4*7489 inches. 
Now substituting this value of d in eq. (14), we get 

log d=i {l-9850309+log(2500+4'5 x 4-7489)} 

= •6773311 ; /. 6/=4-757 inches. 

Here it is not necessary to carry the approximation any further. 

48. The formula given by Weisbach for the flow of water in 
long pipes is 

A=(l-505+4)g...(l); 
from this equation, we get 

.= -^S== . . . (2), 

where » is a quantity depending to a certain extent upon v, viz., 

_.0l482+:^^...(3). 

Here the valve of v must be determined by successive approxi- 
mations. 

Example. Taking the data of Example 1, Art. 46., we first 

•017963 
assume r=5'3; then from eq. (3) we find a='01482H — — 

=•02263; and substituting this in eq. (1), we have 



V64^ xl70 ^. 

V = "* -T=r--=6^4. 



v/--'— ^^«« 



1-505 + -02263 X 
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Substituting 6*4 for v and going over the whole work again, we 
find r=6*5» which gives the value true to the first decimal place. 
This result is about -^ greater than that derived from eq. (3), 
Art 46. 

For high velocities this formula gives the value of v in excess 
of the values derived from eqs. (3) and (5), Art.46. ; and the con- 
verse is the case for low velocities. Thus if v=2'25, c?=^, 
/=1000, eq. (1) gives A=4'34; and these values substituted in 
eq. (5) give r=2'17, where there is a difference of about ^. If 
/=100, the other data being the same, eq. (1) gives /*=*542, 
which substituted in eq. (5) gives r=2*2 nearly, where there is a 
difference of about ^jp If v=3, d=^y /=100, eq. (1) gives 
A=l*62; and these values substituted in eq. (5) give v= 2*84, 
and in eq. (3) give v=2'S6, where the first value of t? is in ex- 
cess of the last two values by about ^. If v=l, rf=f, /=100, 
eq. (1) gives A=-0918; and from eq. (5) we find v=r02, and 
from eq. (3) r=105, where the two last values are in excess of 
the first value. 

Resistances of Water in passing through Contractions. 

49- Owing to the sudden change in the velocity of the current 
of water, a loss of vis viva, or accumulated work, always takes 
place at all abrupt alterations in the 
dimensions of the pipe. Thus let bc 
represent an abrupt alteration in the 
dimensions of the pipe abcd, then as 
-the fluid in the smaller pipe has a "^ ^f' 21 

greater velocity than the fluid in the 
larger one, a sudden change of velocity will take place in the pas- 
sage of the fluid from the one pipe to the other, and this change of 
velocity will occasion a loss of accumulated work, in the same 
manner as when two inelastic bodies impinge upon each other. 

Let ^1= the velocity of the water in the pipe abcd; i?g=the 
velocity of the water in befc ; Wi=the weight of water discharged 
from abcd per second ; and w, =the weight of the whole mass of 
water in bcfe. 

Now after impact the mass of fluid w, moves on with the whole 
mass of Wj, in the pipe bcfe, with the common velocity 1?,; and 
moreover, it will be observed, that Wg is very great as compared 
with Wi ; hence we have from eq. (7), Art. 202., page 1 87. 

Work lost by the water in passing from the one pipe to the 

other = (^S^V,. 
2g 
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Now if Ai=:the head of water corresponding to this loss of 
work, we have 

Work lostsAiWi, 

•*• ^1= 2q ' * ' ^^^ 
that is to saj, the loss of head of water, arising from a 

SUDDEN CHANGE OF VELOCITY, IS MEASURED BY A COLUMN OP 
FLUID CORRESPONDING TO THE LOSS OR CHANGE OF VELOCITY. 

Let a|=the area of the section of the pipe abcd; a,=the area 
of the section of the pipe bcfe ; and /3i=the coefficient of resist- 
ance; then 



V 



i_«a 



«J. 



— =— , and /. t7j=-« 



n 



a 



a. 



substituting in eq. (1), we get 

This theoretical deduction appears to agree very nearly with 
the results of experiment. 

50. When the passage from one pipe to the other is rounded off, 
as in the annexed cut, and the difference 
in the sections is not considerable, the 
loss of work, as shown by experiment, is 
very small. 

51. In like manner, when a con- 
traction takes place in a pipe, the 
loss of work is very much diminished 
by rounding off the parts, as shown in 
the annexed cut. F*9' 23. 

Example, The diameters of the pipes, as shown in^/^. 21., are 
5 and 10 inches respectively, and the velocity of the water in the 
larger pipe is 4 feet ; required the loss of head of water, and also 
the coefficient of resistance. 

Here -= -^=4, and Vj=4, hence we have from eq. (2) 

Ol o 




Fig, 22. 




*'=(^-^)'-2^^=2i <■««*' 
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which is the loss of bead of water due to the abrupt alteration in 
the size of the pipe. From eq. (3), we have 

A=r(4- 1)2=9, 

which is the coefficient of resistance. 

Resistance op Water in passing through bent Pipes. 

52. The loss of work, in this case, is due to the change which 

takes place in the direction of the motion of the water ; and this 

loss of work, or what amounts to the same thing, the loss of head 

of water, in curved pipes, increases with the 

square of the velocitj and also with the angle 

of deviation. Let AsandAC be the axes of 

the pipes ; o the centre of the arc e f forming 

the curve of the bend; cad the angle of divia- 

tion, which is obviously equal to the angle eof. 

Put 0=Z.CAD = Z.EOF; r=the velocity of 

the water ; then 

6 v^ 

the loss of head, h=e • -— ^ . ^r— . . . (1), Fig. 24. 

180 2g ^ ' 

where e is not strictly a constant, for it is evident that, other 
things being the same, the loss of head will be diminished by in- 
creasing the radius of curvature, oe or of, of the curve forming 
the bend of the pipe. If r=oe and r=the radius of the pipe ; 
then, according to Weisbach, 

7 

e= -131 + 1-847 rQ ... (2), 

Thus for bends whose radius is 4 times the radius of the pipe 

«=-131+l-847x(i)^=-1455. 

If r=:A then the latter part of this expression, viz., 1*847 
R 10 

(^^ is less than -0006 ; therefore for all cases where R exceeds 

10 times the radius of the pipe, e=-131 ; for such case, therefore, 
we have 

loss of head, A=*131 . ^r^ • — 

= -0007301- . . . (3). 
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Example. The diameter of a curved pipe is 6 inches, the angle, 
of deviation 40°, the velocity of the water 8 feet per second, and 
the radius of the curve forming the bend 30 in. ; required the loss 
of head of water due to the resistance of the bend of the pipe. 

r 3 1 
Here ~=qo=io> l^ei^ce eq. (3) applies to the present example ; 

8^ 
.-. loss of head=-00073 x 40 x gZT^'^^^^ ^** ^^^^7- 

53. When the 'bend of the pipe has the form of a knee, as 
shown in,/^. 25., the loss of head is much greater 
than when the bend is curved: thus when tke 
bend is a rectangular knee, the loss of head ac« 

cording to Weisbach is '956 ^, which is nearly 

equal to the height due to the velocity. 

Fi>. 25. 



General Formula taking all the Resistances to the Flow 

OF THE Water into Account. 




54. In addition to the resistances expressed in eq. (3), Art. ->v., 
let /3i=the coefficient of resistance for contractions (see eq. (3), 
Art. 49.) ; /3j|=the coefficient of resistance for bendings (see 
eq. (3), Art. 52., &c.) ; then we find after the method of deriving 
eq. (3), Art. 46., 

/ qyt A*2 a«2 mS 

=(e,v+e,v') ^+(l+j3+/3.+A)g ... (1); 

where the constants, as assigned in Art. 46., are as follows : 
ei=00007; e,=-00042; I3=::'5', fi^ as givea eq. (3), Art. 49. ; 
/3j|= '000730 under the limitations explained in Art. 52. 

Neglecting e^ and putting e = 2^ x e, = "028 (see eq. ( 1 ), Art 45.), 
we get 

From these equations r, q, &c., may be determined. 

Example. In the pipe of Example L, Art. 46., there are forty 
bends having each an angle of 50** deviation, with a radius of 



CHAP. ZZ.] HTDRAUUCS. — WAT£B IN BIYEBSy ETC 



301 



cunratore exceeding ten times the radius of the pipe ; required 
tbe Telodtj of efflux. 

Here bj eq. (2) we have 

e=-028; /5=-5; /3,x40='00073 x 50x40 ^-0365x40= 1-46; 

/=5780; rf=-5; A = 170; 



• • 



170 



=( 



<»8x5^+H..« + |.«)^, 



• • 



170=326-64 X 



r2 
641 



.% r=5*7885 feet per second. 

It will be seen from these calculations, that in long tuhes 
tbe principal resistance to the flow of the water is that of friction ; 
it is therefore especiallj desirable that the constants of friction 
should be determined with the greatest precision. 

It appears to the Author that the general formula for friction, 
assumed in Art. 46., is Aot sufficiently exact, and that the ex- 
perimental data would be more completely represented by the 
relation * 

where the constants «i, e^ and a have to be assigned by experi- 
ment. 



FLOW OF WATER IN RIVERS, CANALS, AND OPEN 

CHANNELS. 

Mean Velocity, &c. 

56. Let ABCD represent a longitudinal section of a stream or 
any channel not filled with water; de a horizontal line perpen- 
dicular to the verticals ad and 
BE ; DC=^ the length in feet ; 
CE=A, the fall of the stream in 
feet for the length / ; Z. cde=0, 
the angle of the fall ; a = the 
transverse section at bg in sq. 
ft, and y=its mean velocity; 
/>=the wetted perimeter of the Fig. 26. 

transverse section ; r=-, the mean depths or, as it may be jailed^ 




\ 



\ 



\ 
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the mean radius of the section ; Q=the no. e. ft. of water flowing 
through the section at bc per second; then 

sin 0=j, the fall for each foot, 

and Q=ay. 

If y^rsthe mean velocity at any part ad having the section ai ; 
then when the stream has attained the condition of permanent 
flow, we also have 

Q=a,v,; 

for in this case the quantity of water flowing through these sec- 
tions is the same ; 

V a, 

57. Owing to the friction of the water against its banks and 
the bottom of its channels, the greatest velocity of the stream is 
at the middle of its surface ; from this point the velocity decreases 
towards the sides and bottom, where it is least. If t;=the greatest 
velocity, or the velocity at the surface, then, according to Prony, 

t;(t;-h7'77) 
t;+ 10-33' 

Example. If t)=4 ft. ; then 

4(4+7-77) ,„ft , 

^=4 + IO^-^"^^'°""'y- 



When the Velocity op the Stream is uniform. 

• 
58. When water flows in an open channel the velocity goes on 
increasing so long as the accelerating force exceeds the resisting 
force of friction ; but when these forces are equal to each other, 
by the principle explained in Art. 286-, p. 237., the velocity of the 
stream becomes uniform. In this case^ therefore, the head of water 
due to the fall must be equal to the column of fluid due to the 
resistance of friction ; hence we have, as in Art. 46. 

where c„ Cj are the coeflicients of velocity due to the resistance 
of friction. By an obvious reduction this expression becomes 

A=-«(i>v*-f-/3v) — 



\ 
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Or substitatiog - for r, we have 

A=a(v»+/3v)^^..(l). 

Taking the constants in accordance with Eytelwein's reduction 
of the ninety-one observations and experiments made by Du Buat 
and others, we have 

^= '^^^^^^ =■0001114, and /3=-2028. 
9 

50. From this equation v may be found by the solution of a 
quadratic ; but the following method of approximation gives the 
value of Y more simple and at the same time exact enough for 
practical use. 

By reduction, we get 

expanding by the binomial theorem, we have 

Now when v is not less than ^ we may neglect all the terms 
in this expansion after the second; hence by substitution, we 
get 

Substituting the values of the constants a and /3 as above given, 
we get 

v=947y/^^.1014...(3). 

When V is considerable the last constant in this equation may 
be neglected, and in this case, we have 

For the number of cubic feet of water flowing through the 
channel per second, we have 
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Eq. (1) substantially agrees with the formula given bj Eytel- 
wein.* 

Reducing the constants taken bj Prony to English measure, 
we find « = -000091 1, and /3=-48. 

Now substituting these in eq. (2) and reducing, we get 

which for ordinary velocities does not differ much from eq. (3). 

It appears that Frony's values of the constants were taken in 
relation to comparatively small streams. 

Example 1. Let a='5f p=2, h^S, /=1100 ; required v and Q. 

Here by eq. (3), we have 

which is the mean velocity of the stream. 

And by eq. (5) 

Q=«5 X 3-08 = 1 -504 cubic feet, 
which is the discharge of water per second. 

Again by eq. (6) we have 

which does not differ much from the result before found. 

When the Velocity op the Stream is accelerated. 

60. In this case the work due to the fall of the stream for a 
given distance will be equal to the work destroyed by fiiction 
together with the work accumulated in the water for that 
distance. 



* Experimentalists have assigned different values to the constants in these 
equations ; but this circumstance does not affect the general formul» given in 
eqs. (2) and (5). 
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Let o, ^ be the centres of gravity of the sections (see,/^. 26., 
p. 301.); draw the horizontal line gp ; then f^ will be the fall of 
the water for the distance dc ; but when 
the depth of the stream does not relatively 
vary much, then f^ will be nearly equal 
CE, that is, the fall of the centre of gra- 
vity of the stream will be nearly equal to 
the fall of its surface. Put v„, Vo=the _ 

mean velocities of the stream at the sec- 
tions BC and AD respectively ; a^ aQ=^ih.Q areas of these sections ; 
Q=the number of cubic feet of water flowing through the channel 
per second ; ii7=the weight of cubic foot of water. Let the length 
DC of the stream be divided into n equal parts, de=eg= . . . =rc, 
and let aj, a^^ . . be the areas of these sections as shown in the 
annexed cut, Vi, Vjj, . . . the mean velocities of the stream at these 
sections, and J»i, j»2j • • •» Pn> *^® mean wetted perimeters ; Ai, A2, 
. . ., A^=the falls of water in the portions df, eh, . . ., rb re- 
spectively; A=the total fall from ad to bc. 

Now for the portion df. If the stream flowed through df with 
the velocity Vq, the mean perimeter of the channel being p^ and 
the mean section i(ao + ^i)> w® should have by Art. 45., 

P I 
Work due to friction = a Vq^t-?-^^-^ — ^v - XQti? ; 

and if it flowed with the velocity Vi, we should have, 

Work due to friction = a v,* 77 — ^ — r - x Qw? ; 

but the former expression is less than the true amount of work, 
while the latter is greater than it is, hence the mean of these 
results will give the work approximately, 

.•. Work due to friction=— . . ^^ v (Vo' + Vi^)xQ«?, 
but Ve=— , and Vi=— , 



a< 



a, 



Work due to friction =- 



aZQ2 



n 



By eq. (1), Art. 49., we have 

Work accumulated at ef= 



ao + 



Vi^-Vo^ 



^~(— :, + — 2) XQ«7. 



XQW?, 



^9 
Work due to the fall of water = A, x Qw?. 
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Now we have 

Work due to the fall = Work accd. in the water + Work due to 
friction ; 

In like manner, we find 

&c.=&c. 
Now A =^1+ ,..+//„ ; hence we get by addition. 

If «= 1, then we simply have 

From this equality Q is readily determined. 

In a prismoidal channel, we may assume, as a sufficient ap-* 
proximntion to the truth, the surface line of the water to be 
straight ; and then, from this assumption, the sections a^, a^ &c., 
with their perimeters />!, p^, &c., may be calculated by geometry 
when the extreme sections a„, Oq are given. To determine A from 
eq. (4), therefore, we must have given v, Q, Vq, a©* h and the form 
of the transverse section of the channel : for from v and Q we may 
find a„ and consequently p^ ; from Uq we may find Pq ; and then 
from a„, p^ Oq, p^, and /, we may find the equidistant sections a^y 
Og, &c. with their perimeters pi, p^ &c. 

Example 1. A stream has a fall of *81 feet in 300 feet, the 
upper transverse section contains 70 sq. feet, that of the lower 
section 60 sq. feet, and the mean perimeter 42 feet ; required the 
quantity of water, Q, flowing through the channel per second. 

Here n=\, A = -81, /=300, ao=70, a,=60, Pi=42, « = 
•0001114, see Art. 58. ; hence we have from eq. (4), 



\ 
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'^ ^^l 70+6o(70«''"6o5) J J ' 

.'. <l= A / '^^ „ =360 cubic ff.et. 

A/ -00000634 

And the mean velocity at the lower section =—=-^=6 feet. 

THE BEST FORM OF THE TRANSVERSE SECTION OF A 

STREAM. 

61. The best form of the section must be that which presents 
the least resistance to a given quantity of water flowing through 
the channel. Now it has been shown, Art. 45., that the resist- 
ance of fnction varies directly as the perimeter and inversely 
as the area of the section, and when the area of the section is con- 
stant it will vary directly as the perimeter ; consequently the best 
form of the section will be that which has the least perimeter for 
a given area. Hence, the circle, and regular figures with a con- 
siderable of sides, are best adapted for the form of the transverse 
section of closed currents ; but in open channels the upper water 
line must not be included in the perimeter. Of all rectangular 
forms of sections the half square abcd is the best for open 
channels ; of all circles the semicircle acb is best ; and of all tra- 
pezoidal sections the semi-hexagon abcd is the best; and so on 




B 




Fig. 27. Fig, 28. Fig, 29. 

to the other cases. But for equal flows of water the semi-circle 
will have less friction than the semi-hexagon, and this latter less 
than the semi-square. 

Now in canals which are not walled, the slope of the sides 
depends on the nature of the materials through which the water 
flows ; hence the following problem becomes important : 

To determine the best form of a trapezoidal section of a canal 

when the slope of the sides is given, 

X 2 
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62. Let A BCD be the section ; put t> ^ r ^' 

a;=AB the breadth of the bottom ; '^^^r^^^^^^p 
y=BE the vertical depth ; ^fc^§^^ 

0=:/_CBE, the given angle which " xmv€«; w 

the side makes with the 

vertical ; 
a=the given area of the section abcd. 

Perimeter =AB+ 2 BC 

=x-^2 sec Oy ; 

but we have for the area of the section, 

ar.y + tan 0^=a; 

__o— tan Ot/^ . . ^ 

• • X —— —— •••(111 

y 

therefore by substitution, we have 

-r> . X a—tan dy'^ . _ 

Perimeter= ^ + 2 sec Oy=a minimum. 

y 

By differentiation, 8cc^, we get 

t,.- « _ flcos6 . 

^ ""2 sec 0-tan 2— sin * ' * ^ ^' 

whence the perpendicular depth be is determined, and this value 
substituted in eq^ (1) will give the breadth of the bottom ab. 

Example, Required the dimensions of the transverse section of 
a canal whose banks have a slope of 45° with the vertical, and which 
is to conduct 108 cubic feet of water per second, with the mean 
velocity of 3 feet. 

108 
V T 



Here 0=45°, and = 5=1^=36 sq. ft. 



■ • 



« 36 cos 45° ,^^ , . . p. 

y —o ' — iTo = ^^''» andy=4-4 ft.=BE. 

<&-^sin *to 



Substituting these values in eq. (1), we find 

a;=3-7=AB the breadth of the bottom. 



Greatest Velocity of Water in Canals. 

63. The velocity of a stream should not be so slow as to allow 
the channel to be choked up with weeds and depositions of slime 
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or sand. A velocity of ^ to | of a foot is requisite for preventing 
the deposition of slime, and from 1 to J |- feet to prevent the de- 
position of sand. On the other hand the velocity of a stream 
should not be so rapid as to wash away the material composing 
the channel. Tiie maximum velocity of the stream depends upon 
the nature of the material forming the bed of the channel. On a 
slimy bed the mean velocity should not exceed ^ foot ; on clay ^ 
a foot ; on sand 1 foot ; on gravel 2 feet ; on conglomerate 5 feet ; 
and on stone 10 feet 




General Remarks relative to Water Pipes. 

64. An enlargement should be made in the pipe at the part of 
ingress as well as egress ; and when any change takes place in the 
diameter of the pipe, the parts at the junction should be rounded 
off. See Arts. 31. and 50. 

65. It may be advantageous to increase the size of the pipe at 
any considerable bendings. 

66. When different streams of water meet, they should if pos- 
sible have the same velocity. 

67. At junctions the currents should be made to flow on 
together as nearly as possible in the same 
direction, and therefore at such junctions the 
smaller pipe should be curved as in the accom- 
panying figure. ^ ^^ 

68. When a pipe receives a considerable ac- 
cession of water from any branch pipe, the main pipe after this 
accession may be enlarged with advantage so as to maintain the 
volocity of the fluid unchanged ; at the same time, excepting in 
extreme cases, there would not be much additional loss occasioned 
by having the main pipe of the same dimensions throughout its 
length. 

69. At all considerable rises a provision should be made for 
clearing the pipe of air. Thus at the bending 
B, the air* which is time after time disengaged 
from the water, will accumulate, and unless 
some provision is made for its escape it will 
obstruct the flow of the current. 

70. Piezometers or pressure gauges are pig^ 32. 

very useful for ascertaining the place in a pipe 

where an obstruction may have occurred. They also afford data 

X 3 
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for determining the coefficient of re- ^^ - 

sistance to the motion of the water. '^P 

Let piezometers be placed at c and w. g 

E; and let cb—z the height of the ^ ^fea^^ ^ ....^ 

column of water in the tube; ch=A ^^^^^^^a 

the fall at c; ed=z^ the height of Fig. 33, 

the column at £ ; er=Ai the fall at £ ; 

/=AC the length of the pipe at c; /i=ce the length of the pipe 

between c and e ; then we have 

The loss of head at c=bh=A— 2?, 
but the loss of head, due to the resistance of ingress and friction, 
is given in eq. (1) Art. 45., 

... A-*=(l + /3+4)g....(l). 

whence z is readily determined. 
In like manner we have 



A.-..= (l + /3+.^')g. 



hence we have by subtraction, 

^J2T"^^"~^^^'~^^ ••• (2); 

from this equation the coefficient of resistance, e, is readily deter- 
mined. 



CHAP. XXL 

ON HYDRAULIC ENGINES. 
WORK OF WATER WHEELS. 



71. When a stream of water reaches the paddles of a wheel 
which has a certain velocity, the work imparted to the wheel by 
the water is expressed by eq. (5) Art. 41. ; but if the water 
descends with the paddle there is an additional portion of work 
done on the wheel due to the mean vertical space h through 
which the water falls ; hence we have 
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W 

Work applied to the wheel per sec. = ^ {v^— (v— Vi)^} -f wA. 

Now this work applied must be equal to the useful work, u, 
which the wheel does, added to the accumulated work remaining 
in the water after leaving the paddles. If V2=the velocity of 
the water after it has left the paddles, then the work remaining 

W X V ^ 

in the water will be equal to — ^ — -\ hence we have, 

/. u=wA+g{2vVi-V-v,2} ... (1), 

which is the general expression for the work done by a water- 
wheel. 

We here suppose that the water impinges upon the paddles 
perpendicularly^ 



Work op Undershot Wheels. 

72. In this case the water has no perpendicular fall, and the 
velocity of the water upon leaving the paddle is the same as the 
velocity of the paddle itself; hence we have /*=0, V2=Vi, and 
then eq. (1), Art. 71., becomes 

u= J(v-Vi)vi . . . (2) ; 

or, we have, by introducing m a constant coefficient to be deter- 
mined by experiment, 

u=-y<v-Vi)Vi...(3), 

where m=*6, according to Morin's experiments. 

73. To find the relation of v and Vi so that the useful work of 
the wheel may be a maximum. 

Now eq. (3), may be written as follows : 

where u is evidently a maximum when 

Jv— Vi=0 ; or when Vi=Jv, 

that is to say, when the velocity of the toheel is one half the velocity 
of the water. 

X 4 



p 



niii.osorHT [part 



^ 



Work of Breast Wheels. 

74. In tliis case the height h of the fall is the vertical height of 
the point at which the water meets the paddlea above the point 
where it leaves them ; and aa in the foregoing case Ta=Vi ; heQce 
eq, ( 1 ), Art, Tl , becomes 

u=wA+^(v-v,)v, ...(4)( 

or introducing the constant m, 

u=»,w|A + i(v-v,)v,}...(5), 

where ni=-74, according to Morin. 

Theoretically the maximum work takes place, an in the fore- 
going case, when y,=^v. fiut Morin found, by experimente, 
that the efficiency of the wheel is not much affected by changes in 
its velocity. This is owing to the circnmstnnce that the useful 
work is principally dependent upon the term wA, see eq. (4), and 
not upon the other term in the formula which alone is affected by 
the velocity of the wheel. Hence tlie great advantage of this 
wheel IB, that it may be worked, without materially impairing its 
efficiency, with velocities varying from Jv to |v. 



Work of Overshot Wheels. 

tB. In this wheel the mean vertical height h, which the water 
falls, is nearly equal to the diameter of the w!ieel, and as in the 
case of the breast wheel, v,=Vi ; hence eq*. (4) and (5), Art. 74. 
also apply to overshot wheels. But in this case, m = '?8. 



WoKK OF Poncelet's Undbrshot Wheel. 

76. In the common undershot water wheel, the paddles are flat, 
whereas in Poncelet's wheel they have a curved shape, a b ; ^ 

BO that the direction of the curve at a, where the water y 
first meets the paddle, is the same as the direction of the ^ 
stream. By this ingenious contrivance, the water rolls ^3- 34- 
up the curved incline ab, without meeting with any sudden ob- 
struction calculated to occasion a loss of work. The channel has 
a depression at the puiiit n'here the water falls from the paddles. 
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liCt V be the velocity of the stream, and v, that of the wheel, then 
since the point a of the paddle is moving away from the stream, 
the water will flow upon the paddle with the velocity v— Vj, and 
will continue to run up the curved incline until it has lost its 
motion, it will then descend, acquiring in its descent the same 
velocity as that which it had in its ascent, but in a contrary direc- 
tion. If the wheel were not moving v— -Vj would be exactly the 
velocity of discharge from right to left, but the paddle is moving 
with the water from right to left with the velocity V|, therefore 
the absolute velocity of the water upon leaving the paddle 
will be v—Vj— Vi=v— 2vi. 

Now we have in this wheel the following relation : 
Accd. work in the water = Work done on the wheel -f Accd. 
work in the water after leaving the paddles. 

. wxv^ w(v— 2v,)2 

/. u=-^(v-v,)v, . . . (6). 

if 

Comparing this expression with eq. (2), Art. 72., we find that 
the work performed by Poncelet's wheel is double that of the 
common undershot wheel. 

By Art. 73. we find that there will be the greatest work done 
when Vi=^v. This conclusion may also be established by the 
following mode of reasoning : — ' 

All the work will have been taken out of the water, when its 
motion upon leaving the paddle is nothing, that is, when v— 2vi=0 
or v=2vi. In this case, the water having lost all its motion,- will 
simply drop from the paddle, and the work done upon the wheel 
will be equal to the work accumulated in the water of the stream. 
Moreover, it appears that this maximum condition is fulfilled when 
the velocity of the stream is double that of the wheel. However 
the distinguished inventor states, that, in practice, the velocity of 
the water, in order to produce its maximum effect, ought to be 
about 2^ times that of the wheel, and that then the modulus of 
the wheel is about '7. 



BABKER'S MILL, OR THE REACTION WHEEL. CENTRI- 
FUGAL PUMP. PUMPS. 

77- In the best form of the reaction wheel, the vanes or arms 
are curved and the water is projected from them in lines forming 
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tangents to the circle described by the orifice. The veloeit|j|f' 
the issuing fiuid depends upon the pressure of the wat^ilpfeB 
upright pipe and the rate at which the wheel revolvesr*TOgiviiig 
the theory of the reaction wheel we shall first suppose that there 
is no work lost in the passage of the water through the pipes or 
channels from friction, &c. It will be necessary that we should 
first consider the work accumulated in water at its discharge 
from a revolving horizontal pipe. 



Work accumulated hy a Centrifugal Force. 

78. Let M7=the weight in lbs. of a portion of fluid at the dis- 
tance X from the axis of motion, t7=the angular velocity of the 
arm in feet per second ; r=the radius of the circle described by the 
orifice at which the fluid is discharged, and v=the velocity of this 
point ; then from eq. (2), Art. 289 , we have 

Centrifugal force acting on w at a?, or p= . 

This expression shows that the pressure upon the fluid, result- 
ing from the centrifugal force, varies with the distance from the 
centre of motion or the vertical axis of the arm. 
Now let AC represent the arm of the wheel ; A the 
axis; AC=r; AB=a?; bd=f the pressure pro- 
duced at B by the centrifugal force. Through ab 
draw AE ; then this line will be the locus of the r.- oe 

pressures. Draw ce parallel to bd ; then the 
area ace will represent the units of work, w, done by the cen- 
tripetal force in moving w from a to c (see Art. 33. p. 24.) ; that is 

t^=:area ace 
1 




v^wr 



u=irx 



= ^ACXCE, 

but AC=r, CE=. centrifugal pressure at e= 

*f 

v^wr (vrYw 

~9 27~' 

but vr=^Y^ 

•*• "=^ ••• (^>= 

this expression shows, that the velocity of discharge is equal to 
the velocity of the orifice, and that the pressure of discharge is 

due to the height ^» 



CHAP. XXI.] WOBK OP REACTION WHEELS. 315 



Barker's Mill, or the Reaction Wheel. 

79. Let v=ihe velocity of the effluent stream due to the pres- 
sure of the water in the vertical pipe as well as that which is due 
to the centrifugal force ; t7i=the absolute velocity of the water 
after discharge ; tr=the weight of water discharged per second ; 
iTi=the useful work done per second; A=the height of the water 
in the vertical pipe above the orifice of discharge ; then 

Work at efflux = work due to the pressure of the vertical 
column -f work due to the centrifugal force ; 



• • 



2^ -"^'^"^27' 



Now the effluent water is projected in a direction contrary to 
that in which the orifice of the arm is moving, 

/. «;,=t?— v 

-.-/v^-f 2^A-v. 
We now have. 

Useful work = Work due to the pressure of the vertical column— 
Work remaining in the water after efflux ; 

.-. Ui=wA — jz — 

w , 

=-(Vv2+2i7A-v)v ... (1). 

Here the useful work increases with v, the velocity of the 
arm ; for by the binomial theorem, we have 

^^^^^^=^1 +^0*=<^ +'^-^+**'-)' 

^ g\y 2v3 J 

^=.wh when v=x ; 

that is to say, the useful work is equal to the whole work applied 
when the velocity is infinite. 

But as the velocity of the wheel increases, the prejudicial resist- 
ances, arising as well from the friction of the water as the friction 
upon the axis, also increase; and consequently the maximum 
effect will take place for some definite velocity, which in general 
will be found to be considerable. This condition of maximum 
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efficiency is rather unfavourable to the working of the machine ; 
however for certain mean velocities of rotation, the modulus of 
the machine does not differ much from that maximum effect, as 
the following illustrations will show : 

Suppose the machine to be loaded so that y^ shall be equal 
to 2ghy or that the velocity of rotation shall be equal to the velo- 
city due to the pressure of the column of water; then eq. (1) 
becomes 



w. 



Vi = -i\^4gh^V2gh)V2gh 

= 2{V2'-'l)wh='S2Swh ... (2) 

where, in this case, '828 is the modulus. 

Supposing v'=8^A, we in like manner find the modulus to be 
•944. 

Hence it appears, tliat these wheels have a considerable modulusy 
when the velocity of rotation exceeds the velocity due to the height 
ofthefalL 

In the foregoing calculation no allowance has been made for 
the coefficient of efflux or for the loss of work occasioned by the 
passage of the water through the pipes or channels. According 
to the experiments of Morin the modulus of the best reaction 
wheels does not exceed '75. 

80. In order to diminish the friction upon the axis, the water 
is sometimes transmitted by a pipe which descends beneath the 
wheel and then turns vertically upwards. The vertical axle, in 
this case, is hollow and fits on to the extremity of the supply pipe 
with a stuffing box. In this construction the upward pressure of 
the water must be equal to the weight of the wheel, so that the 
pressure upon the axis may be nothing. To calculate the propor- 
tion of the parts of this machine. Let w=the weight of the 
wheel; r=the radius of the supply pipe; A=the head of water; 
M;=the weight of a cubic foot of water ; then we. have 

Upward pressure yf2Xev^=-'irr^hw\ 
but this must be equal to the weight of the wheel, 

.*. 7rr^hw=^yf \ 



■■■ '-\/^ 



^- . . . (3). 
w ^ ' 
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The Centrifugal Pump. 

8L In this machine water is raised by means of the centrifugal 
force given to the water in a curved vane or arm, proceeding 
from the yertical axis. The dynamical principles of this machine 
are precisely the same as those of the reaction wheel. But they 
differ in their objects : in the latter machine a fall of water gives 
a rotatory motion to a vertical axis; in the former a rotatory 
motion is given to a vertical axis with the view of elevating a 
column of water; in both machines the centrifugal action con- 
stitntes the characteristic feature. The formula (1), Art. 79., 
given for the reaction wheel, with slight modifications, will apply 
to the centrifugal pump. 

Let u=the work applied per second in giving motion to the 
Yertical axis ; A=the height to which the water is raised or the 
distance between the level of the water in the well and the orifice 
of discharge ; and so on, as in the rotation for the reaction wheel. 

Now, in this case, we have 

Work at efflux =: work due to the centrifugal force — work in 
raising the water ; 
hence we find, as in the case of the reaction wheel. 



v=.'s/y-—2gh\ 



We also have 

Work applied=work in raising the water + work remaining in 
the water after efflux ; 



Vy^W 



^9 



w 



= ^(V_,/v2_2grA)v...(l). 

In this case the useful work is expressed by Ui=w?A. Let m be 
put for the modulus of the machine ; then 



^i 

M = ~ 



9^ (2\ 

It may be shown, as in the case of the reaction wheel, that m is 
a maximum, or equals unity, when y is infinite. 
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As in the case of the reaction wheel, let Y^=2gh ; then froi 
eq. (2), we get 

Lot v'=4^A ; then 

M= _ ^^ = ^ ^.s5 

{V4gk^V2gh)V4gh 2(2-^2) 

Let v'=6^A ; then m=-9. 

Hence it appears that the centrifugal pump has a considerable 
modulus when the velocity of rotation exceeds the velocity due to 
twice the height of the column of water raised. To obtain the 
same theoretical modulus in this machine as in the reaction 
wheel, the velocity of the former must be about double the velo- 
city of the latter. 

82. The experiments, conducted at the Great Exhibition, on 
Appold's Centrifugal Pump, with curved arms, gave the maximum 
modulus *68. But when the arms were straight and radial, the 
modulus was as low as '24 ; showing the great advantage of 
having the curved form of the arms, \vhich causes the water to be 
projected in a tangential direction. 

On this subject Professor Moseley observes in his report: — 

" If the vanes be straight, it is evident that whatever may be 
the velocity of the water in the direction of a radius, when it 
leaves the wheel, its velocity in the direction of a tangent will be 
that of the circumference of the wheel, so that the greater the 
velocity of the wheel, the greater will be the amount of vis viva 
remaining in the water when discharged, and the greater the 
amount of power uselessly expended to create that vis viva. 

** If, however, the vanes be curved backwards, as regards the 
motion of the wheel, so as to have nearly the direction of a tangent 
to the circumference of the wheel at the points where they inter- 
sect it, then the velocity due to the centrifugal force of the water 
carrying it over the surface of the vein in the opposite direction 
to that in which the wheel is moving, and nearly in the direction 
of a tangent to the circumference, will — if this velocity of the 
water over the vane in the one direction be equal to that in which 
the vane is itself moving in the other — produce a state of absolute 
rest in the water, and entire exhaustion of vis viva. And in 
whatever degree the equality of these two motions — of the water 
in one direction over the vane, and of the vane itself in the oppo- 
site direction — is attained, in that same degree will the water be 
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delivered in a state approacliing to one of rest. The expedient of 
ourved yanes is adopted in Mr. Appold's pump. 

" With regard to the admission of water to the wheel, it is ob- 

^rious that it should pass directly from the suction-pipe into the 

ivheel without the intervention of any reservoir in which the vis 

v^iva of the influent stream — communicated in the act of rising 

through the pipe — may expend itself, and that such space should 

he allowed at the centre as not to alter the dimensions of the 

influent stream. It wonld further seem expedient, by means of 

properly-constructed channels, to divide the water into separate 

streams, and to give to these divergent streams such curvatures as 

would facilitate their entrance upon tlie channels formed by the 

vanes ; as in the turbine, or in the reaction wheels. 

" It is obvious that the tendency of the centrifugal force con- 
tinually to increase the velocity of the water over the vanes as it 
recedes from the centre, cannot take eflect in respect to all the 
particles of water in the same section, unless the sections of tlie 
channels diminish. If they do not, some of the particles of water 
in each section must be continually retarded, and power be use- 
lessly expended in producing this retardation ; whilst the. current 
cannot but suffer from it a disturbance destructive of its vis viva. 

** This diminution of the sections of the channels might probably 
best be effected by giving to the sides of the wheel the forms of 
conical discs ; an expedient which is adopted in Mr. Lloyd's blow- 
ing-machines, and in Mr. Bessemer's centrifugal pump. 

" The communication of motion to the water of the reservoir in 
which the wheel revolves, and into which the water is discharged, 
should by every practicable expedient be avoided ; and for this 
object the water should be kept as much as possible from the sides 
of the wheel. This is effected in Mr. Appold's pump, by fixing 
the wheel between two cheeks which project from opposite sides 
of the reservoir. The velocity with which the wheel must be 
driven depends upon the height to which the water is to be raised. 
Beyond a certain height this velocity is practically unattainable. 
But long before this limit is reached, it becomes inconsistent with 
an economical application of the power which drives the pump. 
It is probably therefore only in comparatively small lifts, where a 
large quantity of water is to be discharged, that the centrifugal 
pump will be found useful." 

Pumps. 
83. The proportion of the parts of a pump, as in every other 
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engine, should be determined by the principle of the equality of 
work, that is, in the present case, the work applied to the piston 
should be equal to the work in raising the water. , 

In the common pump. Let A=the area of the piston ; /=the 
length of the stroke ; A=the vertical height of the bottom of the 
barrel above the surface of the water to be raised ; Ai=A-f /=the 
vertical height of the pipe by which the water is discharged from 
the water to be raised ; M7=the weight of a cubic foot of water ; u 
=the work applied at each double stroke ; »t=the modulus of the 
pump ; then by Art. 169., page 157., 

Work in raising the water into the barrel=A/w(A f ^ • • • ( 0> 
„ „ from the barrel = A Zm?x^/; 

/. Total work=A/to(A-f ^/)+aZm7X^/=aZw(A+/), 

.'. mV=Alw(h-\-l)=Alwhi ... (2); 

mu 



*• ^— ": — T" • • • (3), 

JLWhi 



which gives the length of the stroke when u. A, &c., are given. 

84. In the case of the forcing pump, let Ai = the vertical height 
of the nozzle by which the water is discharged from the bottom of 
the barrel ; then we have 

Work of the downward stroke = A /to (A j— J/), 

which added to eq. (1), gives 

Total yvork=Alw{h-\-ir)-\-Alw{hi-^iy^ 

=:Alw{h-\-hi)f 

,\ mv=Alw(h-\-hi) . . . (4), 



*• ^'^Aw{h-\-kJ"^^^' 



• • 



85. The pump, although simple in its construction, is far from 
being an economical machine for raising water. According to the 
experiments of Morin, its modulus rarely exceeds •45. This loss 
of work chiefly depends upon the following causes : 

1. On the large size of the barrel of the pump as compared with 
the suction and force pipes. See Art. 49. 

2. On the form of these pipes where they join with the barrel, 
or at their extremities. See Arts. 50. and 31. 

3. On the small size of the valves. See Art. 51. 

4. On the want of a due attention to the proper proportion of 
the parts of the pump (see Art. 84.) ; and the rate at which it is 
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worked, which occasions a loss of work by giving an unnecessary 
motion to the water in its passage through the barrel and the pipes. 
If more work be done upon the piston than is requisite for raising 
the water, that excess of work becomes accumulated in the water, 
which in the pump, as it is usually constructed, is lost. 



The Pump with Suction Air Chamber, 

86. A pump of this kind was exhibited by Mr. Self in the 
Agricultural Department of the Great Exhibition. The pecu- 
liarity of its construction consists in having an air chamber added 
to a common suction pump ; this air chamber communicates with 
the suction pipe immediately below the barrel. In working the 
common pump the suddeH jerk, which it is desirable to give to the 
piston at the commencement of the stroke, not unfrequently sepa- 
rates the piston from the water in the barrel, and thereby causes a 
vacuum to be formed, into which the external air is almost sure to 
find its way. Now the suction air chamber is calculated to remedy 
this evil, as well as to save the work accumulated in the water. 
On this subject Professor M#5eley observes in his report : — 

" It is immaterial in what proportions this work is distributed 
over the stroke, or under what varying degrees of pressure it is 
generated, provided that the pressure never exceeds that of the 
atmosphere on the surface of the piston. If this pressure be ex- 
ceeded, the piston may separate itself from the water beneath it in 
the barrel, the pump drawing air ; and this is more likely to occur 
at the commencement than at any other period of the stroke, the 
motion of the water at that point being necessarily slow. 

" To communicate a finite velocity to the water at the com- 
mencement of the stroke, or while the space described by the 
piston is still exceedingly small, requires a much greater pressure 
than afterwards y and the greater, as the section of the suction pipe 
is less, as compared with that of the barrel, and as the lift is 
greater. Thus at the commencement of the stroke a finite velocity 
of the piston can only Ifc obtained by an extraordinary effort of 
the motive power associated with the chance of drawing air and of 
a shock, ifi;he pressure be suddenly applied. A remedy for some 
J of these evils in the working of a pump has been sought in the ap- 
plication to it of a second air vessel, communicating with the 
suction pipe immediately below the barrel, or with the top of the 
suction pipe and the bottom of the barrel. The commencement of 
each stroke is eased by a supply of water from this air chamber to 

Y 
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the space beneath it. The influx of the water into that space is 
aided by the pressure of the condensed air in the air chamber, and 
when the stroke is completed, the state of condensation of this air 
is, by the momentum of the water in the suction pipe, restored, 
causing it to rush through the passage by which that pipe com- 
municates with the air chamber. Thus, by this contrivance, the 
surplus work, which remains in the water of the suction pipe at the 
conclusion of each stroke, is stored up in the compressed air of the 
air chamber, and helps to begin the next stroke of the piston. 

" The nature of this action will be best understood from that of 
the hydraulic ram. The contrivance constitutes, indeed, in some 
respects, a union of the action of the ram with that of the pump ; 
and, besides accomplishing the object for which it was applied, 
appears to have the effect of considerablv economising the power 
employed in working pumps." 



CHAP. X&. 

PRESSURE AND DENSITY OP ELASTIC FLUIDS GENERALLY. WOKK 
IN THE EXPANSION OF ELASTIC FLUIDS, ETC. 

Pressure of the Atmosphere. 

87. The pressure of the atmosphere is determined at any time 
by the height of the column of mercury in the tube of the baro- 
meter. (See the Author's Hydrostatics, &c. published in Gleig*8 
Series.) 

Let A = the height of the column of mercury ; K=:the no. sq. in. 
in the section of the tube ; 13568 oz. or 848 lbs. = the weight of a 
c. ft. of mercury at the mean temperature ; p=the no. lbs. pressure 
of the air on sq. inch of surface ; then 

o:> ; i-^i'^'l'^' Pressure of the atmosphere on k sq. in.=p x k, 

^ kA i i 

"^ /■ Weight of the column of mercury = yfn^^ S48. "'-■ 

•^ *• ^ But the column of mercury balances the pressure of the atmo- 

sphere ; 
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• • 



p=:^h, very nearly; 

hence it appears, that the pressure of the atmosphere in lbs. per 
square inch, is very nearly equal to one-half the column of mer^ 
cury in the barometer tube in inches. 

The column of mercury in the barometer varies in this country 
from 28 to 31 inches ; therefore the mean column is 29*5 inches ; 
and by the foregoing result the mean pressure of the atmosphere 
will be about 14*7 lbs. per sq. in. 

The elasticity or pressure of air is inversely as the space which 
it occupies. 

88. This law of elasticity was first proved by Marriotte in the 
following manner. 

JExperiment. Take a bent tube, H e A b, closed at b ; introduce 
a little mercury, so as to make it stand at the same 
level EA in both legs of the tube; let the space ab, 
occupied by the inclosed air, be divided into equal 
parts; pour mercury into the tube until the volume 
of air in AB is reduced to CD; then it will be found, 
that when o b is one-half a b, the column of mercury 
DH, producing this compression, is about 30 inches, 
or a column of mercury which balances the pressure 
of the atmosphere; that when cb is one-half ab, or 
when the volume of air is reduced three times, the 
column of mercury, dh, is twice 30 inches ; and 
so on, thereby proving the law of elasticity just ex- 
plained. 

89. If p be pressure of a given volume v of air, to find the 
pressure Pi of this air when its volume is Vi. 

Here by Harriot te's law, we have 



II 



D 



E 



R 



Fiff, 36. 



Pressure air at v volume =p, 



/6vy 






» 



>9 



1 



.V 



» 



=PXV, 



• • 



» 



99 



PXV 



» 



r 



that is, Pi = 



PXV 



..(1) 



c 



or, PXv=Pi XV| . . . (2). 



Y 2 
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Law of Expansion of Gases by Heat, 

90. The following experimental laws were discovered by Gray 
Lussac and Dalton : 1st. All gases, under the same pressure^ 
expand uniformly for equal increments of temperature ; 2nd. 
The expansion due to the same increase of temperature is the 
same for all gases ; and 3rd. The expansion of a given volume of 
gas at freezing point, or 32°, is ^^th part of this volume for 
every degree of temperature. 

Let v=the volume of gas at 32°, and v=the volume at t 
degrees; then 

Increase of temperature above 32°=^— 32. 

V 

Increase of volume for 1 degl'ee=^TQ^, 
^ *^*^^^ /. „ „ for(^-32)degrees=^(^-32), 

^-•.^>-^ : ••. v=v-f ."^(^-32) 

^9^ Let V be the volume of air at t temperature, and Vj the volume 
of the same air at t^ temperature ; then 



hence we have by division, 

V _ 458 + 1 
^■"458+^, • • • ^'^> 

91. When the volume of a gas remains the same^ its increase of 
pressure is in proportion to the increase of temperature. 

Let V be the volume of the gas at 32° and p its pressure ; v the 
volume of the same gas at t degrees when the pressure remains 
the same, and p its pressure when the volume remains the same ; 
then 

^=4^(58 + 05 
but by Marriotte's law, we have 

p VXP=VXjO, 

and by multiplying these equalities together, and reducing, we get 
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- Comparing this with eq. (1), Art. 90., it wilf be seen that the 
relation of pressures is expressed hy the same law as the relation 
of volumes. 

In like manner, we have 

.p_458+_^ 

p, 45S-\-t,'"^^^' 

92. Given the weight w lbs. of a cubic foot of gas at t tem- 
perature, to find the weight, Wy, of a cubic foot of the gas when 
the temperature is t^. 

Let V and v, be the same quantity of air at the temperatures t 
and ti ; then 

V w. 
vxw?=Vi xwi, or ^=— i; 
* " Vi t(7 ' 

substituting in eq. (2), Art. 90., and reducing, we get 

458 -f^ 



w,= 



=i58+^^'^---(^>- 



Now if we take If oz. as the weight of a cubic foot of air at 
60®, the barometer having a mean height, we have by making 
^=60, and «?=lf in eq. (1) 

518 ,^ 633-r 
^^=458T^^^*=458T^"^- 

which gives the weight of a cubic foot of air at ti temperature. 

It has been found from experiment, that the density of steam, 
in contact with the water from which it is raised, is always ^ of 
the density of atmospheric air at the same pressure and tempera- 
ture; hence we have for the weight Wi of a cubic foot of steam 
at ti temperature 

If Vi be put for the volume of a cubic foot of water in the form 
of steam at ti ; then 

wt. c. ft. water ^^ ^ 5 39*57 



wt. c. ft. steam * 8 458 -h^i 

r 3 
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=2-527 (458+fi) ... (4) 
= 2^ (458 +/i) nearly, 

which express the number of times that the volume of the steam 
is greater than the volume of the water from which it is raised. 
If the water be at the boiling point, or ^i=212°, then from eq. 
(4), we find r| = 1693, or 1700 nearly. 

93. To find the relative volumes of a gas at different tempera- 
tures and pressures. 

Let V be the volume of the gas at 32®, and p its pressure ; v' 
the volume of the same gas at t temperature the pressure remain- 
ing the same ; then 

v'=^(458+0. 

Now suppose this gas to change its volume from y' to Y, and 
let p be pressure at this new volume, then we have by Mar- 
riotte*s law 

pxv=/?xv', 

eliminating v' between these equations, we get 



similarly, we have 



v=4|o(^58 + Oxf; 



^'=4io(4^« + '')+pV 



hence we have by division 

v_4584:£ p, 
¥,■"458+^1 p '- ^^> 

vxp _ 458 + ^ 

In the case of steam, if ^i=212°, Pi = 15, and Vi=1670, which 
is the volume of steam raised from a unit of water at this tempe- 
rature and pressure ; then eq. (3) becomes 

V _458-h^^l5 



1670 670 p 

/, v = 37J^x —, nearly . . . (3), 

which gives the volume of steam, at p pressure and t temperature, 
raised from a unit of water. 

When the values of p and t are given by experiment, the value 
of V may be determined from this formula. It is in this way that 
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tables giving the volame and pressure of steam are usually eon- 
stracted : For example, let the pressure of steam as determined 
by experiment, be 100 lbs. when the temperature is 330°, then we 
have 



Work of the Expansion of Gases. 

94. The relation of the volume and pressure of gases admits of 
the following graphic representation. 

Suppose the gas to be confined in a cylinder having a piston 
Tvorking air-tight, as in fig, 1., p. 6. ; let K=the area of the 
piston in sq. in. ; Ai=the height of the piston in the cylinder 
when the pressure of the gas is p lbs. per sq. in. ; a?=the height 
of the piston when the pressure is y lbs. ; then 

the volume at plbs. pressure=KxAi, 
» » » y lbs. „ =K X ar, 
therefore by Marriotte's law eq. (2), Art. 89., 

y XKxar=Px KxAj, 
. /. a?y=pAi . . . (1). 

Now if X and y be taken as the variable coordinates of a curve, 
this expression will represent the equation of a rectangular 
hyperbola. 

Take Aar, Ay as rectangular axes of co- 
ordinates, ar=AN, y=NM, Ai=AB, P=BC; 
then the rectangular hyperbola cmq will re- 
present the locus of eq. (1), where the axes 
Ao?, Ay are the asymptotes to the curve. 

95* To find the work of expansion be- 
tween the pressures p and y. Fig, 37. 

It has been shown in Art. 33., p.24., that the 
work of expansion between the pressures, p=bc, andy=NM, is 
equal to the area of the space bcmn ; but by mensuration this 

area is equal to h{P log t- or h{P log -, where log expresses the 

*^\ y 

hyperbolic logarithm ; 

Y 4 
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/. Work of expansion upon each sq. in. of the piston =^iP 

fl? p 

log Y or AjP log - . . . (1). 

Let ^=the no. c. ft. of gas; p and p, the pressures between 
which the work is done ; u^=the work ; then 

u^=kA,p log", 

^"*^~ifi^^*' 

.'. u,= 144gplog?-.. .(2), 

which is the work of q c. ft. of gas, when it expands itself from 
p to Pi pressure. 

Efflux of Gases. 

96. Let the gas be discharged from an orifice with the velocity 
V ft. per sec. 

Put «r=the weight of a cubic foot of the gas ; q^^the volume 
of gas discharged per second ; then 

Work accumulated in the gas=^^-^ ; 

but this work has to be accumulated by the expansion of the gas ; 

.-. t;=12. /?^iogl...(l). 
V w ° Pi ^ ^ 

Or, since 2^=64^, we have very nearly. 



''=^«A/>g|."-<2)- 



From the property of logarithms this result may also be ex- 
pressed by 

^='^a/¥^ • • • (3)- 

When the pressures differ little from each other, the following 
approximate formulae may be employed. 
By development, we have 



CHAP, XXII.] EFFLUX OF GASES. 529 

Neglecting the powers of -4 above the first,.and substituting 

in eq. (3), we get 



v=m^ 



^-^i...(4). 



W 



Neglecting the powers of — above the second, we have more 

accurately 

If k be put for the height of a homogeneous fluid, of the same 
density as the gas, requisite to produce the pressure p— Pi of pro- 

P p ^ 

pulsion; then 144(p— p,)=w7A, and ^=-— ; substituting in 

eq. (4), we get 

v=:S^k. . . (6). 

It must be observed that this formula is only true when the 
pressures p and Pj are nearly equal to each other. 

97. Coefficient of efflux, — When air issues from an orifice the 
section of the current undergoes a contraction similar to that 
observed in the efflux of water. 

Let e=the coefficient of efflux, and a=the area of the orifice in 
sq. ft. ; then 



= 12.«^2^-,ogL...(7). 



According to the experiments of Koch, e=*58 when the air 
issues from an orifice made in a thin plate ; e='74 when the air 
issues from a pipe about six times as long as it is wide; and 
c=s'85, when the air issues from the conical nozzle of a bellows 
about five times as long as it is wide and having a lateral con- 
vergence of 6°. 

To find the velocity of efflux, S^c, when the pressure of the air 
is given in the tube through which it flows, 

98. Let Pi=the pressure of the air in the tube (as indicated by 
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the air gauge o), and Vi=it8 velocitj ; 
p,=the pressure of the air at efflux, and 
v,=its velocity; p=the pressure of the 
quiescent air in the receiver; ai=the 
section of the tube a; a,=the section of 
the orifice o ; then 




JF%r.38. 



^(V-''.^)=H4?P,log^...(l); 



Work gained by the air passing from the tube to the orifice of 

discharge =^ (^'i* " ^i*)' 

Now this work is due to the expansion of the air from Pj to p, 
pressure : hence we have from eq. (2), Art. 95., 

but the volume of air passing through the tube per sec. is a^v^y 
and that which passes through the nozzle is a^v^ : hence we have, 
by Marriotte's law, 

AqPo 

fliPj 
substituting this in eq. (1), and reducing, we get 

P. ^ 

2^Pi log -' 

. . ■ (2), 



ro=12^ 



w 



F(i7lJ 



which expresses the velocity of efflux. 

The relation of p and p,, is given in eq. (1), Art. 96., by 
changing v into v^ and Pj into P2. 



CHAP, xxiir. 

ON THE LAW OP THE EXPANSION OF STEAM. VTORK OP 

STEAM, ETC. 



99. When steam is generated in a close vessel, as in the boiler of 
a steam engine, the density of the steam increases with the tem- 
perature, but so long as the temperature continues the same only a 
certain quantity of steam can be raised from the water, and if the 
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temperature fall, a portion of the steam resumes the liquid form, 
and then the density of the steam is diminished. Under these cir- 
cumstances, the space in the boiler is said to be saturated with 
steam, or that the steam has a maximum density. 

It has been already stated, that the density of saturated steam is 
always about five-eighths that of the atmosphere when they are 
both under the same pressure and at the same temperature. 

The relation of the temperature and the pressure of saturated 
steam has also been determined experimentally, and from that the 
relation of the volume and pressure has been deduced. (See Table 
p. 43.) When saturated steam changes its volume, as in the 
cylinder of a steam engine, it preserves its condition of maximum 
density, without any deposition of water, provided there is no ab- 
solute heat abstracted from it ; but if the cylinder should have a 
less temperature than the steam, a certain quantity of caloric is 
taken away from the steam, and then a portion of that steam 
resnmes the form of water. 

Various empirical formulae, based upon experimental data, have 
been given for expressing the relation of the volume and pressure 
of steam at a maximum density. The most recent of these have 
been given by Chevalier Pambour and Mr. Pole. 

Mr. Pole's formula, although a decided improvement on the 
Chevalier Pambour's, is not sufficiently accurate for pressures 
above 70 lbs. or below 16 lbs. Owing to the improvements which 
have taken place in expansive steam-engines, it becomes necessary 
to have a formula embracing a much more extensive range of 
pressures than this. The plan of adopting two formulae, is of 
little utility ; for in calculating the work of an engine, one formula 
only can be used, and all properly constructed expansive engines 
must work with steam having a high pressure at the commence- 
ment, and a very low pressure, at the end of the stroke. For this 
reason, the expressions given for the work of expansive engines, 
in Pambour's Treatise on the Steam-engine, bring out results 
which are certainly not sufficiently exact. 

In this chapter it is proposed to demonstrate and apply a 
formula, which the Author some time ago discovered, expressing 
the law of the expansion of steam ; and at the same time to 
establish certain general equations relative to the work of steam, 
applicable to all formulae professing to give the law of volume and 
pressure.* 

* The leading portions of this chapter were first published in the Transac- 
tions of the Institution of Civil Engineers, for the year 1848. 
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The investigation of the formula is instructive, not only as 
affording an illustration of a general method, which maj be used 
with success for deriving formulae of a similar kind, but also as 
giving the scientific man the means of judging how far the formula 
may be regarded as a mathematical interpretation of the law of 
expansion. As Mr. Pole had given a table, showing the supe- 
riority of his formula over that of the Chevalier Pambour, the 
Author has only presented a comparative view of his formula and 
that of Mr. Pole's. 

The discussion of the abstract relation of the volume and pres- 
sure of steam v=y (p), besides leading to several important 
general deductions, gives a more scientific character to the mathe- 
matical theory of the steam-engine. The principle, which the 
Author calls the conservation of the work of steam, is a deduction 
from this general theory. This principle admits of various and 
interesting illustrations, but on this, as well as other matters con* 
nected with the general theory of work of steam, it is not con- 
sidered expedient to enlarge in this treatise. 



Law of the Expansion of Steam, 

100. Let v=the volume of a cubic foot of water in the form of 
steam at p lbs. pressure per square inch ; then we have the follow- 
ing relation between v and p : — 

v=a t'3p«, 

where a=12-5, 5=20570, and a=--9301. 

The volume of steam must obviously be some function of its 
corresponding pressure, that is, v=/'(p) ; and in order to deter- 
mine this function, assume, 

v=a-f 5p" + cp^ + &c., 

where the coefficients a, 5, c, &c., as well as the exponents, «, j3, 
&c. are constants which have to be determined. 

In order to find the values of these constants, it is only necessary 
to substitute a series of corresponding values of v and p, given in 
experimental tables, and thus obtain as many equations as there 
are constants in the expression. However, it appears that the 
determination of three constants gives an expression for v, which 
assimilates so closely to the relations determined by experiment, 
as to lead to the inference that it may almost be regarded as an 
analytical exponent of these experimental data. 
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Assuming, therefore, 

Y=a + 5p-. . . (1) 

the next process is to determine the constants a, b, and a. 

Let Vi be the volume of the steam corresponding to Pi pressure, 
Va the volume corresponding to 4Pi pressure, and V3 the volume 
corresponding to 16 Pi pressure, then the assumed relation be- 
comes, 

Yi=a+ftPi- ... (2) 

V2=a-f^(4Pi)- 

Y3=a-h5(16Pi)- 
By transposition these equations become, 

Vi— a=5Pi" 
Va— a=5(4Pi)* 

V3-a=ft(16Pi)- 

Dividing the second by the first, and the third by the second, 
we get 

I^:i^=4- . . . (3) ; and ^^^=^=4" ; 
Vi— a ^ ^ Vg— -a 

. Yg— a _ V3-a 
Vj— a Vg— «' 

Hence by solving this equation, we get 

V1+V3-2V2' 

which gives the value of the constant a, in terms of the known 
tabular volumes Vi, Vg, and V3. 
From equation (3), 



Log. 4xa=log 



Y2— g 
Vj— a 



. log (Y2-Q)-log (vi-q) 

• • "- \^ • 

This expression gives the value of a, the exponent of p, in terms 
of Vi, Y2, and a which has just been determined. 
Then from equation (2), 

*=-^P^; /. log ft = log(vi— a)-« log Pj. 

Now, since a and a are known, the value of b may be readily 
found from this expression. 
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In making the calculations, Pj is taken =5 lbs., and therefore, 
Vi=4617; then 4Pi=201bs., giving 1281 for Y^; and 16pi = 
80 lbs., giving 362 for v,. Substituting these values in the 
equations for a, a, and 6, we find a =12*5, 6=20570, and a=: — 
•9301. 

The following Table will show how very nearly the volumes, 
calculated by this formula, coincide with those derived from 
experiment. 



p in pounds 

per square 

inch. 


V derived 

from 

Experiment. 


T calculated, 
from the pro- 
posed Formula. 


V calculated 

from Pole's 

Formula. 


Errors of the 
proposed 
Formula. 


Errors of 

Pole's 
Formula. 


5 


4617 


4617 


4915 





+298 


15 


1669 


1668 


1681 


—1 


+ 12 


16 


1573 


1573 


1580 





+ 7 


60 


470 


469 


470 


-1 





70 


408 


408 


411 





+ 3 


150 


205 


206 


226 


+1 


+ 21 



101. As an application of this formula, let it be required to 
find the volume of a cubic foot of water in the form of steam at 
16 lbs. pressure per square inch. 

Here p= 16, .'. v= 12-5 + 20570 x 16-»»». 

In order to calculate the latter part of this expression, take 
log (20570 X 16-««»)=log 20570 --9301 log 16=log 1560-5. 

/. v=12'5 + 1560-5 = 1573c.ft. 
When V is given to find p. 



■=c-^r-w 



1 



.\ Log. P=- {log (v— a)— log b}. 
Let v=325, then. 



l<>g ^=:3930i 
p=90-l lbs. 



{log (325-12-5)— log 20570} =--log 90-1, that is. 



Work of Steam considered in relation to the abstract 

Formula v=/(p). 

102. Let u, be put for the work performed by s cubic feet of 
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water, in the form of steam, between the pressures p and p^ ; and 
in order to discuss the subject in its most gene- 
ral form, let ABmn be the section of the space 
in which the steam expands itself; ab sp the 
original volume of the steam at p pressure ; abcc 
the space y^ occupied bj the steam at Pj pres. 
sure ; A ft the area of the section B.t ce; dv the 
distance between the sections ce and nm^ taken ^' ' 

indefinitely near to each other ; then the element of work, or c/U| 
= 144AXPiXc/r; 

but Axc/t7=£fV|; 
/. c/Ui=144Pi£fvi = 144Pidf/(Pi). 
Integrating between the limits p and Pj, we have, 

u, = 144jr'{p,d/(p0} 
Multiplying each side of the equality by s, 






When the function /(Pi) is known, this expression may be in- 
tegrated, and then it is obvious that the resulting expression will 
only contain the elements «, p, and p^, with certain numerical con- 
stants depending upon the form of the function /(p). 



Principle of the Conservation of the Work of Steam, 

103. Since the preceding expression for u, shows that the work 
is entirely independent of the equation of the curve Apr^ it 
follows, that the work of steam between any given pressures p and 
Pi is always the same, whatever may be the nature of the space 
through which the steam expands itself, or whatever may be the 
form of the law expressing the relation between the volume and 
pressure of steam. 



The Work increases with the Pressure, 

104. It also follows from the preceding expression, that, other 
things being the same, the work will increase with the pressure p, 
at which the steam is generated ; and since the quantity of fuel 
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necessary to evaporate a given weight of water, does not at all 
depend upon the pressure under which the steam is raised, it 
follows that it is most economical to employ steam of as high a 
temperature as possible. 



Effltix of Steam. 

105. Let Aft.=the section of an orifice from which steam dis- 
charges itself with the velocity of v ft. per second ; «i7=the weight 
of water evaporated per second; and Pi=;the pressure of the 
steam at the point of efflux ; then, the work accumulated in the 
steam per second, 

or ti.=-2-. 
Now «=g|3, v=/(p), .'. «v,=«/(p,)-g|^/(p,) ; 

Substituting this value of v in the expression for the accumu- 
lated work, 

Here as/(Pi) is independent of «r, it follows that the theoretical 
work of steam discharging itself from a nozzle varies as the cube 
of the water evaporated. 

106. The work accumulated in the steam at efflux is due to the 
work of expansion between the pressures p and pj, and as it is no 
matter (Art. 102 ,) through what peculiar form of vessel this ex- 
pansion takes place, we have by eq. (I), Art. 102., the identity, 

i^^=144.^'{P,../(pO}, 

w 
and by substituting -^^^ for 5, this equation becomes 

wxv^ 288w? 



I88w? /"', ,,, ^, 
S2^J! {Pi^/(^i)}---(3), 



g ^^'i>^v, 
which is an expression for the vis viva of the steam. 
107. From eq. (3), we get 
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which gives the velocity of efflux, e being put for the coefficient 
of efflux. (See Art. 97.) 

To find the velocity of efflux^ Sfc, when the pressure of the steam 
is given in the tube through which it flows. See Art. 98. 

108. Here, putting w?= the weight of s cubic feet of water evapo- 
rated per second, we have from Art. 98 , 

^.=^g(y,^-vi')=^\v^^-v,-^) . . . (1). 

Now let Vj, Vg, be put for the volumes of a cubic foot of water 
at Pi and P2 pressures respectively ; then 

«Vi = aii?i, «V2=a2^2> 

SYl - SY2 

,'. Vi= — i, and i?2= — -9 
substituting in eq. (1 ), and reducing, we get, 

where Vi and Vg may be eliminated by the formula v ==/*(?). 

Here again it will be observed, that the work varies as the cube 
of the water evaporated. 

Solving this equation for the value of — ^ or t?2, we get, 

^2 



^ 62*5 « \aj ^ ^' 



which gives the velocity of efflux. It will be observed that u, is 
given in eq. (1), Art. 102., and that Vi may be eliminated by the 
formula Vj =/(?!). 

Work of Steam in the Expansive Engine, 

109. In order to investigate a general formula expressing the 
work of steam in an expansive engine, let K=the area of the piston 
in square inches; Ai=the length of the stroke, including the 
clearance c; A=the point of the cylinder at which the steam is 
cut off; 5= the number of cubic feet of water evaporated per 
minute; P=the pressure of the steam at the commencement of 
the stroke ; Pi=the pressure of the steam at the end of the stroke ; 
and N=the number of strokes performed by the piston per minute ; 
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then, assuming as before, y=/(p), the volame of steam discharged 
per minute at p pressure, is *v=j/(p) ; 

nkA 



but sv= 



144 



and similarlj, 



«/(p)=l^ • • • (0» 



nkA, 



•'• yfe^^i' and/(pO=^/(p) . . . (2). 

The work performed upon the piston before the steam is cut off 
=NKp(A— c); and, as the work performed by the expansion of 
the steam is given in eq. (I), Art. 102., the total work performed 
by the steam per minute is 

u,= 144» /""{Pirf/(P0) +NKP(A-c); 

1. * V /IN .144*/(p) 
but by eq. (1), nk= l-^9 

/. U,-1445[^V^/(P)} +^V(P)] • • . (3), 

where p, in the final expression may be eliminated by eq. (2), 

Now let the work of the resistances opposed to the work of the 
steam be considered, and take L=the useful load in lbs. upon 
each inch of the piston ; F=the friction in lbs. per inch of the 
piston, arising from the motion of the unloaded piston ;y\= the 
coefficient of friction arising from the useful load; and p= the 
pressure of the steam in the condenser ; then the total resistance 
upon the piston=K{FH-L(l +/i)-|-j»}, and therefore the work 
expended per minute in overcoming this resi8tance=(Ai— c)nk 
{p+l(1+/0 +;>}... (4). 

Now it is obvious, that when the motion of the piston of the 
engine attains a certain mean uniformity, the work of the resist- 
ances will be equal to the work of the steam ; therefore by equating 

h 144* 
eq. (3) and (4), and substituting Tfr-r for , we have 

(A,-c){f+l(1+/0 + /^}=^J[^W(p)} +(A~c)p. . . (5) 
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From this equation the value of the useful load l is readilj de- 
terminedy and then, 

the useful H P -^[WVif)_ 144^/(y)L(Ai-c) 

tne useful ti.i^.- 33000 33606A ' ' ' ^^■>' 

Equation (5) gives the general relation of the elements of the 
problem. 



Work op Steam considered in relation to the Formula 

110. In the preceding general expressions it is necessary now to 
substitute the value ofy*(p), that is,y*(p)=aH-6p*. 

By differentiating, rf/(p)=a6p*-^<;?p. 
Equation (1), Art. 102, then becomes^ 

u.= 144« r\bT^dF=^^^^{Pi'*'-T"''} 

111. Equation (3), Art. 109., becomes, 

u.= 144*[^ {Pi-^^-p-^»} +^p(a + 6p-)] . . . (1). 
where, by eq. (2), Art 109., Pi may be eliminated. Thus, 

a + 6Pi-=^(a + 6p-), and /. Pi-+»= <-^ — j^ 1 • ...(2). 

In order to facilitate the numerical calculations, it is necessary 
to bear in mind, that the expression a + ^p" is the volume of steam 
from a cubic foot of water at p pressure, which may at once 
be obtained from a table of volumes and pressures. 

112. Equation (1), Art. 109., becomes, 

,v(a + 6p-)=-j^...(l). 

1445(a-l-6p-) 
••• ^= Th '' 

which expresses the number of strokes in terms of the water 
evaporated, &c. 
From eq. (1), 

(nkA — 144aAi .^v 

z 2 
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and similarly, Pi= ^^ ^4^ / ' ' • (^)- 

These two formulaB express the pressure of the steam in the 
cylinder, at the commencement and at the end of the stroke, 
in terms of the number of strokes and the water evaporated. 

113. Equation (6), Art. 109., becomes 

P...(l), 

where Pi""^* may be eliminated by eq. (2), Art. HI. 

From this general relation of the elements of the problem the 
value of the useful load is readily determined; then eq. (6), 
Art. 109., becomes, 

„^.,H.P.=>-«<fi^gWVn)...p). 

When N and s are the given elements in the problem, the 
following general relation is found by substituting in eq. (1), the 
values of p and Pi given in the equations (1), (2), and (3), Art 
112., or, 

/JL \f . /I .-r\. 1 l^^ccbs r /nkAi — 144aA*+i 
(A.-c) {F+L(l +/.)+;,} =^-^:j^^— I ( J44,^ ) ' - 

/nkA — 144aA-+ll ,, . /nkA — 144flrAl ,^^ 
(—14474-) • I -K^-^)( l^sb )'" ■ (3)- 



Work op Steam considered in relation to Marriotte's 

Formula. 

114. According to this formula /(p) varies as -, or by eq. (2), 

Art. 109., px A=Pi X Ai- In this case we find as in eq. (1), Art. 
95., 

Work done expansively on 1 inch of the piston in 1 stroke=Ap 

log — , or Ap log ^' 

Hence we have from eq. (5), Art. 109., 

(Ai-c){p + L(l+/i)+i?} =>iP log 5:+(A-c)p . . . (1). 

^1 



\ 
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Maximum Velocity op the Piston. 

115. By Art. 286., page 237., this will take place at that point 
of the stroke where the pressure of the steam is equal to the sum 
of all the resisting pressures. But, eq. (3), Art. 40-, the sum of 
all the resistances on the piston is equal to the mean pressure of 
the steam (see eq. (4), Art. 45.) ; therefore, the pressure of the 
steam at the point of maximum velocity is equal to the mean pres- 
sure of the steam. In order to determine this point; let A'=its 
height from the bottom of the cylinder ; p'=the mean pressure of 
the steam ; u = the work of the steam on 1 inch of the piston in 1 
stroke, as given in eq. (4), p. 54., and in the right-hand member 
of eq. (1), Art. 113., 8cc. ; then, 

P'=^...(l); 

by eq. (2), Art. 109., 

A' __/(p')_ tabular vol. at p' pressure .^. 
A /(p) tabular vol. at p pressure ' ' ' ^ ^* 

See page 41. Or taking the Author's formula, j- = . 

A' p 
Or taking Harriot te's formula, t-=— • 

Whence h' is determined, the value of p' being given in eq. (1). 

In order to find the maximum velocity v of the piston ; let u'= 
the work done by the steam up to the point of maximum velocity 
as given in Art. 109., &c. ; «£?—the weight of the whole mass in 
motion referred to the piston as determined in Art. 252., page 216. ; 
then. 

Work accumulated in w?=work steam— work resistances, 



• 



=d'— p'k(A'-c) . . . (3), 



^9 

whence v may be found. It will be observed, that p' is given in 
eq. (1), and A' in eq. (2). 



Maximum Work op Steam in the Condensing Engine. 

116. The steam will perform the greatest amount of work, when 
the work of the useful load l is a maximum ; and this maximum 
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condition will obviously depend upon the extent to which the ex- 
pansion of the steam is carried. 
From eq. (5), Art. 109., we get, 

Taking p, A, c, &c. as constant, and Pj, Ai, as the variables ; and 
differentiating with respect to P], we get, 

c/(Ai-c)L(l-f-/i) ^ c/(At~c)(F+p) _ A PiCy(Pi) 

Now, taking JL — ^=0, so as to render (Ai — c)l a maxi- 

aPi 

mum, we get, 

but by eq. (2), Art. 109., we have, 

/(p) A' "/(P)" rfPi '"dp.' 

hence we have by equality, 

dhi , dhi 

.*. Pi=F-l-j9 . . . (1) ; 
that is to say, the pressure of the steam at the end of the 

STROKE IS EQUAL TO THE SUM OF THE RESISTANCES OF THE UN- 
LOADED ENGINE, WHATEVER MAY BE THE LAW EXPRESSING THE 
RELATION OF THE VOLUME AND PRESSURE OF STEAM. 

This simple and general theorem, the Author believes, is here 
given for the first time. 

Substituting this value of Pj in eq. (2), Art. 109-, we get, 

h I __ /(f -\-p) tabular vol. at f -\-p pressure . ^. ^ 

h "" y (p) tabular vol. at p pressure ' * ' ^ ' ^ 

whence the value of Ai, the length of the stroke, is determined, so 
as to secure the maximum work. 

These values of Pi and h^ substituted in eqs. (3) and (5), Art. 
109., and in eqs. (1), (2), and (3), Art. 113., give the various rela- 
tions for maximum efficiency. 

THE END. 
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AthlctJfl AmuseiQeiits oi the present day. 
New Edition: The Hnnting, Kndng, and 
ell relativa to Horae* and Horaemaji^ip, 
reviled by Harbt IUeovxs ; Shooting 
and Fishing by Epbbueiu ; and CourEing 
by Mr. A. GEiOAM. With upwards of 
600 WoodantE. Bvo. prioe oOs. iuilf-boond. 

fit&ir'B Chronological and HifitorlcEiI 

Tables, from the Creation to the jH^sent 
; Wilh Additions and Corrections from 
the moat autlieiitic Writers ; inclnding the 
Computation of St. Paul, aa connecting the 
Period from the Esoda to the Temple. 
Under the revkiaii of Sir Hnibt Eu.is, 
KM. Imperial Syo. 31s. ,6d. half-. 




Blooafield.— The Greek Testa 
With copious Fugliah Not^s, Critical 
Inlogiiail, and Eiplanatory, E 
forn^ed fur iiin use of advanced St-Ut. 
Cimdidatea for Hoi? Qrdera. ' ^rfi- 
8. T. BLoaHTnu), D.D„ V.BA. | 
Edition, 2 vuk. 8io. with Map, p ' 



Bloomfield.— College and School I 
Ttivtanieuc: With brief En^liih Note»,l 
Fliilologios] and Eiplanalai'y, esm 
I'omiDd for use in Collegea and the I 
Schools. By the E«v. 9. T. BlomT 
U.D., F.3.A. Beyentli ami ehea/irr B ^ 
improyad j with Map nudlndei. Fob 
price 7s. (id. " I 



prica 10s. £d. 

Bode.— Ballads from Eeiodotps: 
an lQtir>ductary Poem. Bj the S 
BonE, M.A., late Student of Cliriat ft 
Seooiii! Edition, wilhfuur additiociall 
16mo. price Ta, 

Bonme.- A Treatise on ttie SI 

ginc, in its Apphi 
Steam NaTigation, and Railwajs. 
Artisnn Oub. Edited by JoHirBon 
«ew Edition; waJiii 33 Stod Plalw 
Wood Eiifp-utingB, Ito. price SSs. 

Boome.— A Treatise os tbe S 
pcUer: WilJi i 
provement. By Johji Bodbitb, CE. ' 
Edition, thoroughly rBvised and coji 
With aOisrge Hates Ohd numorou* \ 

Bi'ande.— A Dictionaryof Scienpe,! 

lure, and Art: Comprising the B 
Doscriplion, and Scientific Princij 
ev^ Brsneh of Human Siv^fitIm 
tiie Derivation and Definition o 
g?Drm« in ^reefrri Um. Edited b 
SsAKSe, F.R.B.L. and E. ; 
J. CiFViir. 1*8 SeeoBd Eiiition, ' 






nelud 
LB Woodcuts. 8to, 60s. 



Professor Brande'e Lectures ob 6 
Chemiatry, as appked to Hsoi 
including Dyeing, Bleaching, Call 
ing, SiigHr-Manufactiire, tAe Pr4. 
of Wood, Tanning, ic, deliverod bi 
Members of the Royal Infltitution. i ^ 
bj permission from tliu Lecturer's Bo 
i. StoPBBBB, M.B, Fep. 8vo. v ' " ~ 
cuts, price 7b. Gd, 



I. 8vo. wiUi I 



tmutvxB BT LONfllUV, BROWN, i 



-Paychological laquiries, in a 

Sessvs intended to illustrate tlie 

e of the Phy^cat Organisation on 

entol l<'ai^ulti». Bj Sir Bkhjamtk 0. 

IB, Bart., D.C.L., V.P.B.S., Cor™- 

SngMerobarof tho Ttistitnte nf Franco, 

t6e3onJ Edition. Fcp, Svo. fij. 

igliam.— Aatoblography of James 

iBuckinglinra : Including iii^ Toyagos, 
pis. Advent UKS, Speculations, Suc- 
•h tnd Failurau, frankly and fuithfuUy 
■led. ; irtth Cbnnicteristic Sketches of 
[e Htm nith icboni ha has had pcrsooal 
Bonrae during a period of more tiiaa 
I Tears. Witli a Portrait engrared by 
\. Doo front B recent Miniature. Tole. 
id IL post 8yo. price 21s, 

h-Tbfl Maternal Management of 

iben in Heulth aod Dismso. Bj 
lull, M.D., Member of the Royal 
fUfi of Physicians ; fonnoriy Plijsidun- 
jDcjjenr to the Finsbury Midwlforj 
ijution. New Edition. Fcp. 8vo. 

Inn's ffints to Mothers on Qie Ka&age- 

i of their Health during the Period of 
[nam^ and in the Lying-in Kooni : With 
o^utre of Fopuliufirroi'sincoiiiioxiou 
I thoM mbjects, &c. ; and Hints upon 
Ung. Neur Edition. Fcp. 8vo. fa. 

, — Cbristianity and Mankind, 

Beginning and Prospect 3. By 
IBTIAM Ciu]lJ.B9 JoSIiS BtTHBEK, D.D., 

L., B.Ph. Being a New Edition, Cor- 
el, remodelled, and extended, of Sip- 
fu Md hit Jgc. 7 vol>. Std. ££. 6s. 



AbS!^- Cdi 



BBi; 



Egypt's Race ia Univereal 

An Historical Investigation, in 
'iSoala. By C. C. J. Bussbw, D D. 
J., D.Ph. IVrraslated froni the Gcr- 
by C. H. C0T*BBi.t., Esq. M.A. 
,. many Ulustratioas, Vol. I. 6vo. SSs : 
B. 8to. 30a. 



Burton.— The History of Scotland, from 
the Revolution to the E^cttnotion of tho last 
Jacobite InsuTTBction (1689—1748). By 
JoQB Hn-L BUBTOK, Author of Tha Uff of 
Dnid Bune, ia>. 2 rold. Svo. pries 26a. 

Burton (B. F.)— Personal Harrative of a 

Pilgrimage to El Medinah and Mecca. By 
BicnABD F, BuKTON, Lieutenant, Bombay 
Army. 8 vols. Sro. with numerous Blua- 
trations. [fo lie prtti. 

Sishop Butler'B General Atlas of Modem 

and Ancient Googmphy ) comprising Fiff.y- 
tTO fiill-coloured Maps ; with complete In- 
dioes. Mew Edition, nearly all re-engmved, 
Bpla^ed, and gieatij improved j with Cor- 
reotioDs from the mo^t authentio sounies in 
both the Ancient and Modem Maps, roany 
of whidi are ontiraiy now. Edited bj ihe 
Author's Son. Boyal Ito. 24^. half-bound. 



^P.r.>=l,i J 






Bishop Butler's Sketch of Hodsm and 
Anoieut Geography. Hew Bcjitlon, tlio- 
roii^ly revised, with suoh Alterations intro- 
duced as continually progFossivti Discorories 
and the latest Information huvo rendered 
necessary. Post Svo. price Ts. 6d. 

The Cabinet Gazetteer : A Popular Ex- 
position of all the Countries of the Worlil ; 
their GoTemment, Population, fierenues, 
Commeroe, and Industries ; Agrioultural, 
Manufactured, and Mineral Products ; Re- 
ligion, Laws, Manners, and Social State : 
With brief Notices of their Histoiy and An- 
tiquities. From thelatest Authorities. By 
the Author of TAe Cabinet Lawyer. Eep. Svo. 
pricB lOs. 6d. cloth J or 13s. calf lettered. 

The Cabinet Lawyer : A Fopolar Digest 
of the Laws of England, Civil and Oriminal; 
with a Dictionary of Law Terms, Maiims, 
Statutes, and Judicial Antiquities ; Correct 
Tables of Assessed Taxes, Stamp Duties, 
Hxc-isB Licenses, and Poat-Horse Bnties; 
Po8t-O(floe Regulations, and Prison Disci- 
pline. IGth Edition, comprising the Public 
Acts ofthcSfission IBS*. Fcp. Svo. 10s. 6d. 

CaJrd.— English Agricniture in 18B0 and 

18&1) Itji Oondition and Prospects. By 
James CiiHo, E^q., of Boldoon, Agricultural 
Commissioner of The Timts. The Second 
Edition. Svo. price 14s. 

Calvert. - The Wife's Manual ; or, 
BrayarB, Thouj-liti, and Songs on Several 
OocasioQB of a Matron's Liffl. By the Kor. 
William C*i.vsih, JUiiflc Canon of St, 
Paul's. Omauicntcd from Dfuigns bj the 
Author in the atjla of (Juno ElitabelKt 
Praser Book. Crown Sto. pries 10>. 6d, 




^EW WOEIS iMD NEW SDlIIOKSn 



Carlisle (Lord).— A, Diary in Turkish and 
Greek Waters. B;^ Iho Rigbt Hon. the 
Knrlof CAUliatB. Fiflli Edition. PoatSro. 
price 10?^ Gd. 

Catlow.— Popular Conchology ; or, the 
Sliell Cabinet arronji^cd tecardiag to the 
Modern Sjatein : Witli » dBtaHed Accouot 
ot Che Animals ; mid a comgilete Descripttve 
List of the Familipa and Qeiioru of Reecnt 
mud FoBBil SIidIIs. Bj Ai^nes Catlqw. 
, Second Edition, muuli improved; with 405 
L Woodcut IlluBtrations. PoatSvc price lis, 

Kil.— The Stud Farm; or, HLntB on 
Breeding Horses for the Turf, the Chase, and 
the Boad. Addressed Co Breeders of Bace 
HorscB and Banters, Landed Proprietors, 
ond especially to Tenant Formers. Bj 
CsotL. Fcp. 6vo. with Frontispiece, Ea. 

Ceoil'i BeooTds of the Chaae, and Hemoin of 

Co1cbrat«d Sportsmen ; lUustrating some 

of tho Usages of Olden Times and oonipjiriiig 

them with prevailingOustoma: I'ogetherwith 

an Introduction to most of the Fiiahioiiable 

■ HuntingComitricHj and Comments. With 

I Two PUtes by B. Herring. Fep.8vo.pnce 

> 7>. &d. half-bouud. 

'Oeell'i Stable Ptaetiee; or, Hints on Training 

for the Turf, tlie Chase, and the Road 
with Observations on Rji-ing and Hunt 
iog. Wasting, Eace Riding, and Handi 
capping; Addressed to Owners of Bacira, 
Hunters, and other Horses, and to all who 
are concerned in Baeing, Steeple Choaing 
and Fox Hunting. Fcp. 8to. with Plate, 
price Es. half- bound. 

ChaJybaeuB's Historical Survey of Mo- 
dem Speculativo Philosoplij, from Kant i« 
Hegel: Designed as an Introdnetion to the 
Opinions of the Recent Schools. Trans- 
iBted from the Q-eniian bj Alfbkb Tdlk. 
Post 8vo. price 8s. 6d. 

CaptaJn Chesterton's Autobiography.— 

Peace, War, and AdTeiitiire; Being an Anto- 
biographical Memoir of George Laval Ches- 
terton, formerly of the Field-Train Depart- 
ment of the Boyal Artillery, subsequently 
a Captain in tho Army of Columbia, and 
lafelyGtJTemoroftheHouaeuf Correction at 
" 'd Bath Fields. 3 toIs. p05t 8to. IBs. 

Jhevreul On the Harmony and Contrast 

■f Colours, and then- AppHcations to tlie 
Arts ; Including Painting, Interior Decorn- 
tion, Tapestries, Carpets, Mosaics, Colourcil 
Glazing, Paper Staining, Calico Printing'. 
Letterpress Printing, Map Colouring, Dieea, 
Landscape and Flower GardGniiig, &,^, 
Translated iVom the French by Chaelgs 
MakteL} andillustrated stithDiagrams Sm 
I Crown 8va, 12a. 6d. 



Clinton.— Literary Remains of 

Fjnea Clinton, M.A., Author of 



Conversations onBotany. Hew: 

improved: with 22 Plates. Fcp. ( 
7*. 6d. ! or witli the Phttes eolouM 

Conybe are .—Essays, Ecclesiast: 
Social; Reprinted, with Additions, 
Ediaburgh Hfvieie. By W. J. CM 
M.A., lale Fellow of Trinj^ CotU 
bridge. Svo. iNear'y 

Conybeare and Howson.- The t 

Epistles of Saint Paul: Oontpr 
complete Biography of the Apol 
a Tranahition of his EpijCIea uu 
Chronological Order. By tha Her 
CoNfUHAttit, il.A.., late Fellow ol 
CoUege, Cambridge; and the Bl 
HowoOH, M.A., Principal of the I 
Institution, Liverpool. With40Bi 
on Steel and 100 Woodcuts. 2 ' 
price £2 6a. 

Copland —A Dictionary of P 

Jleditinc Comprising General Ps 
the Nature and Treatment of 
Morbid Structures, and the DIbo 
peeially incidental to Oliraates, to 
to tho different Epochs of Ijfa; wi 
rouB approved Formulie of the 5 
recommended. By Jauks CopLur 
Consulting Physician (o Quaan Ct 
Lying-in Hoapilal, Ac, Vols. I. aiw 
price £3 i and Parts X. to XVI. 4s. 

Creay.— An Encyclopffidia of Civi 

neering,Histi>rical,Theoretical,Bnd i 
By Edwasd OnEST, F.9.A., O.E. 
trated by upwards of 3,000 yi_ 
esplanatory of the Principles, Mi 
and Constructions which come ui 
direction of the Civil Eo^nea 
price£3. Ifc. 6d. 

The Cricket-Field; or, ths Sciei 

History of the Game of Cricket. 
Author of Frincijilet of SciitUlfie 
Second Edition, greatly improvei 
Platee and Woodcuts. Fcp. 8yo. 
half-bound. 

Lady Gust's Invalid's Book.— 1 
valid's Own Booli : A OoDection d 
from Tarious Boola and various C 
By the Honourable Laby Cokt. i 
pnoe 8s. 6d. 



E LOKQMAN, BEO'WW, i 



^Tbe Domestic Liturgy and Family 
fl»m, in Two Parts : The Firat Part 
iLOhurcli Serricee adapted for Domestic 
Nritb PrayerB for exary day of the week, 
lodeirlusiTaly from the Boolt of Common 
Br ; Part II. compriBing an appropriats 
Urn for erery Sunday in the year. By 
fav. Thomas Dalk, M.A., Canon Besi- 
ury of 8t. Paul's. Second Edition. 
l4to. piice 21b. cloth ; 31b. ed. ealf ; 
l 10s. morocco. 

C The Familt Chap: 



toly 



t ThbDomebtic Liichqy, 10a.6d. 



t. — History of British Guiana: 
prieing a Getieml Description of the 
By, and a Narralivo of some of the 
upal Events from the Earliest Period 
1 Discovery to the Preaent Time j with 
&^:«i)unt of the CUmate, Geology, 
le Prod acts, and Natural History. 
p. &. DiiTon, M.D. With Fktes, 
B, &a. 2 vols. 6vD. 3Ss. ; or royal Sto. 
I SZs. 6d. 

(Dr. J.) — The Angler and hia 

id; or. Piscatory Colloq^uies and Fish- 
EicuTsionB. By >ruay Davi, M.D., 
B., &C- Pop. 8vu. pricB 6s. 

ache.— The Geological Observer. 
Sir HsNitr T. Deudecge, F.E.8., 
(tor-&cneral of tlie Geological Survey of 
Jnited Kingdom. New Edition ; with 
BTOUS Woodcuts. 8vo. price 18s. 

Bche.— Report on the Geology of 

wall, Devon, and West Somerset. By 
:bhki T.DELiflEOttK,F.R.S.,Directoc- 
ral of the Ocologiciil Survey. With 
I, Woodcuts, and 12 Pktes. 8vo. 
Us. 

live.— A Treatise on Electricity, 
eory and Practice. By A. Dk la Eivk, 
OBor in tlie Academy of Geneva. In 
Volumes, with numerous Wood En- 
Qga. Vol. I. 8vo. price 18a. 

itonn. — Memoirs of Sir Eohert 
ge, Enight, Engraver, Member of 
U Foreign Atiademiis of Design i and 
a Brollier-iu-tflw, Andrew Lumisden, 
±e Secretary to the Stuart Princes, and 
or of 2»? AttliquiliM of Rome. By 
B Denhibtouh, of DenDistoun, Author 
mnira of tie Dukta of UrhtHo [a vols. 
1 Svo. £2. 8s.] S Tola, post 8vo. with 
xationa, 21s. 

line. By the Author of "Letters 
y TJjiknown Friends," &e. Second 
an, enlai^ed. ISmo. price 2a. Gd. 



Eastlake.— Materials for a History of Oil 

Painting. By Sir ChablBs Lock Eabtlake, 
F.R.8., F.e.A., President of the Kojal 
Academy. Sto. price 16b. 

The Eclipse of Faith ; or, a Visit to a 

Eeligious Sraptio. G(hEditiiin. Fcp.Svo.Ss. 

A Setenoe of The Eclipie of Faitli, by iti 
Author; Being a Eqoinder to ProlasBor 
Newman's llf^jilg : Including a full Exami- 
nation of that Writer's Criticism on the 
Charsoter of Clirist ■, and a Chapter on tha 
Aspects and Pretensions of Modern Deism. 
Sccasd Edition, revised. Post 8to. 6s. 8d. 

The Englishman's Greek Concordance of 

the New Testament : Being an Attempt at a 
Terbal Conneiion between the Qreek and 
the English Teits ; including a Concordaneo 
to the Proper Namoa, with Indeiea, Greek- 
English and English-Greet. New Edition, 
with a new Index. Eoyal Svo. pries 42s. 

The Englidunan's Hebrew and ChaldM Con- 
cordajica of the Old Testament: Being an 
Attempt at a Yerbal Connection between 
tha Original and the EngUsh Translations ; 
with Indexes, a List of the Proper Hamea 
and their Oecnrrences, &a. 2 vola, royal 
Svo. £3. 13s. 6d.-; large paper, £4. 14e. 6d, 

Ephemera. — A Handbook of Angling; 

Teaching Plj-Sshing, Trolling, Bottom- 
Gshing, Salmon- fishing; with the Natural 
History of Eiver Fish, and the best modea 
of Catching them. By Efbbueba. Third 
and cheBper Edition, corrected and Im- 
proved; with Woodcuts. Fcp. 8vo. 5e. 

Ephemera. — The Book of the BaJmon; Cam~ 
pricing tha Theory, Principles, and I'rac- 
tica of Fly-fisliing for Salmon; Lists of 
good Salmon Flies for every good Eiver in 
the Empire ; the Natural History of the 
Salmon, all its known Habits described, and 
the hest way of artiSeially Breeding it ex- 
plained. With numerous coloured EngrsTr" 
mgs. ByEi'SKMEBAi a.isisted byAwDBi ~ 
TouNQ. Fcp, Svo. with coloured Plal 

■ price 1-ls. 

W. Erskine, Esq. — History of tidia 

under Baber and Eumilyan, Ihe First Two 
Sovereigns of the House of Taimur. By 
WlLllAM EBSlllfS, Esq. 2 vola. 8to. 325. 

Faraday (Professor). — The Subject- 
Matlar of Six Lectures on the Non-Mctsllio 
Elements, dotiTcred before tha Uembers 
of tlie Boy a! Institution, by Professor 
Fabaiiay, D.C,L„ F.K S., Ac. Amingad by 
permission from the Lecturer's Notes by 
J. SooTFEB}', M.B. Fop. Svo. price 5e. 6d. 
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NEW WORKS iSD NTTW EDITIOHB 



Foreater and Blddulph's Horway in 

laiS Bnd 1849 : Coiitainbg Hamblesiiiiioiig 
the Fjelde and Pjords of the Central Uiil 
Weatem DiBlriot^i and iiwluduig Beoiurks 
ou ita Foliticsl, MilitBry, EcrclDuaatical, and 
Soda) Or^niiltion. With Map, Wuodcuts, 
■ud Plates. 8to. 18i. 

Francis. — AnnalB, Anecdotes, and 

Logeodt : A Ctiruuiclo of Lifo Absutshim:. 
Ej Joan Fbamcib. pQstSro.Ss. 6(1. 
TnnolB. — Gbianlclei and Ch&rscten of the 
eiock Eidliangt'. Bj Jons FaiNciB. New 
Edition, ravised. 8to. 10a. 6d. 

Qilbart. — Logic for the UUUon: a 

FuoiliarlilipoaLtioilof tbe Art of Reaaoning. 
By J. W. aiLBlBT, F.R.a. 4th Edition; 
with Portnut of the Author. 12mo. 8fl. 6d. 

eilbUt.-Logi<i for the Tootig: consiatliig of 
Twentj-llTO LbsbOus in the Art of Keasohing. 
Selected from the Logic of 1)1'. Isuap Watta. 
Bj J. W. GllBittT, y.R.S. 12mo. la. 

The Poetical Works of Oliver Goldsmith, 
Edit-ed by Bolton Cobnkt, Kaq. Iliiiaf rated 
by Wood Engniviiiga, from Designs by 
Membors of the Etching Club. Square 
crown 8io. doth. 21s. i morocco, £1. 1(1b. 

Goaae. — A Naturalist's Sojoom in 

Jamaica. By P. H. QosaB, Esq, With 
PioteB. Post Bvo. price lis, 

Hr. W. B. Greg's Contrihntions to The 

Edinburgh Retlew.— Eaaaya on Political and 
Sodal SoiencB, Contribuied chiefly to tiie 
Edinburgh Semsic. By WiiuiM R. Qasa. 
S Tola. Sfo. price S4a. 

Samey.— Historical Sketches ] illustrat- 
ing some Memorahle BtcntB and Epochs, 
from i.e. 1,400 lo i.D. 1,B46. By the Rev. 
J. HjaTDEn G-nBSBT, M.A, Fop. 8to. 
price T*- Bd. 

Oumey.— at, Lonia and Heniy IT.: Being & 
Second 9ecios of Historical Sketches. 
By the BeT. J. Hampben Goenby, M.A. 
Fcp. 8vD. 6s. 

Gwilt,— AnEncyolopffidia of Architecture, 
Hisfcoricnl, Theoretical, and Practical. Bj 
JoBEPH GwjiT. With more than 1,000 
Wood EngroTings, from LesigiiB by J. 9. 
Gwilt, Third Edition. 8vo. 42b. 

Eamilton,— Discusaions in Philosophy 
and Literature, Edutatioii and tJtiiYersity 
Reform. ChUajlromtheEilMsrg/tRfnihB; 
corrected, vindicated, enlarged, in Holes and 
Appendices. By Sir Whuam Hamiiton, 
Sort. Second Edition. 6vo. price 21b. 



Hare(Archdeacoh).— TfaeLifbof; 

in Forty-eight HiMoricol Etigravini 
Gfstjv KHniq. With EiplanaJ 
ArchdeDcon Eabb, Square oralm ft 

Harrison.— The Light of the Foi 

Counsels drami from the Sick-fied I 
Bv the Eet. W. Eabbiboh, M.A., I 
Chnpliiin to H.R.M. the Dueltos! " 
bridge. Fcp. 8vo. price 3s. 

Harry HieoTer.— Stable Talk asj 

Talk; or. Speclacles for Young Spo 
By HiKBT HiEOTEB. New Edition 
8vo. with Portrait, price 21s. 

HBirrjHieover-— TheHnntiiig-Eield. i^ 
HiEOTEB. With Two Plates, gc 
5s. half- bound, 

Huiy Rieover.— FiacticBl Eonenuuul 

lliHEr HiEOTEB, With 2 ~' 
Sro. price 5i. half-hound. 

Harry Hioover.— The Stud, for PraotiB 
poses Elnd Prai'tiual Men: being i 
to the Choice of a Horae (br uaa i 
for show. Bt Hiiutr HiEOTfiK. 
Plates. Fcp. SCO. price 5b. half- boon 

Bury Bieover,— The Foclcet Ud the 8t 
Practical Hints on the Managemeat 
Stable. By Uabbt HixorEK. 
Edition! wicb Portrait of theAnthon 
8fo, price Ba. half-bound. 

HaSBall (Dr,)— Food and its Adi 

Hona : OtHilprising the Reports of fl 
htical Sanifary Ojinmission of TBI 
for the Tears 18B1 to 1884 inclusivg 
and citendad. By Abthcb Eim r^ 
M.D„ &c.. Chief Analyst of the Oft* 
Author of Tie ilicrtiscopiMl Jiiatat 
ffu«a« Bodg. 8to, with liI9 W 
;H4ce 28s. 

Col. Hawker's IhstmctiotiB to 

Sportsmen in all that relalra to Gl 
Shouting. 10th Edition, rcviaed and 
down to the Present 'Kme, by Uie . 
Son, Major P. W. L. HawxSb. 
Hew Portrait of the Anthor, from a 
W. Eehnes, fiaq. ; and mmteroliB 
lorj Plates nnd "Woodouts. 8to. S 

Haydon.— The Life of BenjMniii 

Haydon, Hiatoricul Painter, from Jl 
biography and Journals. BditBd &— 
piled hy ToM Tiytoa, M.A., of th 
Temple,Eaq.; lateFeUow ofliinitj 
Cambridge; and late Profi;^B9<n' of the 
Language and Iiitoratura in Hnr 
lege, I^ndon. 9 vole, post 8*« 



PDBLISHID BY LOirOlfAlI, BEOWH , AMB CO. 



Book of Digflitiea: Containing 

r the Official Personam* ofthe Britinh 
(, Oitil, EcelEBiaatipal, Judicial, Mili- 
KTfd, ImdManicipal, from the Earliest 
to the Present Time; Compiled 
from tlie Eecordd of tha Publiu 
XogethBT irith Che fioTereigiu of 
I, £fom the foiuulBtion of I heir te- 
eStaten tlie Peerago nitdNobilltjof 
Biitain, and nimieroiia other Lists. 
1 New Edition, improTcd and ponli- 
of Scateon'B Political Iiidei, Uj 
t IIA.SUH. 8to. price 359, half-bound. 

1 HerscheL— Outlines of Aatro- 
By Sir Joan F. W. Hbbsohii^ 



'rarelB in Siberia. By B. 8. Hill, 

Author of IHceii ca tAe Shores iff 
l/ie. With a larga oolaurcd Map of 
and Aaiatio Biuaia. S Tola, poit 

aia. 
m Etiqaette and the Usages of 

71 With a Glance at Bad Habits, 
idition, revised (with Additions) b; a 
gfSaok. Pep. 8to. price Half-a-Crown. 

loUand'a Memoirs.— MemoirB of 

Tliig Party dm^ng my Titne. By 
T RiCHAau LoED HoLLiMD. Edited 

Bott, fisKItT ESWIBD LOBDlIOumlll. 

I, and □. post Bvo, pries 9b. 6d. each. 

L— Chapters on Mental Physio- 

By Sir HbHbi SoLLiND, l!nrt., 
., PhjBieian'Eitraordinary to tlio 
I i and Physioiaji in Ordinary to His 

Highnms Prince Albert, counded 
r on Chayrtera containBd in Medical 
mid Me^eidiau [Bro. 18a.] by the ttxaa 
It. 8to. price 10«. 6d. 

-The Last Days of Our Lord's 

Vey: A Courao of Lectm'es on tlio 
pal Events of Passion Week. By 
ev. W. F. Hook, D,D. " Now Edition, 
fro. price 6s. 

' and Ainott.— The British Flora ; 

riaing the PiiBOnOgamnuaorFloweririi 
I, and the Eerna. 'i'lia Siith Editioi 
Additions and Corrections ; and ni 
ta Eigures illustrativo of the TJmhcll 
Pltuits, the Oamposite Plants, tb 
ea, and the Peros. By Sir W, A 
fiB, F.RA. and L.S., Ac, and O. A 
tBB-Ai!Hott, iL.D., P.L.3. ISmo. 
la Piutes, price lis. ; with the Plates 
Ml, f riw 2la, . 



Hoolter.— Kew GftrdenH ; or^ a Popnlitf 

Ctiddo to the Royal Botanic Oardens of 
Kow. By air Wii-luji JACKsim HooKbe, 
K.H., D.C.Ii., P.B.A., and L.S., Ac. &c. 
Director. New Edilion; with iranimons 
Wood Engravings. Ifeuo, ptioe SlipenDB. 

Home'i latrodnction to the Critical 

Study and Enonlodge of the Holy Serip- 
tnres. A New EditioD, revised, correctad, 
and brought down to the present time, by 
T. IliBiwBiJi HoHHE, B.D. (the Author) j 
Ike Bev. Sjmoei D^vibbob D.B., of the 
Univcraily of Halle, and LL.D. i rujtl B. 
Phidbatji Teegkllhs, LL.D. i vols. Svo. 
[/ji l^e putt. 
HDms, — A CompBodioBa Intrsdnttloa lo Um 
Study of the Bible. By the Bbv. T. Habt- 
WELb HoBNB, B.D. Being on Analyaia 
of his itUrodudwit to ike CHiicni Slady amjt 
Kmaledfs of lie ffo/y Scriplurei. jNew 
Edition, with Mapi and other Engntvingli 
12uio, Us. 

Bow to HarEs diok Children : Intended 

especially as a Help to the NorscB iu the 
Hospital for Sick Children ; but containing 
DirectiouB of service to all who bar* tlia . 
cliarge of the Youag. Pep. Svo. la. M. 

Howltt (A. M.) — An Art-Student In 
Munich, By Abna lliiiY IIowirT. 2 
void, post Svo. price 14c. 

Howitt.-The Children's Year. By Mary 
HowiTT. With Four Bluitratioiu, from 
Designs by Akha Mabt Hovhtt. Square 
lemo. 5l. 

Hewitt. — Land, Labour, and Gold : 

Two Years in Vieloria, with Visita to Sydn^ 
and Tan Diemen's Land. By William 
HOWITI, {l« the preis. 

HawiU. -^ Vitit to BaOaikable PlaAsa; IHd 

Holla, BBttle-Pields, and Soenea illuetratite 
of Striking Faaiages in English Hiatorr 
and Poetry. Bj William Howttt. Willi 
numerona Wood Engravinga. Firet tad 
e«Gosd Series. Medium 8to. SIb. euh, J 



Hinritt.-Tbfl Bnnl Life of EngUn^ ^fl 

WiLiiLiM HowtiT. Hew KditioB, coiNn 
rected and revised; with Woodcuts by 
Bewick and Williams. MeJiuin 8vo. aia. 

WiUlain Howitt'a Bcy'a Coantfjr Book; being 
the Real Life of ■ Countiy Boy, written 
byliiitiBelf ; cihibiling all the Amuaomeats, 
rieuauri>s, and Fnrsaita of Qiildren in Uie 
Country. New Editbn; witb M Wood- 

< uuti). Pup. Sve. pRc«fi«> , - I' . 



n 



NEW WOBKS 4HB NEW EDITIONS 



Hac.-The ChineEe Empire: A Sequel 

to Hue and Gabol's Jouniiy thro«gk Tailaiy 
and Thibet. By the Abbe Htc, mnnj' jeam 
MuaioiurT ApOBtoUo in Cluca. Copjrigbt 
Engliih Bdttion, traoabitud with the Au- 
thor's toDctJoii. With a coloured Mnp of 
ChiiuL a toIb. 8ra. 2^3. 

Hudson.— Plain Directions for Making 

Wills LD Conformitj with the Law: with a 
clear Expoailian of che Law relating to the 
distribution of PorBouul Estnto in the cue 
of IntwtBry , two Fornu of Wilts, und mui'li 
nieful iDformatiau. Bj J. 0. HmJaoy, Eaq., 
late of the Legacj Duly Office, London. 
New and enlarged Edition; including the 
proiitions of the Wills Act AmeDdnieut 
Act of 1852. Fep, 8to. price 2b. ed. 

HndsoQ. — The Executor's Guide, By 
J, C. Urnsoir, Esq. Now and onlavgtHi 
Bdition ; with tUo Addition of Directions 
for psjing SiUKUssion Duties on Beat Pro- 
per^ under Wills and Intestadea, atid a 
Table for finding the Values of Annuilies and 
the Amount of Legacy and Sucoeasian Duty 
thereon. Fcp. 8vo. prito 6s. 

Humboldt's Cosmos. Translated, with 



■owed ; 3e. fid. eiob, cloth : or in poet 8to. 
13a. 6d. each, doth. Vol. HI. post 8to. 
12b. 6d. cloth : or in 16mo. Port I. 2s. 6d. 
■ewod, 38. Gd. cloth ; and Fart II. 33. tewed, 
it, cloth. 



Idle.— Hints on Shooting, FisliiQ 

both on Sea and Land, mid in tho 
water Loulis of Scolluud : Being the 
riencea of CinuaiopiiBK IdlBj Esq, 



Jameson. —A Commonplace Bo 
Thoughts, Memories, and FanciM, 
and Selected^ Part I, Ethics and Cha; 
Fart II. Literature and Art. By 
Jaxesox. Willi Efching* and W( ' 
gravings. Sqv " ' ' 



^^H«ith 






■ VoL rV. is in the press. 

iboldt'a AspsctB of Nature. Tranalatsd, 

with the Author's authority, by Mrs. 

K. New Edition. IGmo. prieo 6fl. : 

3 Tols. 3s. 6d. each, cloth; 2b. 6d. 

Homphreys.- Sentiments and Similes of 
Shijiapeare: A Classified Selection of Similes, 
Definitions, Dnsotiptiona, and other remark- 
able Passages in Shakspeare's Plays and 
Poems. WilJl an elaborately illuminated 
border in the characteristic style of the 
Blirabethan Period, mssaire carved covers, 
and other EmbetliahmeDtB, designed and 
eiecuted by H. N. Homphebts. Square 
post 8to. price 21b. 

Hunt. — Researches on Light in its 
Chemical Hetstiuns ; embracing a Con- 
sideration of all the Photographic Processes. 
Et Eobeep Hont, F.K.8., Profoaaor of 
Physics in the Metropolitan School of 
Hraenco. Second Edition, thoroughly nj- 
<ad; with eitensive Additions, a Plate, 
and Woodonfa. 8to, price 10b. 6d. 



igs and Wort 
8to. price la 

^rs of Clia 



Mrs. Jameson. — Sisters < 

Cathalio and Pratestant, Abroad ti 

Homo. By Mi-s, JiiiEEoit, Author of \ 

and Le'jeadary Art, Fop. 8vo. j 

[Nearly ret 

Mrs. Jameson's Legends of the Sj 

and Martyrs. Forming the First Sell 
Sacred and Lrgendary Art. Secocd Edj 
with numerous Woodouti, and 16 Et^ 
by tho Author. Square crown 8vo. prid 

Hri. Jameson's Legends of the Ho) 
Orders, as cepreBCnted in tho Fine i 
Fornung the Second Series of Sacrti 
Leffeudary Art. Second Edition, coBt 
BJid enlarged; with 11 Etehings M 
Author, and 68 Woodcuts, SquaiB-l 
6vo. price 28s. ', 

I 

Hri. Jameson's L^endi of tho Kodonq 
represented in the Fine Arts. F<ri 
the Third Series of Sacred and L^ 
AH, With tj5 Drawings by theAutEof 
152 Wood Engrarings. Square crowf 



le 283. 



Lord Jefirey's Contribntions to i, 

Edinburgh Heyiew. A New Editjon,! 
plete in One Yolume, with a Portrm 
grsTcd hy Henry Bobinson, and a Vi^ 
Square crown 8to. 21b. cloth ; or 30b. i 

•,• Also a LIBRAUT EDITION^ 
vols. 8vo. price 42s. i' 

Bishop Jeremy Taylor's Entire Wq 
With Life by Bishop Hebkb. Beriaoj 
corrected by the B«v. Chabxes Fasb ] 
FcUdw of Oriel College, Oiford. ■ 
complete in. 10 vols., 8vd. 10a. 6d. eac^l 

Johns and Nicolas.— The Calendl 
Victory : Being a Record of Britiah fl 
and Conquest by Sea and Land, on 1 
Day in the Year. Projected and i 
meuci^d by tlie lata Major JoKNS, B 
continued and completed bv Lieuq 
P. H. NicoiAB, R.m; Fcp. 8to. £A ' ^ 




r LOKGIIAS, BEOftTs, / 



—A New Dictionary of Geo- 

Bcriptive, Physical, SljvtistioU, and 

! Fording a, CDlnplcto Genimil 

X of tUo World. Bj AucxiNDBB 

JoHNBToy, F.B.8.E., F.R.G.8., 

S,, Qeogpapber at Ediuburgli in Ordi- 

to EeF Mnjestj. In One Yolunie of 

I pages ; comprising nearly 60,000 

» of Places. Svo. price-SGa. cloth ; or 

■ ]liU;.bouDd in ruisis, its. 



temble.— The Saxons in England: A 

~iitory of the ScgUah Commouwealth till 

e period of the Normnti Conquest. By 

-71 Mitchell Ebuslr, M.A.,F.C.P.S , 

2 vols. 8to. price 28a. 

Ilppis's Collection of Hynms and Psalms 
' for Public and Private Worship, Ken- 
Edition ; including a New Supplement by 
the B^v. IEuhcxd Kell, M.A. ISmo. 
pnea 4s. cloth ; or 4b. 6d. roan. 

, ^by and Spence's Introdnction to 

Entomology ; or, Elements of tlie Natural 
History of Insects ! Comprising an account 
f noiiouE and uselul Insects, of theirMeta- 
.sorpboses. Food, Stratagems, Habitation', 
Societies, Motions, Noises, Hybcmalion, 
Instinct, Ac. Hew Edition. 2 vols. Svo. 
with Plates, price 31s. 6d. 

Srby.— The Life of the Bev. William Eirby, 
M-A., Kector of Barham ; Author of one 
of the Bridgewnter Treatliea, and Joint- 
Author of the Inlrodaciion to Eiitonwlogy. 
By the Bav. John FoEKKiN, M.A., With 
Portrait, Vignette, and Facsimile. Sio. 
price 16e. 

[king's (S.) Obserrations on the Social 
and Political State of Denmark and the 
Duchi™ of Sleswiok and Holatein in 1851 : 
Being the Third Seriee of Nola of a H-aceller. 

[oing'B IB.) ObservationB on the Social and 
Political State of the European People in 
1848 and 1849: Being the Second Series 
oi HoUa of a Traveller. 8vo, price 143. 

* The lint Seriei, in 16mo. price 2s. Gd, 



Dr. Latham on Diseases of the Heart. 
Lectures ou Subjects connected with Clinical 
Medicine: Diaea sea of the Heart. By P. M. 
LiTHiM, M.D., Physician Extraordinary to 
the Queen. New Edition. 2 vols. IBroo, 
price 169. 



Mrs. R. Lee's Elements of Natural His* 

tory J or. First Principles of Zoology : Oom- 
priiing the Principles of Cbaaiflcation, inter- 
spersed with amusing and instructive Ac- 
Dounta of the most remarkable Animals, 
New Edition, enlarged, with nninerous addi- 
tional Woodcuts. Fcp. 8vo. price 7s. 6d. 

L. E. L— The Poetical Works of Letitia 

Elizaheth I«ndon ; comprising the Impro- 
riiatrice, the Vmtetiaa Bracelet, the Golden 
Violet, the IW>iiiad!oiir, and Poetical Rcmajtu, 
New Edition ; with 2 Vignettes by E. Boyle. 
2 vols. 16mo. IDs. cloth ; morocco, 21s. 

Letters to my Unknown Friends. By & 

LsBY, Author of Letter! on Nappinen, lie. 
Fourth and cheaper Edition, Fcp. 8vo. 

Letters on Happiaess, addressed to a Triend, 
By the Author of Lelteri to My Unknown 
fiiendi, &£. Ecp, 8to. price 6i, 

Lindley.— The Theory of Horticultnre ; 

Or, an Attempt to explain the principal 
Operations of Gardening npon Physiological 
Frinciploa. Bj JoknLisdley, Ph.D.F.E.8. 
New Edition, revised and improved ; with 
Wood Engravings. 8yo. [Ik ihepreH, 

Dr. John Lindley's Introduction to 
Botany. New Edition, with Corrections and 
copious Additions, 2 yols, Bvo. with 8ii 
Plates and numerous Woodcnts, price 24b. 

Linwood.— Anthologia Oxoniensis, sive 
ilorilegiuTB e lusibue poeticis diverson:un 
Osoniensium Grtecis et Latinis decerptum, 
Curante Gclielmo Lmwoon, M,A. ^dis 
Cbristi Alummo. Svo. price 14s, 

Litton.— The Church of Christ, in its 

Idea, Attributes, and Ministry: With a 
particular Reference to the ControvBraj on 
the Suibject between Eomanists and Fro- 
testants. By the Eev. Edwabt Abthtjk 
LiTTOH, M.A,, Vice-Principal of Si, Edmund 
Hall, Oiford. 8to. price 16b, 

Loch. —A Practical Legal Guide for 

Sailors and Merchants during War : Com- 
prising Blockade, Captors, Cartel, Colours, 
Contraband, Droits of Admiralty, Flag 
Share, Freight, Head Money, Joint Capture, 
Neutrals and Neutral . Territory, Frizes, 
Recapture of Property of Ally, Eescue, 
Bight of Visit and Search, Salvage, Derelict^ 
Trading with the Enemy, Ordera in Council, 
&c., Fnzo Act, Prochmiation as to Colonrs. 
With Appendices containing the Orders in 
Council and oth«r Oflicifll Doeumeots 
relating to the Present War. By Williau 
AsAU Locu, of the Hon. Society of Lin- 
coln's Inn, 6vo. price Ss. 6d. 



MEW WOBIS iffD KEW EDITIOHS 



LAHDNER'B OABI}TBT CTCLOPiEDIA 



J. C. L. Ub B[eiiDi|i>i, 



And OTMIB BUINKHT WaiTBKI. 

Comptete in 13) voUi. tcp. Bio. villi ViKnctle Tilles, prict, in clotll. Nineteen Goioot. 
Ttw Werki MWtUtf, is &ti ur Beiie*, prise Tlirce StuUinsi (nd Sixpence egcli VplpiDC. 

^ U«( a/ Mr* WcKlu eompBting lie Citsivvr Qydlopaiiiai-. 

Lnrdneron Heal iTOl. S«it 



I. Ben'* ni»toi7 of ItiiMl* lvoU.lGi.Cd. 

1, BeD-B Live* or Urltbh Po('t>..3 vdIl Ts. 
S. Urmter'a Optic* I vol, as. 6d. 

h C^W UwitliM >iid InlMd 

Dlwivtrv Sii4i.loi,»l 

a. Crawe'a BiMair nf Pni«se....>r<i:U. lOt.feit. 
e. De Monfin on Prubabililiu .. I vol. as.Sd. 
T. UeaiBBiMdf'a HlilorT P' tbt 

llilian K«D«bllc.i .IfDl.to.M. 

8,Ite aiviMtHli'* F>u of a* 



a. Dviunn'fCliMBinrf .....,., I taLxi.M. 

4 OoDMul'i Uaineitic GcwiuiBy,! vtli, lo. 
1. Duiihnn'«9poln»oiiPoriU(,'nl,S¥ola. ITi.M, 
1, pMbau'iUiiluryBllJiniiiuirk. 

Mrwiaii, wm Nonw t to1». !*■ Id. 

1. I>anli»m'i {Uatortor iMlHtd-.l vol, ii.eil. 
«. DvuliBn'f Oamuwic limptn- . 3 rob, IM. td. 

»l>d<U«ip» ,, ..fVntViHt. 

fi, DoBbuit't Urltith UPwnUiUi,! v«)*, )«. 
7. DuHhaiu'i Ursa s/ Kirly 

wmenvfOreallkilsKi , . l yoJ. !j. M. 
.3. Perg;u>'iHlMarfaftlieUnlte4 

9. FoabndU'aCRiciiuiai 

AsUqaltits ...„, 
a foniM^ LtvM of U" simec- 

■icaBftb*CaiuiiwawgiiJili,j*ah,i;>,Ci 
K,Clet^j lima of Bdti>b Hili- 



..«*al».;i. 



Hiaterr 



Is. 6a. 



. 1 vel. 3. 



H. HeaCUcCaAnniiiiiar... 

«. Hcnriiel'a UIecdiuu on Ka- 

tand HiilaBopliy i vtf. la. ad. 

BB.iliatairtraf Houit ffr<ili>.Ts. 

n. tlidDiyarSitiiisriHii ) vol. sa.«d, 

it. Uailuid's ilftniiftKtHrw i> 

UaW tvaia.Mt.td. 

M. JKse><>Uira*ofIoi<ie«Sla4ee- 

Tun tTola. iTa.Gd, 

M. KM«riuidUinle«^«»1iui4ci,i vol. tt.ei. 
M. KclfhCler'sOun^nesof lllEt«T,1 col. 9s. Sd. 

41, IdRlner>> ArHhuietie liol.llB.ed. 

M-ItarSiHi'tOeroistiy ITOj.Sa.M. 



$. Lordner tai Walker's IHecM^ 
cilfWd HagnelEani If 

7. HuKiDtaili, FiH-ater, «wl 
Courteusy's Urea ot BrJIUt 






.h.Wall 



B.Ha.1 



Hiuari of EaKlaud ........ 10 

19. Ugpi£omcry and Eliellfiy'* 

emiBeut Italian, Spuldl, 

■nd Fortngueae Autbor* . Ivi)l*.Uf>l 
D.Mwn-a'aHiatoryoflrala " 
'1. Xicolaa'a Chrabc^afy of 
a. i'lijIUpa-i Trealip* on Gtology, i r»1a, fa, 
3. Powell's History of lir«tuf|| 

PhilOBophy ii 

(.PorliT'sTreatiaeonOieMann. 

nnlkctiin of Silk Ivol, la,l| 

il. FortM'B Manufectnraa at Vot- 

calalnandGlau l*nl,U.M 

A, Rouoe'a BrltiiAi iMtijat >. . . i lOL ta.M 
.r. Bcott's Uialory of ScBtlaad .... 3 vri*. la. 
>§.£hFllay'( Lives nt awloMt 

Frcncli Aulhora 2v 

B. ShucknrdandSwauiBon'sInecctajlvol. 3a, 
>0. Soutlicy's Livci »f Siitiali 

Adinirale S roll. )7a. 

'l,SlebliIn2>aCbufrbHiatDry,,.,lY«la. 7a, 
.2. Stcbbing's Uialory ol tie 

Reformation 3yol*,7fc 

i3, Snainsoa'E Discoarse on Na- 

lursl Hiatory 1 vol. Ss.fld, 

il. SMainton'a Mataral UiMory ft 

ClauiDeii^a of AaliDBla . . 1 vol. >a. Ad 
16. BvrainaOH'a HAlta Ji loatiastB 

ofAnliDBli 1 ((4- 

la. SwaiiiEon'e Bltda a vola 

IT. BwalnBDii'a Plsfa. Beplilei, &c. a vols 

18. an'slnEon'a Quodrapeds I vol. 

iS, SnBiawo'B Shells sudShell-fisb, 
n. Swainaon's Animali in Uena- 

[(rriM 1 vol. 

11. Swaintun'a Tuxldfrmy a 

Biograpbyof KooloEisls. 
a. Tbirlwrfl'a HiBtoi? of Qrcece. . B tote. aSa. 



PUBUIHBD BY LONOMIK, BROWN, i 
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's (C.) Letters to a Tonng filaeter 

« on toaie Subject* connsoled with 
ling. New Sditioii, li'op, 8to. fie.Gd. 

'b Self-InBtniction for Tonng 

■ ,FoMstBrB,Bflilifli,I.aQdSfeHriirilt., 
mi ui Aritlune<ia, Boak-keeping, 
Uemuntios, Pntcticol Trigono- 
Jluues,lAnd.'SiUTe;iiig,LeveUuig, 
ng and Mapping, Arcliitec'tuml Draw- 
d iBOmetriwl FroJectioD and Perapec- 
ffltk fliiunplM shewing tiieir app^cn- 
JJortimjlt«re and igriculturiil Pur- 
i> Uaniair, Purtruit, and \Vucdeut!. 
i»7B.6d. 

'a BnoycIopjEdia of Gardening ; 

slag tho Theory ajid Practice of Ilor- 
1, Floriculture, Arboriculture, and 
ips Ckankmiog: Intluiling ^ the 
nptOTmienU ; a Qoneral Hktory ot 

ning in all Coanttiei g a StatlEticol 
" '' frewut StAts ; and fiuggotUoiiii 
ee ProgTGu In the Brituh lelea. 

niiif hundred Woodouta. New Edi- 

coinetad and iiapro?ed bir Mru, 

"" 8to, prieo 5l>a. 

fs SncjclppEedia of Tree» md 

a J or, tiio Jriorelma el Frulictimn 
'^iamn sbridgod ; Coutainuig thoHoitlj 
Bjul Bhriibd of Great Brjtwu^ Katjve 
roceigo, Bsientiljcall^ and Popularij 
ibed ) with their Propagation, Culture, 
'tea in the Arta ; and witl^ Engf^vings 
i^Y all Uu i^woiea. Adopted kr ths 
BTuneiTmiHi, Qu'dflu}re,auil Ft»-i^ ere . 
about 3,000 Woodcuts, firo. pri^eeOs. 

i% Snc^plQps4ia of Agnoulture ; 

iaing tho licory aud Practice ot tlio 
tion, TranafeF, lo/ing-out, lujjprova- 
md Uansgement of Landed Fropertj, 
' die Cultivation and Eeonomj of the 
1 and Tegotabio Produottona uf Agri- 
d; Inoludlna aH the kte«t ImproTe- 
, a gnueral HiBtor; of Agriculture in 
intriea, a Statistical View of ita present 
Bcd^ilggMtiinuJbr its fiitui« ^ogress 
Eriti^ lalus. Nev Editiuuj with 
Woo4cut«. 8tq. prii^i &0a. 

's Encyolopeedia of Plants, in- 
; all wliich lire now found in, or 
won mtfuduead into, Oretit Sritoin: 
t thmr Katuial Hiatorj, acconip«iiiid 
ti AesoKftAoixt, ongfa-vtA Hgtirefi, ami 
it«ry dftluU.u muj' enable a beginnei-, 
a mere Engjiah reader, to diioovcr 
me of every Plant which he may find 
rer, and Ikcquire all the infomiation 
:iag it ih'hiij^ i^ ua^ul and iiatereatiug. 
Sdjtiao, corrected tlirou^rhout imd 
tt dovn to the year IS&S, by Hn. 
w and Oeusqe Don, Esq., F.L.S. ka,, 
[/■ thipraa. 



London's EncyclopcBdia of Oott^ge, 

Farm, and Villa Are!ut«cture and Funiitare: 
eontaining numerous Designs, from theTilla 
to the Cottage and the Fano, inuluding Farm 
Houees, Formeiies, and other ^.giioujtural 
Buildingaj Couii^ Inns, Publie Houees, 
Olid Parochial SchooU ; with the requuito 
Fittings-up, Fixtures, and Fumituro, and 
appropriate OfBcei, Qordcus, and Gnrdsn 
Scenery : Each Design accompanied by 
Aual^'lical and Criticid Buimurks. New 
Edition,cditpdbTMrB.LoDl)OK! withmors 
tlian 2,000 Woodcuts. 8to. prica 63a. 

IfOudon'y BortuB Britonniciia ; or, C^«t 

logue of all the Plants indigenoiu to, suUi- 
Tuted iui or intiodiiced into BrilAin, A" 
entirely Kew Ediijon^coirectBJtJjTOiji^Qnti 
With a Supplement, including all ^i" V^v 
Piunla, and n How General Indci to tbr 
wiiole Work. Edited by Mrs. 1i01Timj]J] 
awiated by W. H. BixrsB and 'OiT 
WoosTBB. Syo, prieo 3If . M,—JIlia " 
nwimi separeteiy, ptica Vta. 

BIrs. Loudon's Amatear Qardener's 

Qileudar : Being a Montldy Guide as to 
what should be avoided aa well as what 
ffaould Imdone, in a 6«rd<<n iu «^ If i^itlr I 

5itb plain llules ifau to do what is roanNdte ; 
iroctionB for Xiayi)ig Qut and Flanfi'ig 
Eitchen and Flower Oafdens, JFleaswe 
Grounds, end Slirubberies : and a short 
Account, in each Month, of tho Quadmpede, 
Birds, and Inspot* then moat iujurioiU M 
Qardeiii. l£sig.«ithWgadwt*.WW7eJ|d. 

Low.— A Treatise op the Domes^c0>t9d 

Ajmnalaofthelli'iiish Islands: Co^wehend- 
ing tlie Natural and Economical Qiatoiynf 
Species and Varieties j tlio Doscriptjon pf 
t!icPropertiesof extci-ualForm; ondOlwer- 
ratiooa on the Principles wid Practipe nf 
BreBding. By D. low, Esq., F.JCS.p. 
With Wood Engravings. Svo. pricg Sift, 

Low.— ElementB of PracticaJAgriculture ; 

compi'chending tiui Cultivation of Pbcle, t)*e 
Husbandry of Ihe Domeati? Anijnalfc aifd 
thcEeoiKNoyofiheFarro. BvD.I-ow,8«- 
F.B.8.E. Now EdiKoui with 200 WffWCUto. 
8to. priou 2l3. 

Macaala;.— Speeclies of the Sight Hop. 

T. B. Macanlaj. M.P. Corrected by Him- 
BZLf . 8vo. pnce 12s. 

Macaulay. — The niatoiy of England 
from tliu Aecesaion of JaicM II. By 
TnoMAS Babikoton MACintiT. New 
Edition. Tola. I. and II. Svo, price 32a, 






NEW WORKS iiTD NEW EDIXIOSS 



Hr. Hacanlay's Critical and Historical 

Emsjs cnnlnbiitod lo llip Edinburgh. 
Koiev. Four Editions, aa fallows i— 

1. A IilRJURT Ebitiok {the SIgM), in 
3 Tola. Sro. price 36b. 

!. Coraptcta in Okk Voldke, with Por- 
trnit nnd Tignette. Squaiv erouo 
Sco. price 21a. oltfth ; or 30b. cmK. 

3. Aiiotbor Nsw EDmon, in 3 toI«. 
frp. Bvo, price Sis. 

4. The I'koplb'b Ebition, in 3 toIs. 
rrown 8™. price 3t. clolh. 

uanlay.— Lays of Ancient Rome, with 
Ittit And the Armada. B; Thomas 
'BtJsjife-now M.toiCLAT. Kew Edition. 
Ifimo, price 4b. 6d. cloth; or 10s. Gi3. 

Mr. Uacanlay'B Lays of Ancient Borne. 

With numerom Illuatratioiip, Original and 

from the Antique, ibuwn on Wood by 

Oeorge Scarf, Jun,, and CDgraved by Samuol 

L WilliBitis. Hew Edition. Fop. 4to. prieo 

' 21a. boards ; or 42b. hound in morocco. 

Macdonald.— Villa Verocchio; or, the 

Youth of teOEBrdo da Tinri : A Tale. By 
the late Diana Louisa Macdohals. 
Fcp. 8vo. price 6s. 

Hacintosh. — A Militai? Tour in 

European Turkey, the CriniCB, and on the 
Eastprn Shores of the Black Sea : Ineludiug 
Boutca ncroas the Balkan into Bulgaria, 
and Eicurnona in the Turkish, Rusainn, 
and Persian Frorincos of the Cancasisji 
EangB; with Straterionl ObBcrrationa on 
the Probable Soene of the Operationa of the 
Allied Eipeditionary Force. By Major- 
Oon. A. P. MACiKToaH, K.H., I.K.G.a., 
£'.0.S. Second Edition, with several Maps. 
Poat 8to. 10s. 6d. 

Sir James Mackintosh's History of Eng- 
land from the Earlieat Timea to the final 
Establishment of theltefbnnabiou. Libraiy 
F!dition,TeviBedby the Author's 3oii. 2toU. 

I 8to. price 31a. 

'Sir James Mackintosh's MIscellaneoas 

Works : Including his Contributions to The 
Edinburgh Iteyiew. Complete in One 
Volume ; with Portrait and Vignette. 
Square crown 8to. price 21b. cloth ; or 30a. 

, bound in calf. 

,» Also a NEW EDITION, in 3 rols. 

L ftp. 8to. price 21s. 




M'CnUoch. — A Dictionaiy, 

Tlieoretical, and Historical, of Col 
and Couimercial Navigation. 
witbHapBuidFlans. BjJ.B.A 
Esq. Kew Edition; and embrai 
mass of new and importiLnt InJbm 
regard to the Trade, Commercial Z 
Navigation of (his and other Coj 
8to. price 50s. cloth ; half-rusiis, 5. 

M'CulIoeh.-A DicUonat?, Geogi 
Statiatical, and Hietarical, of tbej 
CoimtrioB, Places, and prindpa] T 
Objects in the World, ByJ.K.M'Cnl 
Esq. Illustrated with Six large Hap* 
Edition, revised I witha SuppIementJ 
8io. price 63b. 

M'CoUoch. — An Acconnt, Deso^ 

and Statistical, of the British ] 
Exhibiting its Extent, Physical Ci 
Population, Industry, andGvil and S . 
Institutions. By J. B. U'OuiiLoaM 
Fourth Edition, revised ; with an A^ 
ofTablcs. 2to1b.8td. price 42a. ' 

Maitland.— The Charcb in tlifl' 

combs : A Description of the II 
Church of Rome. lUustrated by ia 
cliral Remains. By the Ber. O 
Maitlakti. Hew Edition ; -mw 
Woodcuta. 8vo. pripe 14a. ] 

Mrs. Marcet's Conversations on a 

tT}, in which the Elements of thatj 
are fumiliarly explained and illustn 
Ejpcrimenls. Hew Edition, enluJ 
improved. 2 Tob. fcp. 8vo. price IM 

Mrs, Marcet's Conversations on II 

Philosophy, in which the Kleua 
that Science are familiarly eiplaJLoedJ 
Edition, enlarged and oorredfed g ■ 
Plates. Fcp. Svo. price lOs, Sd, J 

Mrs. Marcet's Conversations on W 

conomy, in which the Elements g 



Mrs. Marcet's Conversations on 

table Physiology ; comprehending 
nienta of Botany, with thoir A 
to Agriculture. New Edition 
Plates. Pop. Svo. price 9s. 

Mrs. Marcet's Conversations on^ 

and Water. New Edilio: 
corrected ; with a coloured Map, H 
the oomparntive Altitude of Mo| 
Fcp. 8to. price 55. Sd. '; ^ 



